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There  is  concern  that  military  or  commercial  radars  and  radiofrequency 
electromagnetic  wave  communication  equipment,  and  electron  beam  lasers 
may  have  deleterious  biological  effects  on  an  exposed  individual.  The  ear¬ 
liest  thoughts  on  the  subject  of  microwave  safety  standards  focused  on  the 
concept  of  total  absorbed  power  as  an  assessment  of  a  hazard  level  of  a 
given  source  making  '  he  incorrect  assumption  that  power  density  distribu¬ 
tions  within  the  body  of  an  exposed  human  were  uniform.  Calculations  ([1], 
[2],  [3])  in  the  early  1970s  at  Brooks  AFB  showed  that  there  were  indeed 
interior  hot  spots  in  simulated  cranial  structures  exposed  to  time  harmonic 
radiation;  and  these  computer  calculations  were  verified  experimentally  ([3] 
[4]).  One  might  then  think  that  one  could  use  maximum  predicted  tem¬ 
perature  increase  in  a  realistic  model  of  man  ([13])  and  the  temperature 
increase  that  is  known  to  be  a  danger  to  cells  aa  a  straightforward  means 
of  determining  the  threat  to  human  well  being  of  a  source  of  microwaves; 
while  this  would  be  a  good  step  for  this  type  of  source,  this  is  is  aa  ex¬ 
tremely  difficult  calculation  and  only  the  methods  of  ([5])  arc  known  to 
have  a  chance  of  succeeding  in  modeling  the  details  of  the  distribution  of 
electromagnetic  energy  in  the  heart,  liver,  3pleen,  kidneys,  et  cetera.  This 
method,  unlike  the  moment  method,  which  has  never  accurately  predicted 
internal  field  distributions,  but  only  the  "more  forgiving”  bistatic  cross  sec¬ 
tions  works  like  an  ordinary  differential  equation  solver  in  the  sense  that 
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one  can  potentially,  by  simply  doing  enough  calculation  and  not  using  addi¬ 
tional  memory,  improve  sufficiently  close  calculations  to  machine  precision. 
With  the  moment  method  one  would  be  required  to  "increase  the  sampling 
rate”  which  would  mean  that  more  computer  memory  would  be  required 
to  approximate  the  solution;  which  would  eventually  make  one  realize  that 
with  the  moment  method  the  "realistic  model  of  man”  is  beyond  the  ca¬ 
pability  of  existing  computers  as  it  is  traditionally  applied.  Even  with  our 
more  advanced  method  ([5])  we  need  highly  efficient  methods  of  inverting 
matrices  ([6]),  as  operations  requiring  inversion  of  sufficiently  large  dense, 
complex  square  matrices  by  traditional  operations  will  have  a  computa¬ 
tional  complexity  that  is  beyond  the  capability  of  existing  computers. 

A  method  that  requires  no  inversion  is  the  resolvent  kernel  method  (Co- 
hoon  ??)  which  has  required  intensive  computational  efforts,  but  if  imple¬ 
mented  on  machines  with  very  many  processors  may  provide  an  alternative. 
With  the  resolvent  kernel  method  described  in  ([11])  the  apriori  unknown 
induced  electric  fields  E  and  and  magnetic  fields  H  appear  outside  all  in¬ 
tegrals,  with  the  only  fields  to  be  integrated  being  the  known  electric  fields 
E'  and  and  magnetic  fields  H'  of  the  external  stimulating  source  of  elec¬ 
tromagnetic  radiation.  The  part  that  requires  real  work  is  the  solution  of 
the  differential  equation  involving  tensor  valued  functions  needed  to  obtain 
the  kernels  associated  with  the  integrel  operators  appealing  in  ([11]). 

Another  concern  about  solutions  of  integral  equation  formulations  of- 
electromagnetic  interaction  problems  is  the  equivalence  of  the  formulation 
with  the  two  partial  differential  equations,  the  Fsxaday  Maxwell  equation 
involving  cu-l(E)  and  the  Ampere  Maxwell  equation  involving  cur  1(H)  and 


the  formulation  with  integral  equations  ([12])  and  the  question  of  unique¬ 
ness  when  formulated  in  a  prescribed  function  space  of  allowable  electric 
and  magnetic  field  vectors.  The  answers  to  some  of  these  questions  in  three 
and  seven  dimensions  is  provided  in  ([12]) 

However,  the  subject  of  this  report  is  another  concern,  namely  the  ac¬ 
curate  prediction  of  the  response  of  an  N  layer  spherical  structure  with 
tensor  electromagnetic  properties,  with  the  additional  property  that  both 
the  electric  vector  E  and  the  magnetic  vector  H  appear  on  the  right  side 
of  the  Faraday  Maxwell  equation  and  the  Ampere  Maxwell  equation, 

•  to  multiple  plane  waves  with  different  polarizations  and  complex  am¬ 
plitudes  and  frequencies  coming  from  different  directions,  and  to 

•  electromagnetic  waves  represented  by  all  the  associated  Legendre 
functions  instead  of  just  the  P*  that  one  sees  in  the  usual  Mie 
solution. 

The  report  with  its  complete  theoretical  development  and  attendant  com¬ 
puter  calculations  ([9])  shows  how  both  of  these  were  carried  out  success¬ 
fully.  The  object  here  is  the  concern  that  even  though  internal  power 
density  distributions  induced  in  a  biological  structure  by  a  radar  or  other 
emitting  installation  is  quite  low  that  the  sweeping  nature  of  the  beam 
might  interfere  with  natural  biochemical  cycles  and  thereby  alter  biochem¬ 
ical  reactions.  There  is  also  a  concern  that  a  complex  mix  of  frequencies 
and  electromagnetic  fields  might  be  absorbed  by  an  individual  in  a  highly 
efficient  manner,  thereby  producing  an  unexpectedly  high  internal  field  dis¬ 
tribution. 
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1  Computational  Capability 

The  primary  12K  line  computer  code  ([9])  delivered  to  the  government 
has  the  ability  to 

•  calculate  the  near  or  far  field  E  or  H  plane  bislatic  cross  section, 

I 

•  plot  the  internal  power  density  distribution  along  the  direction  of 
propagation  of  a  time  harmonic  plane  wave  impinging  on  the  N  layer 
structure, 

•  calculate  the  absorbed  and  reflected  power  as  a  function  of  any  elec¬ 
trical  property  in  any  layer  or  the  frequency, 

•  calculate  the  absorption  efficiency  and  the  scattering  efficiency  and 
the  extinction  efficiency  as  a  function  of  wavelength  and  geometry, 

•  calculate  the  power  scattered  into  any  solid  angle  as  a  function  of  any 
electrical  property  in  any  layer, 

•  calculate  the  power  density  distribution  in  a  slice  of  the  N  layer  sphere 
passing  through  the  origin  with  any  prescribed  normal, 

•  create  a  2  D  plot  of  the  Mueller  matrix  as  a  function  of  scattering 
angle, 

•  create  a  3  D  plot  of  any  Mueller  matrix  entry  as  a  function  of  scat¬ 
tering  angle  and  interrogating  wavelength, 


•  produce  3  D  plots  of  the  square  of  the  length  of  the  magnetic  vec¬ 
tor,  the  electric  vector,  or  the  Pointing  vector  for  complex  impinging 
waves  at  any  time  on  any  slice  of  the  N  layer  sphere, 

•  plot  the  phase  of  the  components  of  electric  vector  of  the  scattered 
electromagnetic  radiation  as  a  function  of  position  outside  the  N  layer 
structure 

•  automatically  check  the  validity  of  the  calculations  by  producing  ta¬ 
bles  of  values  of  the  tangential  components  of  the  electric  and  mag¬ 
netic  vectors  on  both  sides  of  the  separating  spheres, 

•  automatically  check  the  validity  of  the  representation  of  the  incom¬ 
ing  radiation  by  Tes serai  harmonics  by  comparing  the  exact  formula 
representation  with  the  spherical  harmonic  expansion,  and 

•  automatically  check  the  validity  of  calculations  of  the  inverses  of  the 
4  by  4  matrices  used  in  the  bianisotropy  analysis  by  multiplying  the 
computer  program  calculated  inverse  by  the  original  matrix  and  com¬ 
paring  this  with  the  4  by  4  identity,  and 

•  automatically  check  the  validity  of  the  overall  calculation  by  using 
volume  integration  to  compute  the  total  absorbed  power  through  the 
integration  of  the  power  density  distribution  and  then  comparing  this 
result  with  the  integration  of  the  Pcyr.ting  vector  over  the  outermost 
sphere. 

A  more  general  structure  that  permits  one  to  benchmark  general  pur- 


pose  codes  to  realistically  model  man  in  a  microwave  field  are  oblate  and 
prolate  spheroids  ([7])  and  ([8])  and  bodies  of  revolution  which  include  fi¬ 
nite  cylinders  and  toroids.  Precise  calculations  of  the  latter  may  help  one 
develop  an  efficient  fusion  reactor  by  optimizing  the  absorption  efficiency 
of  the  plasma  in  which  the  fusion  reaction  is  taking  place. 

There  is  a  possibility  that  high  energy  sources  or  regular  sources  ([10]) 
could  physically  disturb  or  shock  biological  structures  or  set  up  waves  within 
bone  structures  which  might  over  a  period  of  time  have  a  biological  effect. 
The  paper  ([10])  gives  a  full  semigroup  theory  of  nonlinear  electromagnetic 
responses  which  could  be  us**d  in  laser  surgery  and  as  well  describes  the 
energy  equation  for  a  stimulated  Voigt  solid. 

1.1  Applications  with  general  societal  benefit 


The  computer  calculations  ([9])  show  that  hot  spots  can  be  moved  about 
the  body  by  controling  the  external  fields.  With  precise  calculations  one 
could  treat  cancer  by  raising  the  temperature  of  the  tumor  by  4  degrees 
centegrade  while  not  raising  the  nearby  n  irm&l  tissue  to  that  extent.  This 
would  kill  a  localized  tumor  without  harming  the  nearby  normal  tissue; 
considerable  effort  and  dedication  would  be  required  to  build  a  successful 
device,  but  the  theory  is  laid  down  in  ([5]). 
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2  An  Exact  Microwave  Heating  Response 
Formula 


An  exact  formula  for  the  thermal  response  of  an  N  layer  spherically 
symmetric  structure  to  electromagnetic  radiation  has  been  determined.  The 
thermal  conductivity,  K,  the  permittivity,  <,  the  magnetic  permeability, /i, 
and  the  electromagnetic  conductivity,  <7,  are  assumed  to  be  tensors. 

2.1  Nonhomcgeneous  Heat  Equation 


In  this  paper  we  extend  previous  results  ([3])  and  give  an  exact  solu¬ 
tion  to  the  problem  of  describing  by  exact  formula  the  thermal  response 
to  low  energy  electromagnetic  radiation  of  an  N  layer  electromagnetically 
bianisotropic  stricture,  or  said  differently  a  spherically  symmetric  stricture 
where  the  permittivity  <  and  magnetic  permeability,  /j,  and  the  complex 
electromagnetic  conductivity  <7  are  tensors,  and  which  is  also  thermally 
anisotropic  in  the  sense  that  the  thermal  conductivity,  K,  is  also  a  tensor. 
The  heat  transfer  equation  is  written  in  the  form, 


1  /9W„  »in(9)  du\  t 

rsxn($)  ^5$  J  r  dO) 


rsm{9)  (<?d  )  [K*rsm{9)d^  ^  +  5  (2,U) 


where  if  the  magnetic  permeabilities  p  and  the  permittivities  «,  and  the 
electromagentic  conductivity  a  are  diagonal  tensors  in  the  spherical  coordi¬ 
nate  system  and  their  t  and  9  components  are  equal,  then  the  source  term 


-istributlo.:  o  :  rover  density  in  a  3ectionof  a 
brain  tissue  sphere  opposed  to  1  Gi  cherts 
radiation.  '.id.  stive  permittivity  is  59.36  and 
conductivity  is  1.93152  mhos  per  meter. 

This  3 ho  v 3  ths  •  x>  tenti^i.  Jiacard  o  f  internal 

'■■o  t  spots  an-!  the  possibility  of  treatinj  cancer 

by  raisin;  the  t*iperature  of  the  tuior  by  4  decrees  C. 
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5  =  Fo[w/m(/i)(i  H,  |a  +  |  H4  I3)  +  w/mOiOfl  Hr  j3)+ 
w/m(e)(|  E,  |*  +  |  E4  |J)  +  u»/m(er)(l  F  lJ)+ 

iJC(ff)(|£#|J)  +  (l^!,)3  (2-1.2) 

where  in  the  case  of  bianisotropy  there  are  additional  term3  involving  the 
product  of  electric  and  magnetic  vector  components  times  coupling  terms 
and  where  Fo  is  a  factor  for  converting  MKS  energy  densities  to  centimeter 
gram  second(cgs)  units  of  calories  per  gram  degree  Centigrade  that  is  given 

by, 

1 

0  =  2  x  10°  x  4.1S4 

In  order  to  make  use  of  Legendre  functions  with  integer  index  in  our  solution 
we  assume  that 


K  =  K,  (2.1.4) 


and 


K  =  X4 


(2.1.5) 


We  will  make  use  of  the  Legendre  functions  P™(co3(9))  and  note  that  they 
satisfy  the  ordinary  differential  equation 


1 


sin(6)  dO 


p?(co*m  = 


m 


sinJ(0) 


PZ'(cos(0))  -  n(n  +  l)/7(c«(0)) 


(2.1.6) 


1 1 


which  is  equivalent  to 


dW.  m2  _ 

dz  )  +  (n(n  +  l)  l_g2)W  =  0 

(2.1.7) 

where 

►» 

II 

£ 

<2> 

(2.1.8) 

since  (2.1.7)  implies  that 

dv  dv  dz 

Id  =  Tzdd 

(2.1.9) 

which  implies  that 

dv  .  ,^dv 

-  = 

(2.1.10) 

(Hochstadt  [14],  page  164).  To  see  this  more  clearly  note  that 

£(»-•■>?)- 

-  >™l«  (sSi  S)  {2w)  *  TF  «'"> 

Therefore,  we  see  that 

3  (»-'■>?) -5 

This  implies  that 


cos(0)  dW  crsw 


dz  ) 


sir.(d)  d9 

1  dt 


sin(S) 


de* 

dW' 


(2.1.12) 


(2.1.13) 


sind  dQ  \ 

Having  developed  this  understanding  of  the  formulation  of  Legendre’s  dif¬ 
ferential  equation  we  proceed  to  define  the  finite  Legendre  transform  (not 
the  integral  over  the  index)  by  the  rule, 


o  =  '2n  +  'ifrrnl  f»werto»(»))*  ;»(«;<« 

+  mj!  Jo 


(2.1.14) 
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for  m  being  positive  and  further  restricted  by  the  relation, 


me  {0, 1, n)  U  {-1,  -2,  ...,  -n} 


(2.1.15) 


C°nv  =  (^±1)  jT  v(8)Pn(cos(0))sin(9)d9  (2.1.16) 

In  carrying  out  the  simplification  of  the  heai  transfer  equation  we  need 
in  addition  to  the  finite  Legendre  transform,  a  finite  cosine  transform  de¬ 
fined  by  the  rule, 

Cmu  =  —  r  cos(m<j>)u(<f>)d<j>  (2.1.17) 

T  J-r 

A  calculation  shows  that 

i  £  cosWjpW*  =  j  £ 


-  —m3Cmu 


(2.1.18) 


We  now  develop  a  formula  that  enables  us  to  simplify  the  energy  equa¬ 
tion  by  successive  application  of  the  finite  cosine  transform  Cm  and  the 
finite  Legendre  transform  £* .  Using  Legendre’s  differential  equation  and 
integration  by  parts  we  find  that 


n  \r.)in(0)d6  \  K  ’ r  c9 


l  <3u\\  -n(n  +  i) 


K£”Cmu  (2.1.19) 


since  the  terms  involving  m2  -'.ancel  out  if  the  two  tangential  components 
of  the  thermal  conductivity  tensor  are  equal. 
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We  now  apply  the  combined  finite  Legendre  and  finite  cosine  transforms 
to  all  terms  of  the  energy  equation, 


1}K£^Cmu  -  £™Cmbu  +  £”CmS 

r 

(2.1.20) 

We  simplify  the  writing  of  the  above  equation  by  introducing  the  variables 

(2.1.21) 

and 

S(m,n)  =  £™CmS 

(2.1.22) 

we,  therefore,  see  that  the  original  energy  equation  may  be  transformed 
into  the  relation, 

PCft(U(m,n))  (lW))j  + 

~r  1]'KU^)  -  bU(m,»)  +  s^,n)  (2.1.23) 

We  create  another  finite  transform  with  respect  to  the  radial  variable 
by  making  use  of  the  oscillation  theorem  to  select  a  series  of  radial  eigen¬ 
functions,  Z(ni*)(r),  satisfying 

(X{n,k)r7pc-Kn(n+l)-br2)Z<n,k)  +  ~  ^r3tfr(r)^£(niJb)(r)j  =0.  (2.1.24) 
the  regularity  conditions  that  state  that 

Kr^ZlnJt}(r)«C  (2.1.25) 


U 


and 

Z[nJt)eC  (2.1.26) 

where  C  denotes  the  space  of  continuous  functions  on  the  real  line  with  the 
origin  removed.  We  now  multiply  all  terms  of  our  transformed  equation 
(2.1.23)  by  the  Z(n»  which  satisfies  (2.1.24)  and  integrate  from  0  to  R 
which  is  the  radius  of  the  outermost  sphere  in  our  N  layer  structure.  Upon 
doing  so  we  obtain  the  relation, 

l  "  Z{nyh)(r)~  (U(m,n))  pcr'dr  = 

jf "  Z{n#{r)£  (r'Kr^-U{m^  dr  -  £"  Z{nJt)(r)Kr.(n  +  l)U{m,n)(r)dr 

~  J*"  bU[m,n)r'Z{n<k)(r)dr  +  £*  r’S(m>n)(r,t)Z{n>)(r)dr  (2.1.27) 

We  use  integration  by  parts  to  simplify  equation  (2.1.27),  and  we  find 
that 

l  "  z(".*)(r)  J;  j;^)(r’*'V)  dr  = 

z^k){RN)R\KT{RN)^u(mAR*,t)- 

!*"  r))^r 

Q 

—  Z(n,k)(RN)RlfKr(Rs)-^U^mtn)(Rtf,t) 

-I&KriRriZl^iRriU^ntiRstf 

+  ^  U(,„,„)(r,t)—  3/fr— Z(n>i)^  dr 


(2.1.28) 


Observe  that  the  functions  V  =  Cf(m>n)  or  V  =  Z(n,Jt)  satisfy  exactly  the 
same  boundary  condition,  namely  the  Newton  cooling  law  constraint  given 

by 

KM'\Rn)  +  HV{RN)  =  0  (2.1.29) 

and  upon  replacing  the  derivative  terms  by  using  this  Newton  cooling  law 
relation  we  see  that 

Z{nM{RN)R2sKr{RN)U\^n){RN,  t)- 

R%KT(RN)Z™k){RN)U(m,n)(RN,t) 

-  Z(nJ,)(RN)RN(~HU{m,n)) 

-  R2N(-H Z[nt),))(RN)U(min)  =  0  (2.1.30) 

Thus,  we  find  that 

J f "  ZmiWJ:  (r’A^CWM))  dr, 

=  J”"  V(„.,)(r,()^  ^K,^Z[n,^r)\ dr  (2.1.31) 

Substituting  equation  (2.1.23)  into  this  relationship  yields 

(rh  d  ( ,  d  \ 

l  2(n,*)(r)—  (r  Kr— U(m,n)(r,t)J  dr  = 

J  U{m,n)  { Kn(n  +  1)  +  br2  -  X (n,k)r2  pc}  Z{n<k)(r)dr 
Using  these  relationships  in  equation  (2.1.28)  we  find  that 

Jo  ^i/('"-»)(r’<)^{n,A)(»-)pcr3dr  = 

1  6 


(2.1.32) 


(2.1.33) 


(2.1.34) 

(2.1.35) 

(2.1.36) 

(2.1.37) 


then  the  problem  reduces  to  that  of  solving  the  ordinary  differential  equa¬ 
tion 

r’W  +  =  4"'"V)  (2.1.38) 

The  solution  of  this  differential  equation  is  given  by 

4m’n)(t)  =  j f  cxp{X{n<li)(t  -  r))b{^'n\r)dr  (2.1 .39) 

where  the  term  b]^n'n'1  is  defined  by  equations  (2.1.2)  and  (2.1.35). 

For  a  variety  of  pulsed  heating  schemes  ([4]),  this  integral  has  been 
evaluated  exactly.  In  doing  so  we  have  made  use  of  the  dramatic  difference 
in  the  time  scales  of  conductive  and  radiative  transfer  in  the  materiab  being 
irradiated. 
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2.2  THE  RADIAL  FUNCTIONS 


We  have  seen  that  the  radial  functions  satisfy  the  ordinary  differential 
equation, 

d  (  „  d  _  \ 

+ 


{\rxMj>c_ 

1  K 


Tr 


We  let 


+  n 

J  r<"*>  “  0 

(2.2.1) 

(n,i)PC-  6\  j  2 

Kt  j 

(2.2.2) 

in  each  iayer.  Then  equation  (2.2.1)  and  equation  (2.2.2)  imply  that  if 


W(z)  =  Z{n,k)(r) 

that  then 

z2WW{z)  +  ~W{l\z)  +  ^1  -  n—ztx)K^j  W  =  0 
Rearranging  the  terms  involving  tha  derivative  we  find  that 

;(s)W»+ 

Thus,  the  radial  functions  are  given  by 


w  =  «„(,)  =  ■v^Jr_+^(z) 

y’lyjZ 


where 


,..1/2+^  +  =J n±m 


(2.2.3) 


(2.2.4) 


(2.2.5) 


(2.2.6) 


(2.2.7) 


1  8 


2.3  EIGENVALUE  DETERMINATION 


We  are  seeking  by  computer  algorithm  a  solution  of  an  ordinary  differ¬ 
ential  equation, 


{ 


.») 


H' 

\{n,k)pc-b  n(n  +  l)K  }  „ 

k, - — r|,a,“0 


(2.3.1) 


which  has  a  singular  point  at  r  =  0,  and  piecewise  smooth  coefficients  with 
the  additional  property  that  one  of  the  coefficients  depends  on  a  parameter 
which  we  have  denoted  by  A(nii),  where  the  solution,  and  the  prod¬ 

uct  of  the  radial  conductivity  Kr  and  the  derivative  of  Z(nj,)  are  continuous 
and 

Lm  (jCOO-jU^M  +  KM(r))  =  0  (2.3.2) 

r  — *  co  \  ar  / 

These  eigenvalues  and  eigenfunctions  are  obtained  by  a  shooting  method 
by  defining  Z(r,  A)  to  be  the  solution  of  the  ordinary  differential  equation. 


Tr  (r’|Z(r'A))  + 

|v^_^|z(rA)=0  (233) 

which  has  an  integrable  singularity  at  r  =  0  and  which  satisfies  the  regu¬ 
larity  conditions  and  the  Newton  cooling  law  boundary  conditions  at  the 
outer  boundary  of  the  sphere. 
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2.4  RADIATIVE  HEATING 


Because  of  orthonormality  of  the  transformations  we  and  that  the  differ¬ 
ence  u  between  the  induced  thermal  excursion  and  the  ambient  temperature 
in  the  irradiated  solid  is  given  by 

a[m’n\t)P:(cos(d))coS(m^Z{nJt)^  (2.4.1) 

kzz  l  n=G  mssQ 

where  the  expansion  coefficients  are  determined  by  equation  (2.1.39),  and 
the  heat  source  term  is  given  by  equation  (2.1.2).  In  the  computer  code 
the  expansion  coefficients  are  precomputed  and  saved.  Once  the  expansion 
coefficients  are  known,  the  microwave  ir  luced  thermal  excursion  can  be 
computed  at  thousands  of  points  for  a  modest  computer  cost.  The  entire 
code  runs  on  a  personal  computer. 

In  the  following  sample  computation,  which  gives  a  comparison  of  radi¬ 
ation  induced  temperature  increases  measured  with  a  Vitek  non  field  per¬ 
turbing  thermal  probe  and  predictions  of  the  computer  program,  a  die’ectric 
ball  was  enclosed  in  styrofoam.  The  calculation  is  for  an  isotropic  muscle 
equivalent  spherical  structure  with  a  radius  of  3.3  centimeters  exposed  to 
1.2  Gigahertz  continuous  wave  radiation  with  a  power  of  70  milliwatts  per 
square  centimeter.  The  time  of  exposure  for  figure  1  was  30  seconds.  In 
Figure  2  which  follows  the  Vitek  probe  was  placed  at  the  center  of  the 
structure  and  the  the  power  was  turned  off  after  5.5  minutes. 


2D 


c 


X-AXIS  (cm) 

Figure  i.  A  2.3  centimeter  radius  scherical  structure  exposed  to  1.2 
Gigahertz  with  a  power  of  70  milliwatts  per  square  centimeter 
for  30  seconds.  The  structure  is  isotrooic  and  the  relative 
permittivity  is  50.4  and  the  el ectrcmagnetic  conductivity 
is  1.52  mhos  per  meter.  The  specific  heat  Is  .34  calories 
per  gram  degree  Centigrade.  The  thermal  conductivity  1r. 
calories  per  centimeter  par  second  per  degree  Centigrade  is  . 
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Tf  KPERATURE  RISE  (*C) 


UPOlMEKTAi 


THEORETICAL 


TIME  (MINUTES) 


The  temperature  at  the  center  of  a  3.3  centimeter  radius 
spherical  structure  exposed  to  1.2  Gioaherti  radiation  with 
a  power  of  70  milliwatts  per  souare  centimeter  as  a  function 
of  time.  The  power  was  turned  off  after  5.5  minutes. 

The  thermal  and  electromagnetic  parameters  are  the  same  as  those 
of  Figure  1.  The  Newton  cooling  law  constant  used  at  the  sgrfjc 
is  .  c  . 

H  *  5.722  x  10  calories/cx /degree°C/second 


References 


[1]  Bell,  Earl  L.,  David  K.  Cohoon,  and  John  W.  Penn.  Mie:  A  FOR¬ 
TRAN  program  for  computing  power  deposition  in  spherical  dielectrics 
through  application  of  Mie  theory.  SAM-TR-77-11  Brooks  AFB,  Tx 
78235:  USAF  School  of  Aerospace  Medicine  (RZ)  Aerospace  Medical 
Division  (AFSC)  (August,  1977) 

[2]  Bell,  Earl  L.,  David  K.  Cohoon,  and  John  W.  Penn.  Electromagnetic 
Energy  Deposition  in  a  Concentric  Spherical  Model  of  the  Human  or 
Animal  Head  SAM-TR-79-6  Brooks  AFB,  Tx  78235:  USAF  School 
c-f  Aerospace  Medicine  (RZ)  Aerospace  Medical  Division  (AFSC)  (De¬ 
cember,  1982). 

[3]  Burr,  John  G.,  David  K.  Cohoon,  Earl  L.  Bell,  and  John  W.  Penn. 
Thermal  response  model  of  a  Simulated  Cranial  Stricture  Exposed 
to  Radiofrequency  Radiation.  IEEE  Transactions  on  Biomedical  En¬ 
gineering.  Volume  BME-Z7,  No.  8  (August,  1980)  pp  452-460. 

[4]  Cohoon,  D.  K.,  J.  W.  Perm,  E.  L.  Bell,  D.  R.. Lyons,  and  A.  G.  Cryer. 
A  Computer  Model  Predicting  the  Thermal  Response  to  Microwave 
Radiation  SAM-TR-SS-SS  Brooks  AFB,  Tx  78235:  USAF  School  of 
Aerospace  Medicine.  (RZ)  Aerospace  Medical  Division  (AFSC)  (De¬ 
cember,  19S2). 

[5]  Cohoon,  D.  K.  "Determination  of  the  effect  of  transient,  spatially  het¬ 
erogeneous  electromagnetic  radiation  on  a  realistic  model  of  man”  (at- 


tached  report) 

[6]  Cohoon,  D.  K.  "Fast  matrix  inversion”  (attached  report) 

[7]  Cohoon,  D.  K.  "Continued  Fractions  and  the  Eigenvalues  of  Spin 
Weighted  Angular  Spheroidal  Harmonics”  (attached  report) 

[8]  "An  Algorithm  for  the  Eigenvalues  of  the  Angular  Spheroidal  Harmon¬ 
ics  and  An  Exact  Solution  to  the  Problem  of  Describing  Electromag¬ 
netic  Interaction  with  Anisotropic  Structures  Delimited  by  N  Confocal 
Spheroids"  (attached  report) 

[9]  "Exact  Mie  like  determination  of  the  response  of  an  N  layer  bian- 
isotropic  structure  with  regions  of  continuity  of  tensorial  electromag¬ 
netic  properties  delimited  by  concentric  spheres  to  multiple  plane 
waves  and  general  full  wave  radiation  with  complex  spatial  and  tem¬ 
poral  patterns”  (attached  report) 

[10]  Cohoon,  D.  K.  "A  THEORY  OF  HEATING  OF  VOIGT  SOLIDS  AND 
FLUIDS  BY  EXTERNAL  ENERGY  SOURCES"  (attached  report) 

[11]  Cohoon,  D.  K.  "ON  USING  DIFFERENTIAL  EQUATIONS  TO  IN¬ 
VERT  INTEGRAL  EQUATIONS  DESCRIBING  ELECTROMAG¬ 
NETIC  SCATTERING  BY  HETEROGENEOUS  BODIES"  (attached 
report) 

[12]  Cohoon,  D.  K.  "On  the  uni-*  •*  ness  of  Solutions  of  Electromagnetic  In¬ 
teraction  Problems  Associated  with  Scattering  by  Bianisotropic  Bod- 


24 


ies”  Hi  Rassias,  George.  The  Mathematical  Heritage  of  C.  F.  Gams 
Singapore:  World  Scientific  Publishing  (1991)  pp  119  -  132. 

[13]  Penn,  John  W.  and  David  K.  Cohoon.  Analysis  of  a  Fortran  Program 
for  Computing  Electric  Field  Distributions  in  Heterogeneous  Penetra¬ 
ble  Nonmagnetic  Bodies  of  Arbitrary  Shape  Through  Application  of 
Tensor  Green’s  Functions.  SAM  TR-78-40  San  Antonio,  Texas:  USAF 
School  of  Aerospace  Medicine  (December,  1978)  &3  pages 

[14]  Hochstadt,  Harry.  The  Functions  of  Mathematical  Physics.  New  York: 
Dover(1986). 

[15]  Whittaker,  E.  T.  and  G.  N.  Watson.  A  Course  of  Modem  Analysis 
London:  Cambridge  University  Press  (1985). 


25 


Exact  Mie  like  determination  of 
the  response  of  an  N  layer 
bi  nisotropic  structure  with 
regions  of  continuity  of  tensorial 
electromagnetic  properties 
delimited  by  concentric  spheres 
to  multiple  plane  waves 
and  general  full  wave  radiation  with  complex 
spatial  and  temporal  patterns 

D.  K.  Coboon 

March  7,  1992 


We  axe  interested  in  assessing  the  level  of  biological  hazard  posed  by  complex  sources 
of  electromagnetic  radiation.  A  part  of  this  effort  is  to  understand  in  space  and  time 
how  fields  and  energy  densities  and  Sow3  change  in  the  interior  of  a  multitissue  simulated 
biological  structure,  and  to  have  a  highly  accurate  benchmark  for  detailed  models  of  man 
in  an  electromagnetic  field. 

We  consider  the  problem  of  determining  the  optical  and  absorption  efficiency  of  a 
class  of  N  layer  full  tensor  electromagnetically  bianisotropic  spheres  to  a  plane  polarized 
electromagnetic  radiation.  Considerable  flexibility  ([47])  has  been  demonstrated  with  two 
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layer  structures  in  relating  their  properties  in  such  a  way  that  these  particles  have  an 
extremely  high  optical  and  absorption  efficiency.  Groundwork  has  been  laid  for  the  design 
of  materials  with  differing  electromagnetic  properties  in  different  directions  which  have 
extremely  high  efficiencies  of  absorption. 

By  careful  analysis  it  would  be  possible  to  do  the  same  for  a  heterogeneous  radiation 
source(Barton  [8],  Chevaillier  [19]  [18],  Chylek  [20]  Schaub  [42],  Tsai  [46],  Yeh  [57])  when 
these  spheres  are  placed  in  an  ambient  medium  with  material  properties  such  that  if  fi  is 
an  open  set  in  the  ambient  medium  and 

/  div(£  x  S')dv  =--  0, 

Jo 

then  £  and  £  are  both  zero  in  ft 

In  this  paper  we  describe  the  exact  solution  to  the  problem  of  describing  the  interac¬ 
tion  of  electromagnetic  radiation  with  an  N  layer  structure  whose  regions  of  continuity  of 
tensorial  electromagnetic  properties  are  separated  by  concentric  spheres.  We  assume  that 
each  of  the  layers  are  bianisotropic.  For  the  most  general  case,  the  radial  functions  are 
solutions  of  a  system  of  equations,  and  we  get  a  four  parameter  family  for  each  index  in 
each  layer.  However,  we  also  get  an  interesting,  but  easily  computerizable  example. 

Bianisotropic  materials  have  used  (Ferencz  [25],  Gamo  [26],  Hebenstreit  [29],  Shiozawa, 
[44]  and  Yeh  [56])  in  modeling  a  medium  moving  through  an  electromagnetic  field.  We 
consider  also  the  possibility  of  an  electromagnetic  field  whose  spatial  distribution  would 
suggest  a  complex  source  that  would  include  an  off  center  laser  beam  interaction  with  a 
droplet  or  a  radar  beam  sweeping  across  a  stationary  structure.  By  considering  a  layered 
spherically  symmetric  structure  whose  core  may  be  metallic  and  with  outer  layers  having 
complex  material  properties  or  containing  sources  of  radiation,  we  may  be  able  to  predict 
the  level  of  the  hazard  experienced  by  an  individual  with  a  metalic  bone  replacement  or 
clamp  who  is  placed  in  such  a  field. 

The  source  of  internal  power  density  distribution  for  a  bianisotropic  structure  exposed 

to  external  sources  is  distinct  from  anisotropic  materials,  since  terms  involving  the  product 

— * 

of  the  electric  vector  E  and  the  magnetic  vector  H  appear  in  the  internal  power  density 
distribution.  Using  the  concepts  contained  in  this  paper,  a  solution  of  an  energy  equation 
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with  a  tensor  conductivity  can  be  obtained  by  an  exact  formula  when  the  electromagnetic 
properties  do  not  change  during  the  exposure  process.  Using  the  derived  energy  density 
distribution  as  a  source  term,  a  more  general  nonlinear  heat  equation,  taking  into  account 
radiative  conductivity  concepts  can  be  derived.  Several  authors  (Barton  [8],  Chylek  [22], 
Schaub  [42])  simply  assume  that  the  power  density  depends  on  the  square  of  the  length 
of  the  electric  vector  times  the  conductivity.  In  a  bianisotropic  material,  however,  there  is 
a  power  density  c:ntribution  from  the  coupling  of  the  electric  and  magnetic  vectors  (see 
equation  (5.2.6). 
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1  A  Mie  Like  Solution  for  Bianisotropic  Sphere  Scat¬ 
tering 

1.1  Introduction 


Although  it  is  possible  to  develop  an  integral  equation  formulation  'if  the  problem 
of  describing  the  scattering  of  electromagnetic  radiation  by  a  bounded  three  dimensional 
body  (Jones  [33],  pp  528-529),  the  only  bounded  body  for  which  a  truly  exact  solution  has 
been  obtained  to  the  problem  for  describing  its  response  to  electromagnetic  radiation  have 
been  those  with  spherical  symmetry.  It  is  possible  to  give  a  representation  (Jones  [33],  pp 
490  to  495)  of  the  fundamental  Green’s  tensor  T  satisfying 

curI(curf(F))  -  JfcT  =  7S  (1.1.1) 

in  terms  of  vector  spherical  harmonics  and  to  use  these  to  develop  a  concise  derivation  of 
the  solution  of  the  problem  of  describing  scattering  by  a  sphere  (Jones  [33]  pp  496-526). 
Some  earlier  work  on  anisotropic  sphere  scattering  ([23]  [32]),  [49],  [53])  have  extended  the 
classical  result  of  Mie  ([34]  1908)  which  is  believed  to  have  been  first  obtained  by  Clebsch 
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( 


([23]  1863).  We  describe,  here,  an  exact  Mie  like  solution  that  is  applicable  to  a  class  of 
bianisotropic  spheres. 

1.2  Problem  Definition 

We  assume  that  I  and  ]J  are  tensors  defining  the  permeability  and  permittivity  that 
are  functions  of  the  spatial  variables  and  the  frequency  u  of  the  radiation.  Here  Maxwell’s 
equations  have  the  form 


curl(E)  =  —uofiH  —  aE 

(1.2.1) 

• i(H)  =  iiuiE  +  was  + 

(1.2.2) 

In  th"  ambient  medium  we  assume  that  the  tensors  a  and  f3  are  the  zero  tensor  U.  In  this 
p.per  the  energy  balance  is  described  which  enables  us  to  validate  a  computer  code  for 
describing  the  interaction  of  radiation  with  an  N  layer  bianisotropic  sphere  where  the  layers 
may  be  separated  by  impedance  sheets.  The  inner  core  may  be  penetrable  or  perfectly 
conducting. 

1.3  Spherical  Harmonics  and  Orthogonality  Relations 

The  basic  idea  of  the  code  is  that  the  induced  and  scattered  electric  and  magnetic 
vectors  can  be  expressed  in  terms  of 

_  ■  F'tcosfd))  d 

A(m,n)  =  (1-3.1) 

B(m,n)  =  exp(im$)i  (1.3.2) 

and 

<?(„,„)  =  P^(cos{d))exp{irTuf>)^,  .  (1.3.3) 

where  e*r,  eg,  and  c$  are  the  unit  vectors  perpendicular,  respectively,  to  the  r  =  0,0  =  0, 
and  0  =  0,  coordinate  planes,  and  where  P„(cos(0))  is  the  ordinary  Legendre  function 
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defined  by  Rodrigues’s  formula 


The  associated  Legendre  functions  P, ™  are  given  by 


(1.3.4) 


(1.3.5) 


It  is  obvious  that  even  without  integrating  over  a  sphere  that  the  dot  product  of  either 
of  or  B(m<n)  with  is  zero.  The  orthogonality  of  the  functions  exp{im<p )  and 

exp(im^)  on  the  unit  circle  for  m  ^  m  show  that  if  as  in  ([11])  we  define  the  inner  product 
of  two  vector  valued  functions  U(9,  <f)  and  U(9 ,  <f>)  defined  on  the  unit  sphere  by, 


U,  V  >  =  jf  ff(0, 4,)  •  V(9, 4>)m ain{9)ddd<j> 


(1.3.6) 


with  two  different  values  of  m  are  orthogonal.  If  we  take  the  dot  product  of  two  distinct 
members  of  the  collection 


S  -  {^(m,n),  fi(m,n) )  ^(m,n)  =  TTlZZ,  and  {|  TTl  |,  j  JTJ  |  +1,  •  •  •}}  ,  (1.3.7) 

with  the  same  values  of  m  and  make  use  of  ([2],  p  333)  the  negative  index  relationship 

[P“(z)  “  “CXP(~ *7«0**n(/«r)Q5(*)]  (1-3.8) 

we  find  that  any  two  members  with  different  values  of  n  are  orthogonal  with  respect  to 
the  inner  product  defined  by  equation  (1.3.6).  For  example,  to  see  that 

^  ^4(m,n)7  B[rn,r)  >  =  0  (1.3.9) 

for  all  n  and  r  we  note  that  this  dot  product  reduces  to 

im(27r)  I  le  {Pn(cos(e))Pr(cos(9))}  dd  =  :m(27r)£  ~  {P?(x)P?(z)}  dx  (1.3.10) 

The  details  of  the  remaining  orthogonality  relations  are  found  in  ([11])  or  can  be  derived 
from  properties  of  the  Legendre  functions  described  in  Jones  ([33]). 

Plane  waves  in  free  space  can  be  represented  using  the  functions  described  above  by 
carrying  out  the  expansion(Bell,  [10]  page  51  and  Jone3  [33],  page  490,  equation  94) 

CO 

exp(-ik0rcos(9 ))  =  £  onPn(cos(0))jn(  V)  (1.3.11) 
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where  the  expansion  coefficients  an  are  given  by  (see  Jone3  [33],  page  490) 


on  =  (-t)n(2n+l).  (1.3.12) 

These  coefficients  are  determined  by  letting  z  =  kQr ,  carrying  out  a  Taylor  series  expansion 
in  z,  and  making  use  of  the  orthogonality  relationships 

r*  I  2/(2 n  +  1)  if  n  =  m 

/  Pn(cos(e))Pm(cos(d)sin($)d9  =  f  /v  '  (1.3.13) 

Jo  [  0  ifn^m 

This  equation  is  based  on  the  relation  (Bell  [10],  page  61) 

f_y  -  1  )"iz  =  jjz  -  l)“(z  +  1  fiz  =  •  (-1)“  (1  3.14) 

which  follows  from  integration  by  parts  in  the  left  side  of  equation  (1.3.13).  This  relation¬ 
ship  can  be  proven  using  the  Rodrigues  definition  (equation  1.3.4).  By  using  the  notion 
that  the  algebraic  structure  formed  by  linearly  combining  these  vector  fields  in  a  ring  of 
radial  functions  is  invariant  under  the  curl  operation  also  enables  one  to  get  an  exact 
solution  to  the  scattering  problem  for  bianisotropic  spheres. 

1.4  Plane  Wave  Spectral  Decomposition 


An  alternative  to  the  consideration  of  a  full  wave  solution  is  the  utilization  of  a  plane 
wave  spectral  decomposition,  where  specially  selected  plane  waves  with  carefully  chosen 
(i)  amplitudes,  (ii)  polarizations,  and  (iii)  frequencies  ara  used  to  represent  a  complex 
impinging  wave.  Two  calculations  are  shown  here.  They  represent  the  response  of  a 
sphere  of  brain  tissue  to  a  complex  radiation  field.  For  the  purpose  of  illustration  we  give 
plots  of  the  real  part  of  the  radial  component  of  the  electric  vector  on  .the  intersection  of 
this  sphere  of  brain  tissue  with  a  plane  whose  normal  coincides  with  the  laboratory  z-axis. 
The  two  following  plots  show  the  real  part  of  the  radial  component  of  the  tlectric  vector 
on  this  slice  at  two  different  times. 
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This  figure  shows  the  real  part  of  the  radial  component  of  the 
electric  vector  in  a  slice  of  a  sphere  subjected  two  plane  waves 
coming  from  two  different  directions.  The  time  of  observation  is 
.3'  times  the  common  period  of  the  two  waves  after  a  reference  time. 
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The  figure  below  shows  the  length  of  the  Poynting  vector  in 
a  slice  of  the  sphere  subjected  to  plane  waves  o*  the  same 
frequency  coming  from  two  different  directions.  All  observation 
times  give  the  <  -me  plot. 


3  r 


The  program  is  capable  of  producing  on  any  intersection  of  the  sphere  with  any  plane 
passing  through  its  center  the 

•  the.  real  part  of  any  component  of  the  electric  or  magnetic  vector  (6  different  3D 
plots) 

•  the  imaginary  part  of  any  component  of  the  electric  or  magnetic  vector  (6  different 
3D  plots) 

•  the  absolute  value  of  the  Poynting  vector 

•  the  absolute  value  of  the  radial  component  of  the  Poynting  vector 

•  the  square  of  the  length  of  the  electric  vector 

•  the  square  of  the  length  of  the  magnetic  vector 

It  was  found  that  there  are  considerable  possibilities  for  cooperative  interactions  of  phase 
related  sources  with  this  brain  tissue  sphere  described  in  Bell  ([10)). 

Let  us  assume  that  the  incoming  radiation  is  a  plane  wave  traveling  in  the  direction 

e,%  =  j»n(5i)coj(dk)e,  -f  sin(0»)jin(^)e^  +  caj(0»)<T,  (1-4.1) 

Assume  further  that  we  look  at  field  distributions  in  the  intersection  of  the  structure  with 
a  plane  passing  through  the  origin  and  that  the  normal  vector  to  this  plane  is 

tu  =  3m(^0)cos(d»)c*  +  3in(^)sm(d«)e*,  +  w(^)e“,  (1-4-2) 

The  unit  vector  in  the  direction  of  the  axis  is  defined  as  a  constant  c  times  the  cross 
product  of  e,  and  the  unit  vector  in  the  beam  direction  or 


~  *  e»») 


(1.4.3) 


which  implies  that 

e*n  =  -sir.(dj)^*  +  cos(^i)ey  (1-4-4) 

Then  there  is  only  one  choice  for  the  unit  vector  in  the  direction  of  the  positive  zj  axis, 
namely 
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C03(^)c03(^j)es  -f  coj{5i)jjn(^j)ey  +  (-3 in(^))e*,  (1.4.5) 

We  assume  that  the  electric  vector  of  the  incoming  wave  is  polarized  along  the  14  axis 
and  that  we  would  like  to  use  the  answer  to  a  different  plane  wave  interaction  problem 
associated  with  the  direction  of  propagation  being  the  laboratory  z  axis  and  the  direction 
of  pollination  being  the  laboratory  x  axis.  In  case, 

*>  =  *»  =  0  (1.4.6) 

we  see  that  0  =  0  and 

*  =  *>-*,  (1-4.7) 

This  fact  is  a  specialization  of  the  general  relation, 

'  e*t  — 

coj(06)co3(0a)co.j(<fi4  -  <f>„)  +  n:n(^)sin(^0)  (1.4.8) 

The  rest  of  the  story  is  obtained  by  simply  computing  the  angle  between  the  z\  axis  and 
the  z0  axis.  By  computing  another  dot  product  we  find  that 

c  os(9)  =  3m(^)jjn(^0)cos(^i)cos(^9)-f 

3in(8i)3in(0,,)3in(fa)i}in(6t)  +  co3(di)co3(9a)  (1.4.9) 

By  requiring  that  theta  be  the  inverse  cosine  of  the  right  side  of  equation  (1.4.9)  we  can 
use  the  standard  Mie  solution  for  plane  wave  incidence  to  determine  the  field  distributions 
in  the  plane  whose  normal  is  %.  We  note  that  in  case 

<t>»  =  =  0 


that  equation  (1.4.9)  implies  that 

cos(d)  =  cos(^  -  90) 

which  i3  exactly  the  solution  that  one  would  expect. 
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1.5  The  Full  Tensor  Solution 


— • 

We  assume  that  if  V  is  a  vector,  then 

c“r'(’7)  =  ^w[^(sin<W)-^]£  + 
i  i  fevr\  a ,  T/ 
r[jm(0)l^J  dr(rV*Y'  + 

;  [I™  - 11'-]  ^ 

We  then  find  that  if  we  define  vector  fields  A ,  J3,  C  by  the  rules 

A  =  F(r)i‘(m,n)  (1.5.2) 

B  =  F(r)5(m,n)  (1.5.3) 

(?  =  F(r)C(mt„,  (1.5.4) 

that  then 

curl(A)  =  n(n  +  l)^~C(m,n)  + 

~(rF(r))F(m,n)(5^)  (1.5.5) 

curl(C)  =  (1.5.6) 

and 

curl(B)  =  -™(rF(r)4^)  (1.5.7) 

For  each  pair  (m,  n)  of  indices  we  seek  a  special  solution  of  Maxwell's  equations  in  the 
full  tensor  bianisotropic  material  of  the  form, 

E  =  A(r)A{m,n)  +  B(r)B^n)+C{r)C{m,K)  (1.5.8) 


We  now  attempt  to  find  combinations  of  the-  functions  ,4(r),  5(r),  and  C(r)  which  satisfy 
Maxwell’3  equations.  The  first  Maxwell  equation  obtained  by  taking  the  curl  of  both  sides 
of  equation  (1.5.8)  is,  making  use  of  equations  (1.5.5),  (1.5.7),  and  (1.5.6),  we  see  that 

Curl(E)  =  =  n(n  +  + 
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7  (I)  + 

=  -  iufH  -  aE  (1.5.9) 

Thus,  in  general  we  see  from  equation  (1.5.9)  that  there  are  linear  functions,  ]•,  Q,  and  H, 
of  several  variables  such  that 

7  =  7(A(r),  A'(r ),  B(r),  ^lyBf(r),C(r)),  (1.5.10) 

r  r 

by  which  we  mean  that  there  are  constants  f,  with 

J€  {1,2, 3, 4, 5, 6, 7}  (1.5.11) 

such  that 

7  =  hA{r)  +  +  /3<4'(r)  + 

r 

/.B(r)  +  /,^1  +  /.S-fr)  +  f,CI  r),  (1.5.12) 

«  =  C(Ar).^,X(r),B(r),2^,B'(r).C(r)),  (1.5.13) 

and  similarly 

«  =  KM(r),  ?^,B'(r),C(r)),  (1.5.14) 

so  that  the  magnetic  field  is  given  by 

H  =  7(r)A(m,n)  +  C(r)B(m,n)  +  W(r)<?(m,*>  (1.5.15) 

We  now  obtain  the  final  Maxwell  equation  by  taking  the  curl  of  both  sides  of  equation 
(1.5.15),  and  from  it  equations  for  a  four  parameter  family  of  vector  valued  radial  functions 
needed  to  represent  the  general  field  as  a  linear  combination  of  solutions  of  the  form  (1.5.3) 
in  a  full  tensor  bianisotropic  material.  In  the  traditional  Mie  solution  (Mie  [34])  the  radial 
functions  are  spherical  Bessel  functions. 

curl(H)  =  njn  +  l)-~C7(m,n)  + 

;  (!)  (r7(r))B(m.n)  + 
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(1.5.16) 


r  (Jr) 

=  -  (iwf  +  o)£  +  JS 


In  order  to  see  the  general  form  of  the  last  Maxwell  equation  (1.5.16)  note,  for  example, 
that 

f<B(r)  +  f$^p-+  fsB'ir)  +  K(r)  (1.5.17) 

Expanding  the  right  side  of  equation  (1.5.17)  we  find  that 


1(1 

r  \dr 


(^  =  /i^+/,.4'(r>  +  /1— 

r  r 


+  /3^  +  f3A"(r)  +  /<®  +  fAff{r)  +  + 


/•—  +  fsB"(r)  +  +  frC(r) 

t  r 


(1.5.18) 

We  can  then  see  that  the  final  form  of  the  resulting  system  of  equations  in  the  radial 
functions  is  given  by, 

rX„,n)  +  cS{m,n)  +  MC(m,n}  =  0  (1.5.19) 


We  get  three  ordinary  differential  equations  in  the  unknown  radial  functions  A(r),  5(r), 
and  C(r)  that  are  used  to  represent  the  electric  vector.  Assuming  that  the  terms  in  the 
tensors  are  such  that  we  can  eliminate  the  undifferentiated  function  C  from  the  equation 
obtained  by  equating  coefficients  of  C(m,„)  on  both  sides  of  equation  (1.5.16)  we  get  a 
system  of  two  simultaneous  second  order  differential  equations  in  the  radial  functions  A 
and  B.  A  solution  is  specified  by  giving  values  of  A ,  B  and  their  first  derivatives  at  a 
prescribed  point  Ry,  where  r  =  Ry  might  represent  the  outer  spherical  boundary  of  the 
layer  of  interest.  Thus,  there  are  four  indpendent  solutions  in  each  iayer.  By  emulating 
the  solution  of  the  specific  example,  which  follows,  we  see  that  the  complete  solution  is 
obtained  by  using  continuity  of  tangential  components  of  S  and  H  across  the  spherical 
boundaries  separating  regions  of  continuity  of  tensorial  electromagnetic  properties.  A 
solution  E  and  H  of  Maxwell's  equations  is  then  for  each  Fourier  mode  corresponding  to 
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the  index  m  and  in  the  layer  corresponding  to  index  p  a  linear  combination  of  the  four 
solutions  corresponding  to 


(A(RvlAt(Rp),B(R?),B,(R7>))  =  (1,0, 0,0),  (1.5.20) 

(A(R?),A'(Rf),B(RP),B,(Rv))  =  (0,1, 0,0),  (1.5.21) 

(A(Rp),A'(Rv),B(Rp),Bi(Rt))  =  (0,0, 1,0),  (1.5.22) 

and 

(A(R?),A'(RvIB(Rv),B'(Rt))  =  (0,0, 0,1),  (1.5.23) 

As  it  will  turn  out  that  these  functions  depend  only  on  n  and  and  p  and  not  on  m. 
Thu3,  replacing  A  by  where  j  runs  over  the  indices  1  through  4  to  denote  the  four 

independent  solutions,  we  see  that  the  general  representation  of  the  electric  vector  in  the 
pth  layer  is  given  by 

£  =  E  ( E  [•4(i)(r)^{m.«)(^>  t)  + 

<m,»)€r  u=i 

f1-5-24) 

Note  that  the  three  functions  <4^'^  and  and  Cfap)  appearing  in  equation  (1.5.24) 
are  not  independent,  but  the  linear  combination  in  the  summand  of  equation  (1.5.24) 
represents  a  vector  valued  solution  of  Maxwell’s  equations  in  the  full  tensor  bianisotropic 
material.  Using  equation  (1.5.15)  we  see  that  we  can  write  the  the  magnetic  field  in  the 
form 

*  =  E 

(m,n)€X 

<«.«!}  (1-5.25) 

Using  equations  (1.5.24)  and  (1.5.25)  and  requiring  continuity  of  tangential  components 
of  ]S  and  H  across  the  boundary  r  =  Ry  we  can  relate  expansion  coefficients  in  layer  p  to 
those  in  layer  p  +  1  by  four  equations  in  four  unknowns.  Certainly,  if  we  had  a  perfectly 
conducting  core  there  would  be  no  trouble  in  reducing  tbe  number  of  unknowns  at  the 
first  spherical  boundary  by  requiring  that  the  tangential  component  of  the  electric  vector 
vanish  on  this  surface.  For  a  penetrable  core  the  matter  is  a  little  more  delicate  as  one 


must  select  a  pair  of  indpendent  solutions  with  at  worst  an  integrable  singularity  at  the 
origin. 

With  what  we  have  developed  and  will  develop  we  can  describe  scattering  of  a  general 
source  by  a  spherical  core  that  is 

•  hollow, 

•  perfectly  conducting, 

•  anisotropic  with  diagonal  tensors  having  the  theta  and  phi  components  equal,  and 

•  bianisotropic  and  satisfying  the  conditions  described  in  the  following  section, 

surrounded  by  any  number  of  spherically  symmetric  layers  which  are  bianisotropic  with 
tensors  satisfying  conditions  in  the  Heritage  of  Gauss  paper  ([13]). 

In  the  remainder  of  this  paper  we  discuss  an  example  with  nontrivial  values  of  a  and 
j3  where  the  electric  and  magnetic  fields  can  be  represented  using  Bessel  functions  with 
complex  index  and  argument. 

1.6  A  Specific  Class  of  Examples 

We  give  a  simple  exact  Mie  like  solution  for  a  class  of  bianisotropic  JV  layer  magnetic, 
penetrable  spherically  symmetric  structures.  We  consider  a  special  class  of  diagonal  a 
and  /?  coupling  tensors  with  complex  numbers  aT  and  /?,  being  their  radial  parts  and  with 
complex  numbers  a  and  0  being  their  tangential  components  and  assume  some  additional 
special  relations  between  these.  We  shall  use  a  modified  complex  propagation  constant  k 
which  in  each  layer  has  a  square  given  by 

£3  =  —  iujfux  +  a0  (1.6.1) 

For  the  propagation  constant  defined  by  equation  (1.6.1)  we  seek  a  simple  Mie  like  electric 
vector  solution  of  both  the  Faraday  Maxwell  equation  (1.2.1)  and  the  Ampere  Maxvell 
equation  (1.2.2)  which  has  the  form, 

£  ~  ]£  {a(m,r.)fr'ia)(ir)^(m.n)(<?,^)  + 

(m,n)€X 
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(1.6.2) 


(-  {it)  «} 

where  the  three  radial  functions  Zj*\  Zj*\  and  Zfi  are  to  be  derived  and  the  functions 
dT(m,n},  B(m,n),  and  C(m,n)  are  defined  by  equations  (1.3.1),  (1.3.2),  and  (1.3.3).  We  shall 
derive  relationships  needed  between  the  radial  functions  Z^\  Z^\  and  and  the 

complex  expansion  coefficients  a(m,n))  6(m,r»)?  and  C(mi„)  needed  to  get  an  interesting,  but 
easily  computed,  exact  Mie  like  solutions  for  a  the  reponse  of  a  class  of  N  layer  bianisotropic 
spheres  to  both  plane  waves  and  complex  sources. 

We  now  begin  to  develop  the  consequences  cf  Maxwell’s  equations  by  noting  that 
equation  (1.6.2)  and  the  three  basic  curl  relationships,  (1.5.5),  (1.5.6),  and  (1.5.7)  and  the 
Faraday  Maxwell  equation  (1.2.1)  imply  that  curl(E)  is  given  by 


cur  1(E)  = 

E  {<W>  fn(»  +  1)^1^.,  +  K"'(*r))  S(m  J 

..roer  11  r  rur  J 

^  ^  "I"  tZIT” 

'?  (-  (I)  *<•>->}. 


,  4. 

C(m,n)  £r3  A(m,n)  + 


!fe 

kr 


—  iujjjM 


(1.6.3) 


This  is  the  completely  general  Faraday  Maxwell  equation  for  electric  vectors  given  by 
equation  (1.6.2).  We  want  to  solve  equation  (1.6.3)  for  H  so  that  we  can  substitute  this 
vector  valued  function  into  the  Ampere  Maxwell  equation  (1.2.2)  and  determine  what  types 
of  equations  the  three  radial  functions  Z^\  Z^\  and  Z ^  should  satisfy.  Solving  equation 
(1.6.3)  for  JlH ,  we  see  that  in  general  if  we  simply  assume  that  a  is  a  diagonal  tensor  whose 
action  on  a  vector  represented  in  spherical  coordinates  is  defined  by, 


a-E  = 


or  0  0 
0  a  0 
0  0a 


1  Er  ^ 
E # 

V  E*  } 


(1.6.4) 
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that  then  making  use  of  equation  (1.6.4) 


—iwfiH  = 


V  Jf„  „i„  I  i/f'W  ■  &LL\ r 

(m,n)er  IL  r  Kr  . 

*  2  ^  J  2  \  /  ^  \ 

+  a(m,n)~^  \^r))  —  ^(m.n)  ^(m<n) 

n)_n_l_)  +  i(m  n)— -  j  (rZ^\kr))  +  aa{min)Z{na)(kr)  A{m<n)  j  (1.6.5) 


„  &cr) 
CK»)  £r3 


In  the  previous  section  we  allowed  a,  0,  e,  /I,  and  cr  to  be  general  tensors  and  solved  for 
the  general  radial  functions  C(r),  B(r),  and  *4(r)  used  in  the  represenatation  (1.5.8)  of  the 
electric  vector,  we  now  assume  that  all  these  tensors  have  the  same  form  as  the  complex 
a  tensor  given  by  equation  (1.6.4). 

With  these  assumptions,  we  see  that  for  our  simplified  bianisotropic  material,  the 
magnetic  vector  will  then  have  the  form 


r  ML  3W(*r)n(n  +  l)  gW(*r)l  A 

£)a  W  l  (m’n)  r  +  °rC^  kr  j  <”*”*> 

+  ^  {^(m’n)r^^rZ"a)^^  _Q6(m,n)jk7  (^)  (rZ"&)(tr))}  + 

“  |c(m,n)-^-r)  +  &(„,»)  (^:)  (rZ^(krj)  +  aa(m,n)Z<a)(tr)|  A(m,n) 

(1.6.6) 

Applying  the  curl  operation  to  both  sides  of  equation  1.6.6  using  the  three  curl  equa¬ 
tions  (1.5.5),  (1.5.6)  and  (1.5.7)  we  obtain  an  expanded  form  of  the  Ampere  Maxwell 
equation  given  by, 


ZW(r)l  - 

Qrc(m,n)  j  + 


i)  (tI)  (r  (rZ“<*r>) 


-a6(m,n)  — —  (rZp(kr))  [  A(m>n)  + 


/ 


/±)  n(n-H)  /  Z<‘>(h~) 

VwJ  r  \  (m'*1  hr-  + 

*”■">£  (i)’ (TZ"‘'<tr))  +  <?<-.»>  - 

f±)1lLL  &L>  , 

hvj  rft-  V  i1”'”1  + 

S(-">F(|:),(''Z')(ir))  +  4v, 


=  («jI  +  o)^  +  pH 


(1.6.7) 


To  make  use  of  the  Ampere  Maxwell  equation  (1.6.7),  we  need  to  use  our  original 
equation  (1.6.2)  for  E  and  equation  (1.6.6)  for  H  to  obtain 

(iwl  +  W)E  +  PH  = 

£  {[(i^  +  <^K,>z<*>(r)  +  + 

(m,»)€T  U  W/i  l  ATZ 

^{|;),(rZi‘'(rr))  +  a«(„n)ZW(tr)|  ^(M)  + 

(fc,e  +  „)iteil  (-~j  (rZ<‘>(*r) )  + 

{■’<-41  K’H  +  ^  (-|(rZ?,(^») }]]  4~>(*. 0 

“|aKn)^;(ir) - - -  +  <*,“ - - j  0(m>ll)(M)  (1.6.8) 

The  solution  cf  the  electromagnetic  interaction  problem  h  then  obtained  by  relating 
coefficients  on  both  sides  of  equation  (1.6.7)  and  making  use  of  orthogonality  relations  to 
get  differential  equations  for  the,  a  priori  unknown,  radial  functions,  Z^\  Z^\  and  ZjfK 
Equation  (1.6.7)  coupled  with  equation  (1.6.8)  is  the  key  to  the  development  of  a  system 
of  ordinary  differential  equations  satisfied  by  the  radial  functions.  Using  orthogonality 
properties  of  the  vector  functions  and  B(m,„)  and  C(m,n)  defined,  respectively,  by 

(1.3.1)  and  (1.3.2),  and  (1.3.3)  we  shall  develop  three  relationships  involving  only  the  radial 
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functions,  express  one  of  these  radial  functions  in  terms  of  the  others,  and  get  am  uncoupled 
system  whose  solutions  will  be  Bessel  functions  with  complex  index  and  argument,  by 
equating  their  coefficients  on  both  sides  of  equation  (1.6.7).  Equating  coefficients  of  A(m<n) 
on  both  sides  of  equation  (1.6.7)  we  find  that 

(  i  W  &L M"  +  i)  .  «HI, 

(iut  +  <')o(m,„iZ<“l(J:r)  +  ~  + 

f  (|:),(rZ»‘’(ir))  +  »»(m.n,z'‘,(tr)| 


kr 


(1.6.9) 


We  can  see  the  consistency  of  this  equation  with  the  equations  obtained  for  the  special 
case  of  anisotropic  spherical  structures  ([15]).  If  in  equation  (1.6.9)  we  set  a  and  equal 
to  the  zero  tensor,  we  obtain 

7W(ir)n(n  +  l)' 


.UJ  r 


+ 


(^)  (~r£)  (r{a(m’n)r  £  (r^#)(*r))}  =  »)Z<a\kr) J  (1.6.10) 

or  upon  multiplying  both  sides  of  equation  (1.6.10)  by  —iufj  we  find  that  if  we  define  the 
propagation  constant  for  a  class  of  anisotropic  structures  ([15])  by  the  rule, 


kl  =  —  twpc 


(1.6.11) 


that  then  Z ^  satisfies, 

(^)  =  i  (i)’(r$l(W)  (1-6.12) 

which,  with  the  propagation  constant  ka  being  defined  by  (1.6.11)  rather  than  by  (1.6.1), 
is  exactly  the  equation  satisfied  by  the  radial  function  Z for  an  anisotropic  sphere  ([15]). 
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We  can  also,  in  a  similar  fashion,  relate  coefficients  of  B(m<n)  on  both  sides  of  equation 
(1.6.7)  with  k 7  defined  by  (1.6.1)  to  obtain  the  relationship. 

J  r  dr  \  (  hr3 

b{m'n)b  (Jp)  (rZ^krd +Qa(™.»)zia)(fcr)Jj  = 


+  (“Jr)  {rZ{?(kr))  + 


(1.6.13) 


If  in  equation  (1.6.13)  we  equate  the  terms  operated  on  by  1  over  r  times  the  partial 
derivative  with  respect  to  r,  and  then  diride  till  terms  on  both  sides  by  r  we  deduce  that 
equation  (1.6.13)  is  implied  by  the  simpler  relation, 

f±\  L  , 

UJ  r-*>-  fc-1 

b(mn,b{§r)  (rZ~’lrd  = 

[(.W  +  <r)^  (-Z<*’(r))  + 

[~  {-(».•)  ((*?'M))  }]  j  (1-6.14) 

Equating  coefficients  of  C(m,n)  on  both  sides  of  our  specialized  Ampere  Maxwell  equation 
(1.6.7)  with  k  defined  by  (1.6.1)  reveals  that 

•  (±\  ±11 L  zic)(kr ) 

UJ  r  \  (m’n)  hr3  + 

b{m'n)b  (r2n>(ir))  +«G(m,n)^',)(ir)|  =  ' 

+  (iwCr  +  *T)c{mJ^  + 

+  (1.6.16) 


Tc  compare  equation  (1.6.  ill  and  equation  (1.6.15)  we  multiply  both  sides  of  equation 
(1.6.15)  by  r/(n(n  +  1))  and  we  find  that 

(£)  {^‘’<*1 +‘<->  (i)  (ffWM +  °W?’(*')}  - 

fiutr  +  <rT\  Z[c)(kr )  _ 

{ n(n  +  1)J  C(m'n)  k  + 

^~^n)Z^(kr)  +  (“ <W))  (L(U6) 

Since  the  left  side  of  equation  (1.6.16)  is  identical  to  the  left  side  of  equation  (1.6.14)  it 
is  clear  that  we  have  consistency  between  equation  (1.6.16)  and  equation  (1.6.14)  provided 
that 

(t'w«  +  «r)(-6(m,n)2*4)(r))  + 

(&T§)  «->#<»>  + 

+  „(„'+!)  (~)  c'”''»)Z~n,(tr)  <L6'17) 

where  fc  is  defined  by  (1.6.1). 

We  note  that  the  consistency  relation  given  by  equation  (1.6.17)  specializes  for  the  case 

_ f  XM 

of  the  ordinary  anisotropic  sphere,  where  the  coupling  tensors  a  and  are  both  equal  to 
the  zero  tensor,  to  the  simple  anisotropic  sphere  relation  of  ([15])  given  by 

<*"  +  »)(- Wz?,(*.r)  =  (%—fj)  <**.>*?“'  (X.6.I8) 

where  ka  is  given  by  (1.6.11)  We  note  that  equation  (1.6.18)  is  satisfied  if 

Z?(kar)  =  ZW(i.r)  (1.6.19) 


(iwe  4-  <t  \ 

b[m’n)  (1.6.20) 

which  are  identical  to  the  relations  derived  in  ([15])  for  anisotropic  spheres. 


AS 


We,  however,  now  again  suppose  that  k  is  defined  more  generally  by  (1.6.1)  and  collect 
the  terms  multiplying  the  coefficients  6(m,n),  and  C(m>n)  in  equation  (1.6.9).  In  doing 

so  we  rewrite  (1.6.9)  in  the  form, 

(£)(})  + 


~  z'"'kr\  '(""i  = 0 


r)  J  + 

)  + 


(1.6.21) 


By  rearranging  equations  as  we  have  done  we  are  attempting  to  develop,  tor  our  class  of 
bianisotropic  spheres,  relationships  for  the  radial  functions  analogous  to  the  relationships, 
(1.6.12)  and  (1.6.19),  for  anisotropic  spheres.  Thus,  collecting  the  coefficients  of  a(m  n), 
6(m,„),  and  C(m,„)  in  equation  (1.6.14)  we  have 


[( 


L\aZ^kr)-'l7,<:KkT) 


Ufl 


5  (s)  (!)’<'*«*» 


UJfi 

+  ufik  "  V  j 


‘(-..I  +  ^  (j^)  — (  =  o  (1.6.22) 


Equation  (1.6.22  )  yields  the  relationship 


«•  1  (OY 


wp  kr  \dr  J 


-J-o7<”(«:r)  -  —  Zi-'(kr) 

U Ifi  Ul[i 


(rZW(fcr) 


<7  -f  iwe 


t  W*)  +  ^2P(*r) 


_L  J_ 

w/i  tr3 


(1.6.23) 


•with  the  k  being  given  by  (1.6.1). 
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(1.6.24) 


Equation  (1.6.15),  after  collecting  term3  multiplying  the  same  coefficients,  yields  the 
relationship 

-  +  A  (£)  TrZ^ 

iuer  +  Of  ,) 

+ - £r - Z'n  C{m'n)  + 

Multiplying  all  terms  of  equation  (1.6.24)  by  r/(n(n  +  1))  we  find  that 

(£)  W<*»)  - 

{-  +  i^t)  M^TT)^ 

+  in(n  +  l)Z"'>(lr'}  + 


(1.6.25) 

kwp  \wf*  <■/  ; 

Solving  for  the  term 

(iA2e) 

in  equations  (1.6.25)  ard  (1.6.23)  we  find  that  equating  the  two  expressions  for  U  yields, 


a— Zl?\kr)-'-?-Zl'\kr) 

U>H  LJfl 


^P-Z^\kT)+'-^Z‘:\kr) 


fy"*.") 


C(«") 


kr3^^ 


Z{nc)(kr) 


^zW(iU-— zf’HUl <•(-.*)  - 

[W/J  Ufir  j 

—  )  ~Z^{kr)  -  (kr) 

J  Kr 3  kn(n  +  1) 
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(iwMrn(n  +  l))^)(ir)  C<™'" 


(1.6.27) 


Equation  (1.6.27)  implies,  after  subtracting  identical  terms  from  both  sides  of  the  equation, 


iuer  +  gr  0rgr  >  _ 

kn(n  +  1)  kufiTn(n  +  1)J  {m'n)Zn  ^  ' 


Solving  equation  (1.6.17)  for  C(mtn)Z^(kr)  we  find  that 


(1.6.28) 


(iuer  +  crr  <  iar0r  \  7(c)fu  \  _ 
{  n(n  +  1)  +  wprn(n  +  l)JC(m’">2"  ^  ~ 

(iwe  +  a)  -  ~  j  b{m,n)Z^(kr)  + 


(1.6.29) 


We  could  use  this  relationship  (1.6.29)  to  eliminate  Zfi  but  we  would  end  up  with  a 
coupled  system  in  the  other  two  radial  functions.  However,  for  a  simpler  chiral  sphere 


where 


equation  (1.6.29)  has  the  form 


P  Mr’ 


(1.6.30) 


e(„,)Z«‘>(*r)  .  -„(n  +  1)  (>.6.3.) 

If  we  assume  that  equation  (1,6.29)  is  satisfied,  and  equation  (1.6.30)  is  valid  so  that 
equation  (1.6.31)  is  valid  and,  furthermore,  that 


ia  ip 


U/i  up 


(1.6.32) 


then  eq-.u.ion  (1.6.14)  will  be  cf  the  form 


1  L„(„  + 1)  (  «  *  ;  +  i3a/^)  U  zrn (r) 

'  \(tw«r  +  <tt)  4-  {iar0.)/(uur)J  '  J  kr* 
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a  +  iut 


W-^(r))  -  W.W(0 


If  we  also  impose  the  condition 


iQf  _ 
w/ir  up 


then  equation  (1.6.9)  takes  on  the  fonn 

(t^  +  <7)r^(r)  +  ^44) 

U)fi 

Multiplying  all  terms  of  equation  (1.6.35)  by  Lju  and  observing  that 

k7  =  kl  +  a-0 

where  ka  ic  defined  by  (1.6.11)  and  k  is  defined  by  (1.6.1)  we  see  that 


or  if  we  introduce  the  variable 


-klZl'\r)-a0Zl;\r) 


the  ordinary  differential  equation  (1.6.37)  satisfied  by  Z^(kr)  is 

r(!:)1(rZ’"(‘r),+  +  zi-'t**-) = 0 

where  k„  is  given  by  (1.6.11)  and  k  is  given  by  (1.6.1) 

The  spherical  Bessel  function  is  defined  as 

lT,  /  \  _  /a(*) 


**(*)  = 


y/2jZ 


where  'I '„(z)  satisfies 


if- 

z\dz 


*  v(v  4*  1) 

(**„(*))  +  1  +  A_1_  =0 

z 


(1.6.33) 

(1.6.34) 

(1.6.35) 

(1.6.36) 

(1.6.37) 

(1.6.38) 

(1.6.39) 

(1.6.40) 

(1.6.41) 
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Dividing  all  terms  of  equation  (1.6.37)  by 


k7  =  k\  +  a@  =  u7fit  +  0a  —  itjjficr 


(1.6.42) 


we  have  with  the  definition 


z1  =  (wJp«  -  U  j^cf  +  0a)r7  =  k7r 


a  _  i.a_a 


the  fact  that  equation  (1.6.39)  implies 


m 


where 


(**,(*))  +  fl  ~  ^  1  **  =  0 

z* 


v{v  +  1)  =  C«n(n  -f  1) 


We  can  find  a  simple  formula  for  the  index  v  of  the  form 

-1  +  Jl  +  4Cn(n  +  l) 


(1.6.43) 


(1.6.44) 


(1.6.45) 


(1.6.46) 


Equation  (1.6.33)  gives  the  second  equation  which  implies  that 

(i)(i 

2±!^(-Z<‘)(ir))  -  Z<»(Jx)  (1.6.47) 

Multiplying  all  terms  of  equation  (1.6.47)  by  -wpkr7  and  using  equation  (1.6.36)  we 
deduce  from  equation  (1.6.47)  that 


1/dV 


r  [dr 


(rZ<n»(kr))  +  (k7a+a0)Z<?(kr)  - 


1  ,  .  ,N  /  «*>«  + 

—  — n(n  +  1)  - - - — 

r 3  [(iwcr  +  cr, 


y  ]*?’<*,-•  <»■«> 


r3  1  v  '  '  \(^  +  *r)  +  (iaf0r)/(^r)J J  ' 

where  k ,  is  defined  by  (1.6.11)  and  k  i3  defined  by  (1.6.1).  Letting  (i  be  defined  by 


iu/e  +  i7  +  i0a/(uiu) 

(iu(r  +  <7r )  +  ( iar3r)/{unT ) 


(1.C.49) 
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Substituting  equation  (1.6.49)  into  equation  (1.6.31)  we  deduce  that 


c(m,n)ZP  =  -n(n  +  mzi%im>n)  (1.6.50) 

The  equation  (1.6.49)  is  substituted  into  equation  (1.6.48)  to  yield  the  equation, 

(;  (I)’)  (rZi‘>(lr)) 

+  (kl  +  a8)  -  ?(n  +  1)Ci  Zii\kr)=  0  (1.6.61) 

where  ka  is  defined  by  (1.6.11)  and  k  is  defined  by  (1.6.1) 

Combinations  of  solutions  of  equations  (1.6.39)  and  (1.6.51)  and  their  derivatives  are 
used  to  represent  the  electric  and  magnetic  fields  induced  inside  an  N  layered  sphere  where 
each  layer  has  nontrivial  magnetic  properties  and  the  electric  and  magnetic  properties  are 
coupled  in  the  sense  that  the  layers  are  bianisotropic. 

2  Expansion  Coefficient  Relations 
2.1  Representations  of  E  and  H 

Substituting  equation  (1.6.31)  into  (1.6.2)  and  making  use  of  the  relation  defined  by 
equation  (1.6.49  )  and  the  modified  propagation  constant  k  defined  by  (1.6.1)  we  see 
that  we  can  satisfy  the  Faraday  and  Ampere  Maxwell  equations  for  the  special  class  of 
bianisotropic  spheres  treated  in  the  previous  section  with  an  electric  vector  of  the  form, 

E-  ^2  '  a{m,n)Zi'‘\kr)A(m<n)(9,<f>)  + 

(m,n)€l 

[-»(»  +  1)  «  + 

(-  (|)  (rZ<s,(*r)))  £?<„,;(«,  <S)  j  (2.1.1) 

where  the  radial  functions  and  satisfy  equations  (1,6.39)  and  (1.6.51). 
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Now  making  use  of  a  form  of  the  relation  (1.6. cl)  given  by 


m: 


(rZi»(tr))  - 


+  +  ZP(kr), 


(2.1.2) 


where  ka  is  defined  by  (1.6.11)  and  k  is  defined  by  (1.6.1)  and  its  square  is  equal  to  the 
square  of  ka  plus  afi,  we  will  be  able  to  simplify  the  equation, 


curl(E)  =  ]T 

(m,n)eT 


a(m,n)  n(n  +  l)-2-|| — -C(m,»)  +  (rZ^fcr))  ^(m,n)  + 


(-n(n  +  lXOfym.n)  ^  -4{m,n)  + 


(2.1.3) 


In  fact,  substituting  equation  (2.1.2)  into  equation  (2.1.3)  we  see  that 

cur  1(3)  = 

£  («(-,»)  fn(n  +  +  ;£  (rZi->(ir))  fl,„  + 

(*n,n)€X  '  ^  « 


(— n(n  +  "  V2  '  A>n|+ 

r‘('*r+J1)(‘-W  +  °fl)  Zi‘>(tr)i,M| 

where  ka  is  given  by  (1.6.11)  and  k  by  equation  (1.6.1). 

Some  telescoping  in  the  right  side  of  equation  (2.1.4)  yields  the  reduced  form, 


(2.1.4) 


curl(E)  = 


£  ( ["("  +  U^-^CU,  +  i (rZ<->(tr))  B<„  J  + 

(m,n)€T  >■ 
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=  vJpH  -  0E 


(2.1.5) 


again  with  k  and  ka  defined  by  (1.6.1)  and  (1.6.11),  respectively. 

Defining  a  new  function  Wj^  by  the  rule 

Wi’Xkr)  =  i  (J^j  (r Z«(tr))  (2.1.6) 

or  equivalently  by 

Wi‘\kr)=  UM  (-)  (2-1.7) 

z  — »  kr  az 

where  is  defined  by  (1.6.44)  and  where  £a  is  related  to  the  parameter  v  in  equation 
(2.1.7)  by  equation  (1.6.38).  We  define  W^\r)  by  changing  a  to  b  in  equation  (2.1.7). 
Using  the  new  function  defined  by  equation  (2.1.7)  we  define 

cur  1(E)  = 

E  («(m,n)  U  +  1)^C(„,S)  +  a(m,n)WW(ir)i(m,n)  + 

(m,n)er  l  r 

=  -  PE  (2.1.8) 

where  k  and  ka  axe  defined  by  (1.6.1)  and  (1.6.11),  respectively. 

In  terms  of  the  function  W^(kr)  we  express  the  function  H  by  the  rule, 

iuJiH  — 

E  {«("■")  ["("  +  1)— +  c:{mtn)kWia\kr)B[mtn)]  + 

(m,n)€X  V  L  r 

(m,n)€X  ( 

H,\-n(n  +  1)  i)  + 

P—f  (-  (|:)  (’•z?'(*r)))  <S)J  (2.1.9) 
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with  k  being  given  by  (1.6.1)  and  ka  by  (1.6.11) 

Collecting  terms  we  find  that  equation  (1.6.31)  which  relates  the  function  C(m^Z^  to 
the  function  Z ^  can  be  used  to  derive  the  relationship, 

—iwJiH  = 

^  f[  ,  ,7W(ir)  ^W(fcr)  1- 

^2  1  a(m,n)rt(n  +  1)  +  CTrC(m,n)  «  C(m  ,n) 

(m,n)€l  1  r  *r  J 

+  [<W>;J:  -  <**(„,„,  (p)  (I)  (rZ«(tr))] 

+  (rZ«>(tr)) +  „,Z<*>(ir)  A,„;n)j  (2.1.10) 

and  we  could  then  use  the  differential  equation  (2.1.2)  to  simplify  equation  (2.1.10). 

So  far  we  have  been  trying  to  develop  representations  of  the  electric  and  magnetic 
vector  in  a  special  class  of  bianisotropic  spheres.  Let  us  now  consider  an  N  layered  sphere 
and  let  kr  denote  the  propagation  constant  in  the  pth  layer  given  by 


k l  —  —  ivftlriffb)  +  aMpb) 


(2.1.11) 


where  for  the  layer  with  index  p,  where  p  runs  from  1  to  N  for  the  actual  layers  of  the 
sphere  and  where  N  +  1  is  the  region  outside  the  sphere,  and  where  t(p\  cr^p\ 
and  ffo)  are  respectively  the  tangential  components  of  (i)  the  magnetic  permeability,  (ii) 
the  permittivity,  (iii)  the  conductivity,  (iv)  the  Faraday  Maxwell  equation  coupling  tensor, 
and  (v)  the  Maxwell  equation  coupling  tenser,  where  these  five  tensors  all  have  the  same 
form  as  that  given  in  equation  (1.6.4). 

Let  us  develop  the  full  theory  using  the  functions, 


C>(V)  =  ^  (!)  (<.?>(*, 


(2.1.12) 


where  the  propagation  constant  k?  is  given  by  (2.1.11)  and  where  Z|*!j(&pr)  is  the  singular 
solution  if  j  =  3  and  the  solution  with  the  integxable  singularity  at  r  =  0  corresponds  to 

The  expansion  coefficients  in  layer  p  associated  with  the  functions,  Zj!*j(fcPr)  and 
with  the  functions  w£'^(kpr)  which  have  the  integrabie  singularity  at  the  origin  will  be 
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denoted  by  nj  and  &[„,„)  and  the  coefficients  and  a|^  and  he  multipliers  of 

the  functions  Z^zJ^{kpr)  and  W^’^(kpr)  which  are  singular  at  r  =  0.  The  electric  vector 
with  general  representation  given  by  equation  (1.6.2)  is  in  the  pth  layer  of  the  multilayer 
bianisotropic  sphere  represented  by 


E  {  [«gU)^!(V) + .)(«.«  + 

(m.nl'J  ( 

!-n(n  +  l)  K,}]6|i.)^^l<?, „,(«,#)  + 

Z^a^(k  rl 

[-"(«  + 1)  Kt})#!..)  lJ f - ’  -\cM(s, i)  + 


if)  T.T/i4’3V 


(2.1.13) 


where  kp  is  defined  by  (2.1.11). 

Using  our  previous  expression  for  the  magnetic  field  vector  but  using  the  definitions 
(2.1.12)  and  the  fact  that  the  kf  defined  by  (2.1.11)  is  the  propagation  constant  in  the  pth 
layer,  we  see  that  the  Ampere  Maxwell  equation  with  a  coupling  tensor  defined  by  (1.6.4) 
the  magnetic  vector  in  the  innermost  layer  with  p  equal  to  1  has  the  form, 


*=  E 

(m.njel 


•  L<ri  +  !),„>>  ZM(V)}g 

UH,  {'*<”■»»  r  trr  j  C<""> 

(-1)  KiiM}  4«.>  + 

l  i  ^  f  ...  &r')  , 


_L  J  CM 

up)  \  <m'n>  k?r2 


6(m,n)  (j^)  (J“)  (r2(ii)(  V))  +  aaS,n)^Kp!))(^0  }  4».»>  (2.1.14) 


where  k?  is  given  by  (2.1.11)  Nov/  using  equation  (1.6.50)  and  equation  (1.6.20)  we  Fee  that 
equation  (2.1.14)  can  be  simplified  by  the  telescoping  of  terms  and  specifically  making  use 
of  the  relation  that  is  derivable  from  equations  (1.6.50)  and  (1.6.51)  given  by 

c(p)  , 

(".*)  ij>r: 

(5:)  (^)  (rOw) = 

•eu  ^v)  (=-i-i5) 

j 

In  doing  this  we  see  that  the  magnetic  vector  in  the  core  of  the  multilayer  spherical  structure 
corresponding  to  p  =  1  is  given  by 


H  = 

PC'  1  (  (p)  ^(n,p)(^r)n(n  +  1)  f  v,(p)  Z\n,v)(Kr) )  X 

£  —)  < °SU)  — — - a^n(n  +  f 

(m,»)eX|.W^  l  r  *Pr  J 

.  / 

I  + «‘S,)(-<5<v))}  5(«»)  + 


{#!,„>  I— *p]  ^  VO  +  «w«g,  V)}  4w)  j 

where  is  defined  by  (2.1.11)  and  where  we  have  made  use  of  the  relation, 

wJ^(p)e(p)  _  tun(p)j(f)  -f.  a(p)^{p) 


(2.1.16) 


(2.1.17) 


We  now  consider  the  representation  of  the  magnetic  vector  in  an  interior  layer  of  a 
multilayer  sphere  that  does  not  contain  the  center  of  the  sphere.  The  magnetic  vector  has 
the  representation  in  terms  of  functions  and  which  have  integrable  singularites 
at  the  origin,  and  the  functions  and  Zj*’pj  whose  representation,  in  the  case  considered 

here  involves  Hankel  functions  with  complex  index.  The  magnetic  vector  representation 
in  a  penetrable  shell  is  given  by 

e  [  (^)k,^n(r+1)^ 

(m,n)eZ  >  ( 
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V 


°g..,Z(,‘:;i(t,rr)r,(n  +  1)  +(-i)  + 

«?’<»”(» + ]  A-..)  + 

-4;  w + oS„)MOv)}  A»..i  + 

wr 

(^5i)  {“''’O’O1-'))  +  °w/fcW<3(V))}  W 

(wA1ip)  j  t-ipl  +  ^("*.n)2(n^)(lpr)}  Arn..]  + 

(^w)  («NW:i!<v) + «w«!1,z('m(V)}  a-)]  (2-i-is) 

where  k?  is  given  by  equation  (2.1.11)  and  we  have  made  use  of  equation  (2.1.17). 

We  now  consider  the  representation  of  the  electric  vector  in  the  core  region  p  =  1  of  the 
multilayer,  spherically  symmetric  bianisotropic  structure.  Making  use  of  equation  (1.6.51) 
we  deduce  from  equation  (1.6.2)  that 


£p=  E  i«(-..)TO(V)4«,n)(M)  + 

(m,n)eX  [ 

(-«(»  +  l){Ct}lV.,r^yr)A..4M)  + 

Kpt 

b-ff  (-  (£)  Ki!(V»)  «}  (2-1-19) 

where  kP  is  given  by  (2.1.11). 

Equating  tangential  components  of  E  across  the  shell  r  =  Ry  equation  (2.1.13),  the 
representation  of  the  electric  vector  in  a  shell  region,  implies  that  equating  coefficients  of 
^4(m,n){0,  4>)  leads,  for  r  equal  to  Ry  to  the  relation, 

t«S,)Z(S(V) + «S,)Ov)i 

=  [aKJzJSW  W)  +  »SCM  (2-1  20) 

Multiplying  both  sides  of  equation  (2.1.13)  by  B(m,n)  and  integrating  over  the  sphere 
r  =  Ry,  we  deduce,  for  r  equal  to  FL,  that 

[‘(2.  ,)Z(‘li!(V) + <,)Z/“!(Wi 


* 


= [»[£!z8iWw-) + ^S530)(w)i 


(2.1.21) 


We  now  set  up  the  differential  equations  which  state  that  the  tangential  components 
of  the  magnetic  vector  are  continuous  across  the  boundary  of  a  sphere  separating  regions 
of  continuity  of  tensorial  electric  properties.  Equation  (2.1.18)  implies,  upon  equating 
tangential  components  H ,  on  each  side  of  the  boundary  r  =  fly,  by  taking  the  dot  product 
of  both  sides  of  (2.1.18)  with  respect  to  B(m<n)  and  integrating  over  the  sphere  r  =  fly  that 

(^r)  +  «<’^2,)(»^!(V))}  = 

{«!£!**.  Ci„(  w> + w)} + 

(^in)  „(  w» + (2-1-22) 

Using  equation  (2.1.18)  and  equating  coefficients  of  the  vector  A  on  both  sides  of  the 
sphereical  shell  r  —  Ry  we  have 

)  [-*>:  (CiClf  w + <.)zSJi<  v)} 

(^)  = 

+  #3  [—*■«■»!  ZS5V  W)} 

(^)  Vh>zSSW  w) + W)}  (2.1.23) 

2.2  Transition  Matrices 


We  now  attempt  to  develop  transition  matrices  which  will  relate  expansion  coefficients 
in  one  layer  to  expansion  coefficients  in  another  layer.  We  start  with  equation  (2.1.22); 


6l 


we  find,  after  multiplying  both  sides  of  this  equation  by  and  dividing  both  sides  of 
equation  (2.1.22)  by  kp,  that 

{<.)<,')’(  V)  +  V)}  + 

{(-^jOhOw)  +  (-^)/*;i)(<3(W)}  = 

(^g)  {«<£.>(  w + <!|'C)(W}+ 

M£!<<ii.>(V))  +  0<£.j<*>r))}  <2-21> 

Multiplying  both  sides  of  equation  (2.1.18  )  by  df(m,n)(0,  <f>)  and  observing  that 

LLV  r  -  - 

/  H-A{m<n)(6,<t>)dA  = 

r  — *  R~  JW 


LIM  r  -  - 

J  H  ■  A(mtn)(8,  <t>)dA 
r  — >  ■^»(r) 


(2.2.2) 


we  derive  equation  (2.1.23).  From  this,  after  multiplying  all  terms  by  —iup^kp  and 
dividing  all  terms  by  k p,  where  kv  is  defined  by  (2.1.11),  we  derive  the  relation  that 

(v)  +  aS,n|Z(',w(1;’-)}  + 

{»&V!Ji’(i»r) + #£•> zS3(  v>}  - 

f-n^fl  ■  {C!2£~.i(W) +^3^.)(W)}  •  (2-2-3) 


I "  j  '  {C!2!,.~.|(  W)  +  />K!2SSW  W)}  •  (2.2.3) 

where  kp  and  kP+i  are  defined  by  (2.1.11). 

We  now  define  parameters  which  appear  in  the  matrix  relating  expansion  coefficients 
in  one  layer  to  those  in  an  adjacent  layer.  We  obtain  these  by  considering  terms  appearing 
in  equation  (2.2.3) 

Jp+V  -  ( . [_  (Vtl  (2  2-ri 

p(M)  ~  ^b+D  J  ky 
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Also 


Jp+i) 

p(*2)  ^  ) 


(2.2.5) 


with  kp  and  k?+x  being  defined  by  (2.1.11).  A  similar  term  appearing  in  the  inner  shell 
matrix  is 


“  \  i  J 

(2.2.6) 

A  term  in  the  second  row  of  the  outer  shell  matrix  is 

>+i)  __  / P{f)kp+ 1  ^ 

P(0)  "  \y?+»)jtj 

(2.2.7) 

Another  term  appearing  in  second  row  of  the  matrix  is 

p<u>  “  \  „<*+»>*,  J 

(2.2.8) 

The  corresponding  term  in  the  inner  shell  matrix  is 

(2.2.9) 

With  the  special  functions  defined  by  (1.6.39),  and  defined  by  (1.6.51), 

and  the  derivative  terms  defined  by  equation  (2.1.12)  being  evaluated  at  the  separating 
spherical  boundary  r  =  Rp,  we  see  that  the  matrix  equation  relating  expansion  coefficients 
in  layer  p  to  those  in  layer  p  +  1  is  given  by 

r  l  c  0  If air2 1 


ry(*i) 

w{*.p) 


vv(-«j>) 


Jp)  7(0.1)  Jp) 

P(a.3)-(n.?) 

0  0 


Jp)  ty(*i)  Jp) 


trdJ-i) 


Jp) 

a(m,n) 

JP) 


7(0  J) 
^(n.p+1) 


■°(n.p+l)  ‘'(n.p+1)  W  U 

ry(a.l)  ry(*'3)  Jp+On/d.i)  „(*+  ^tyd*-3) 

("-P+0  ^(n.p+1)  P(*,3)  tV(n.p  +  t|  P(>,3>  VV(n.p+l) 

.(>+1)  7(0.1)  (p+l)7{»,3}  (p+l>7(U)  (H-WU) 

F(».s)  ^(n.p+l)  P(aJ)  ^(n.pt  1)  ?(U)  ^(n.p7t)  ^(U)  ^(«.J>+r) 

o  o  wtfM’ 


w(4'i) 

>V(n.p41) 


(r+i) 

V,») 

_(?+!) 


a(p+ 1) 

p(«.«) 


(2.2.10) 


This  equation  cam  be  written  more  compactly  in  the  form 


Tir\kpR,) 


Jp)  >+» 

a{m,n) 

Jp)  Jr+') 

IT  =!?♦%««,) 

0,-  _ v 


(2.2.11) 


Jp) 

P[m,n) 
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franjpojey 


To  compute  the  inverse  of  the  matrix  T ^  we  need  its  transpose  which  is  given  by 

zfc;!(W  f>S,  zffitw  0 

zl:?,(w  <3(w  «!2.,2fcri(w  o 

o  Z(‘i’(‘A)  <i’(w 

o  4o><3<w  Ow 

(2.2.12) 

Wronskian  relations  will  show  that  we  can  define  a  new  matrix  Q jf*  by  the  rule 


=  p?>) 


<?!?>  =  2?>( 


(2.2.13) 


Using  equations  (2.2.11)  and  (2.2.13)  we  see  that  the  expansion  coefficients  in  the  core  are 
related  to  the  expansion  coefficients  in  the  outer  shell  by  the  rule, 


V.n) 

0 

b(1) 

0 


=  Q{n]Q(nv  •  •  •  QW 


a(m,n) 

„<"+») 

Q(m.n) 

»,<*+»> 

0(^+1) 


(2.2.14) 


This  gives  us  four  equations  in  four  unknowns,  since  we  assume  that  the  expansion  co¬ 
efficients  and  are  determined;  these  expansion  coefficients  could  define  a 

complex  source  such  as  a  radar  or  laser  beam  in  the  near  field  (Barton  [S]  and  [9],  Pinnick 
[39]  and  [37]).  Solving  equation  (2.2.14)  we  find  values  of  and  and  assuming 
that  and  axe  both  zero,  we  can  easily  obtain  the  expansion  coefficients  in  every 

layer  of  the  structure.  If  we  define  the  matrix  'R[f)  by  the  rule, 


We  see  that  the  definition  of  71^  by  equation  (2.2.15)  implies  the  relationship 


(2.2.15) 


’  n M 

f  a'r1]  1 

a(m,n) 

ah) 

a{m,n) 

h-’+l) 

°H.n) 

b(p) 

*W) 

6(r+>) 

3(p) 

L  J 

.  ^  (m,ni 

(2.2.16) 


between  expansion  coefficients  in  adjacent  layers  of  the  spherical  structure. 


64 


These  computations  using  equation  (2.2.16)  axe  facilitated  by  the  fact  that  we  have 
exact  formulas  for  the  determinant  and  inverses  of  the  4  by  4  matrices  I,et  the  deter¬ 
minant  of  Tjf)  be  defined  by 


a, = 

-  <i!(  wOa))  + 

(-•)  [zk3(  mw*Ovw] 

{O  w<:J>(  w  -  OwOw}  <2-2-17) 

which  means  that  the  determinant  is  the  product  of  two  Wronskians 
where 

K,.)  =  w  <2-2-18) 

We  find  that  equation  (2.2.17)  and  the  Wronskian  relationship, 

.<«) 


(2.2.19) 


enables  us  to  compute  determinants  with  no  roundoff  error.  This  enables  us  to  get  exact 
formulas  for  the  entries  of  the  inverse  of  this  matrix.  If  (TJ^(t?i?p)“1)(<j)  denotes  the  entry 
in  the  ith  row  and  jth  column  of  the  inverse  cf  the  matrix  T^p\  then  the  entry  in  row  1 
and  column  1  of  the  inverse  is 


m>(  w‘)<u>  =  <3(  wmC)(vw/a„ 

(2.2.20) 

The  (1,2)  entry  is 

(2.2.21) 

The  (1,3)  term  is 

(j?(  W1),,.,,  =  o 

(2.2.22) 

The  (1,4)  term  is 

(T =  -(z&JtW  w<?„(  *,s,))/A„ 

(2.2.23) 

o5 


Equations  (2.2.20),  (2.2.21),  (2.2.22),  and  (2.2.23)  define  the  first  row  of  the  transition 
matrix.  The  entry  in  row  2  and  column  1  of  the  inverse  is 

(n>(  win..)  =  ,(^)/^.  (2-2-24) 

The  entry  in  row  2  and  column  2  of  the  inverse  is 

(I?(  W%.>)  =  zlMWwWjhM/A,,  (2.2.25) 

The  entry  in  row  2  and  column  3  of  the  inverse  is 


(I J>(  MW’fcu)  =  0 


(2.2.26) 


The  entry  in  row  2  and  column  4  of  the  inverse  is 

(i?(  Wtai = (z,';i’(t,a.)  <2-2-27) 

Equations  (2.2.24),  (2.2.25),  (2.2.26),  and  (2.2.27)  define  the  second  row  of  the  transition 
matrix.  The  (3,1)  entry  is 

wrt  wv.)  =  <3(w  (^)  KUw/a*  (2-2-28> 

The  (3,2)  entry  is 

(^’(W'V)  =  0  (2.2.29) 

The  (3,3)  entry  is 


(3?(  W  )<„,  =  <J(  VyM’&tW/Ar  (2.2.30) 


The  (3,4)  entry  is 


(7?>(  W'w,  =  -Z^{WK2r)(KRv)!^  (2.2.31) 

Equations  (2. 2. 23),  (2.2.29),  (2.2.30),  and  (2.2.31)  define  the  third  row  of  the  matrix.  The 
(4,1)  entry  is  given  by 

(r;>(i-,jy- ■)„,)  -  -  O,*,)  vv^yy/A,,  (2.2.32) 
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The  (4,2)  entry  is 


m  w1  W) = o 


(2.2.33) 


The  (4,3)  entry  is 

(!?( W‘)<«>  =  (2.2.34) 

Fins  11/,  the  (4,4)  entry  of  the  inverse  of  Tjfl  is 

(T?(kpR„r%A)  =  (2.2.35) 

We  ha/e  therefore  obtained  round-off  error  free  expressions  for  the  entries  of  the  in¬ 
verse  of  T^(kpRp).  Thus,  except  for  the  expression  relating  the  expansion  coefficients  in 
equation  (2.2.14),  all  computations  are  carried  cut  by  exact  formulas.  The  matrix  inverse 
computation  requires  no  subtractions  or  additions  and  consequently  there  is  no  round  off 
error  if  the  Bessel  and  Hankel  functions  of  complex  index  and  their  derivatives  can  be 
computed  precisely. 

2.3  Determination  of  Expansion  Coefficients 

Let  us  suppose  that  we  have  an  N  layer  sphere  subject  to  plane  wave  radiation.  By 
multiplying  the  inverse  of  evaluated  at  kpRp  by  the  matrix  T. evaluated  at  fc^+i-Rp 
we  obtaining  the  matrix 

TW  =  (2.3.1) 

relating  the  expansion  coefficients  in  layer  p  to  those  in  layer  p  +  1.  We  then  multiply  all 
of  these  matrices  (2.3.1)  obtaining  a  matrix 

T  =  Tn(1)  •  Tnw  ■  ■  •  Tnw  (2.3.2) 

where  N  is  the  number  of  layers  of  the  sphere  which  relates  the  expansion  coefficients 
in  the  core  to  the  expansion  coefficients  in  the  space  surrounding  the  sphere.  This  gives 
four  equations  in  four  unknowns.  But  it  is  really  simpler  than  that.  Using  the  second 
and  fourth  rows  of  this  matrix  equation,  we  can  relate  the  expansion  coefficients  of  the 
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scattered  radiation  to  the  known  expansion  coefficients  of  the  incoming  radiation.  We  then 
have  in  the  first  and  third  rows  of  this  equation  a  formula  for  the  expansion  coefficients  in 
the  inner  core. 


3  Optical  and  Absorption  Efficiency 

3.1  Definition  of  Terms 


The  absorption  efficiency  is 


>1, 


(3.1.6) 


These  efficiencies  Oe  and  At  are  unitless  as  Q,  and  Qa  both  have  the  units  of  Watts,  and 
the  Poynt.ing  vector  S'  has  the  units  of  Watts  per  square  meter,  and  the  apparent  projected 
size,  tt  times  the  square  of  the  radius,  has  the  units  of  square  meters. 

These  quantities  can  all  be  computed  systematically  just  with  a  knowledge  of  the 
expansion  coefficients  of  the  scattered  radiation  and  the  expansion  coefficients  of  spherical 
harmonic  representation  of  the  plane  wave  representing  the  impinging  electromagnetic 
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wave.  Suppose  that  E *  and  H ’  are  the  electric  and  magnetic  vectors  of  the  scattered 
radiation  and  suppose  that  E'  and  H'  are  the  electric  and  magnetic  vectors  of  the  incoming 
radiation  that  stimulates  the  sphere  filled  with  electromagnetic  material.  The  quantity 


Q,  +  Qa  =  the  total  extinguished  power 


(3.1.7) 


is  called  the  extinction  and  is  calculated  by  integrating  the  Poynting  vector, 

5  =  (1/2 )(£'  +  £’)  x(tf '  +  #’)*) 

over  the  outer  surface  of  the  sphere.  For  a  plane  wave,  the  result  of  integrating 


(3.1.8) 


5’‘  =  (1/2 )(F)  x  (Hr) 


(3.1.9) 


over  the  surface  of  a  sphere  is  zero,  since  the  average  value  of  the  normal  vector  to  this 
surface  is  zero.  The  rate  at  which  energy  leaves  the  surface  of  the  sphere  as  a  result  of 
reradiation  of  the  energy  incident  on  it  is  similarly  determined  by  integrating 


S'  =  (1/2 )(£')  X  (Hr) 


(3.1.10) 


over  the  surface  of  the  sphere. 

In  this  secrion  we  shall  study  how  absorption  and  optical  efficiency  depend  on  the  wave¬ 
length  or  the  frequency  of  the  incoming  radiation,  but  we  shall  transform  this  wavelength 
or  frequency,  respectively,  into  a  unitless  quantity  called  the  size  parameter.  If 


w  =  2  •  x  •  / 


(3.1.11) 


then  the  size  parameter  is  defined  as 


2  ■  7T  •  Rtf 


(3.1.12) 


where 


2  •  »  •  A-1  =  u  ■  o)  =  2  •  t  •  /v/0^j 


(3.1.13) 


(3.1.14) 


where 

Ho  =  4?r  x  10-7 

and 

eo  =  8.854  x  10-13 

axe  the  free  space  magnetic  permeability  and  electrical  permittivity 

3.2  Computer  Calculations 

If  we  lexak  at  the  representation  of  expansion  coefficients  in  terms  of  index  of  refraction, 
we  find  that  as  this  index  of  refraction  gets  close  to  an  imagninary  part  of  y/2  and  a  real 
part  near  zero,  that  there  is  very  strong  scattering  and  absorption  at  apparently  periodic 
values  of  the  size  parameter.  The  first  graph  below  shows  the  absorption  efficiency  of  a 
spherical  particle  with  an  index  of  refraction  m  given  by 

m  =  .0001  +  *(1.4140)  (3.2.1) 

and  the  subsequent  graph  shows  the  optical  efficiency  for  the  same  index  of  refraction. 


(3.1.15) 

(3.1.16) 
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These  graphs  suggest  that  scattering  is  much  more  important  than  absorption,  but  as 
we  allow  the  size  parameters  to  become  very  large  there  is  a  cross  over  in  the  scattering 
and  absorption  efficiency  curves  for  the  same  index  of  refraction.  This  is  shown  in  the  next 
computation  represented  on  a  logarithmic  scale  which  considers  size  parameters  as  large  as 
1000.  In  this  graph,  there  are  the  same  early  maximums  as  before,  but  they  simply  cannot 
be  seen  on  the  logarithmic  scale.  Some  of  the  maximums  are  shown  in  the  following  table 

size  absorption  optical 

parameter  efficiency  efficiency 

.010000110  .4307701011  +  2  .309011  +  6 
.973500110  .1385269811  +  2  .238811  +  4 
.168930111  .8616764111  +  1  .9345£  +  3 
.239210111  .6695584911  +  1  .654711 +  3 
.309430111  .5643613511  +  1  .641211 +  3 
.379800H1  .4972834911  +  1  .7194H  +  3 
.450370111  .4507006511  +  1  .820611 +  3 

On  the  vertical  axis  of  these  graphs  we  are  computing  the  logarithm  of  the  efficiencies. 
When  the  imaginary  part  of  the  index  of  refraction  is  slightly  above  the  square  root  of 
two,  we  see  a  strong  peak  in  optical  efficiency  that  is  due  to  absorption  efficiency.  The 
graphs  which  follow  show,  over  a  small  range  of  size  parameteres,  results  for  an  index  of 
refraction  of 


m  =  .0001  +  i(1.4144) 


(3.2.2) 


Efficiency 


graph  shows  the  absorption  efficiency,  defined  in  section  3.1, 
function  of  the  size  parameter  of  a  one  layer  sphere  with 
dex  of  refraction  of  .0001  +  i (1.4144) 


Optical  Efficiency  vs  Size  Parameter 
m:  (0.0001,  1.4144) 


This  graph  shows  the  optical  efficiency  of  a  one  layer  sphere 
as  a  function  of  size  parameter  when  the  sphere  has 
an  index  of  refraction  of  .0001  +  i(1.4144). 


Optical  Efficiency  vs  Size  Parameter 
m:  (0.0001,  1.4144) 
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Optical  Efficiency  vs  Size  Parameter 
m:  (0.0001,  1.4144) 


Size  Parameter 


/ 


In  there  calculations  going  out  to  large  size  parameters,  around  30G0  size  parameters 
were  considered  along  with  a  procedure  which  searched  for  the  maximums  arid  the  troughs 
in  the  graph.  The  following  table  shows  a  computation  of  the  low  points  in  the  graph  of 


absorption  efficiency. 


size 

absorption 

parameter 

efficiency 

.700 

.382223655  +  1 

.147 

.431052365  +  1 

.218 

.394341585+1 

.289 

.359378235  +  1 

.360 

.33305300 5  +  1 

.431 

.333053005  +  1 

.502 

.299037015  +  1 

Note  that  the  locations  of  the  troughs  in  the  above  table  are  in  between  the  maximums  in¬ 
dicated  in  the  previous  table.  For  this  particular  calculation  great  care  must  be  exercised  in 
locating  the  maximums.  When  the  spherical  particle  has  a  greater  permittivity,  the  peaks 
are  broader  and  can  generally  be  observed  graphically  by  a  straightforward  computation 
with  evenly  spaced  size  parameters. 
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3.3  Highly  Efficient  Two  Layer  Spheres 


Van  de  Hulst  ([47])  develops  the  relation  between  the  permi'.civity  of  the  core  of 
radius  qR,  where  q  is  a  number  between  zero  and  one  and  the  permittivity  of  the  shell 
of  outer  radius  R  which  will  produce  a  very  high  efficiency.  This  relationship  ((47J)  is 

(1  ~  2<?3)£2  4-  4  -f  2 <?3) 

(2  -  2 ?3)  +  «2(1  +  2q3) 

The  following  shows  some  computations  of  efficiency  for  two  layer  structures  which  nearly 

satisfy  this  relationship.  _ .  „  ,  , 

r  Figure  3.3.1 


Optical  Efficiency  vs  Size  Parameter 
ms:  (2.0)  mc:(0.001.  2)  vc/v:  0/5 


(3.3.1) 


Figure  3.3.3 

shows  two  curves  representing  the 


rked 


In  the  above  figure  X  represents  ex 
The  ratio  of  the  volume  of  the  core  to  t 


Optical  Efficiency  v»  Site  Parameter 
mi:  (2f  0)  mc:(0,  2)  vc/v:  0.5 


Elficiency 


Figure  3.3.4 

This  figure  shows  the  optical  efficiency  versus 
size  parameter  for  a  two  layer  sphere  with  a  core 
having  an  index  of  refraction  of  0  +  2i  and  a 
shell  with  an  index  of  refraction  of  2  +  Oi. 


0.217  0.217S  C  218  0.2185 

Size  Perimeter 

Bacfcscauering  vx  Size  Parameter 
ma:  (2,  0)  mc:(0,  2)  vc/v:  0  5 

figure  3.3.5 

This  figure  shows  the  backscattering  which 
is  the  unitless  quantity  of  the  total  scattered 
power  per  steradian  divided  by  the  power  incident 
\  on  the  sphere  in  a  direction  opposite  from  that 
\  of  the  incident  beam. 


Paramcier 


Optical  Efficiency  *«  Size  Parimeier 
mi:  (2,0)  me:(l,e-6,  2)  vc/v:  0 S 

Figure  3.3. 


Bzckseziierinj  vj  Size  Pznmeter 
ms:  (2,  0)  mc:(l.c-6,  2)  vc/v:  0~5 


0  216 


0  2165 


4  Spatially  Complex  Sources 

4.1  Expansion  Coefficient  Determination 


We  provide  the  user  with  an  analysis  of  the  response  of  an  N  layer  structure  to  spa¬ 
tially  and  temporally  complex  sources  of  electromagnetic  radiaton.  Let  E(x,y,  z,t)  and 
H(x ,  y,  z,  t )  be  the  electric  and  magnetic  fields  of  a  complex  source  with  Fourier  transforms 
E(x,y,  z,u)  and  H(x,y,z).  We  suppose  that  this  radiation  source  exists  in  layer 

p€  {2,3,...,JV  +  1}. 


where  N  is  the  number  of  layers  in  the  spherical  stucture.  Let  us  sun-; . 
source  in  layer  p  has  an  electric  vector  (see  equation  2.1.1)  given  by 

(m,n)€X 


(— n(n  +  l){C6(p)}]6K„)^M^C(-n.»)(^^)  + 


("  (I)  (^gii(r)))  ^vo(M)} 


(4.1.1) 


Observe  that  the  coefficients  a[^n)  are  determined  for  every  p  >  1  by  the  relation, 
LIM 


*r- 


•  A{m<n)(9,d>)m3in(e)d8d4> 
f  fc( r)  A{m,n)(9,  <f>)  ■  A(mtTl)(0,  4>)’sin(9)d9d<j> 


_  =(r) 


where 


(4.1.2) 

(4.1.3) 


C(r)  =  {(^.y.^)  :  X3  +  y3  +  z5  =  r2} 

Thus,  equation  (4.1.2)  gives  us  the  expansion  coefficients  for  the  representation  of  E  just 
outside  the  sphere  C{Rv-i)  defined  by  equation  (4.1.3).  The  coefficients  are  deter¬ 
mined  by  the  equation, 


LIM 
r  Up- 1 


fJcfr)  Ep{x,y,z,u)  •  B{m<n)(9,‘f>ysin(e)d9d^> 
f  fc(r)  £(m,n)(9,<&)  ■  B(rr.,n)(9 ,  <f>)‘ sin(9)d9d<j> 


(4.1.4) 


where,  using  the  definition  (see  equation  2.1.12), 


(4.1.5) 


and  the  functions  .4(mn)($,  4>)  and  B(m  n)(9,<f>)  are  given  by  equations  (1.3.1)  and  (1.3.2). 
We  will  show  that  the  integrals  in  the  denominators  in  equations  (4.1.2)  and  (4.1.4)  can 
be  determined  by  an  exact  formula.  To  exactly  evaluate  the  integrals  appearing  in  the 
denominators,  we  use  the  equation  (see  Bell  [10],  equation  11  and  equation  18)  which 
states  that 


+  m5 


sin2(d )  J 


sin(d)d9d<f>  = 


( _ 2 _ \  / (n  +  m)!\ 

\2n  +  1/  \(n  —  m)! J 


n(n  +  1) 


where  the  functions  P?(x)  are  defined  by 


Pn(x) 


(1  -  I3)m '2 
2nn! 


Dn+m(x 2  -  l)n 


(4.1.6) 


(4.1.7) 


of  the  associated  Legendre  function. 
We  use  the  basic  definition 


prw = (~  ?T')  D"+m(i1  - i)n 

(4.1.8) 

of  the  associated  Legendre  function.  If 

x  =  cos(9) 

(4.1.9) 

then 

dx 

de  =  — 

Vl-x3 

(4.1.10) 

and 

r  P?{co3(&))3sin(8)d8  = 

Jo 

(4.1.11) 

0^7 


The  orthogonality  relationship  follows  from  the  fact  that 


d  dx  d  .  d 

T6  =  TeTI  =  -sm{t)T, 


(4.1.12) 


implies  that 


(4.1.13) 


The  derived  identity  then  follows  from  an  integration  by  parts  and  a  use  of  the  differential 
equation  relationship, 


u-o  {£)  arw  +(-&)^er(x)  = 
-n(» + 1) + j^]  erw 


(4.1.14) 


Details  of  the  analysis  can  be  found  in  ([11])  and  the  basic  properties  of  P™  are  found  in 

([52]) 

4.2  An  Exterior  Complex  Source 

We  now  define  intralayer  relationships  that  give  U3  the  induced  field  when  there  are  no 
sources  in  layers  indexed  by 

pe  {2,3,-  •  -,N) 

where  N  is  the  number  of  layers  ia  the  sphere.  The  intralayer  relationship  yields,  for  a 
penetrable  core, 


a<w) 

a(m,n) 
a (*+*> 

=  5  «(».») 

® !m,n ) 

fl(.v+0 


(4.2.1) 


/, 
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We  can  separate  the  four,  a  priori  unknown  coefficients,  from  the  known  expansion  coeffi¬ 
cients  of  the  known  external  source  by  rewriting  equation  (4.2.1)  in  the  form 


We  now  suppose  that  there  are  interior  sources  in  the  layers.  This  could  be  important 
in  assessing  the  impact  of  a  sweeping  radar  on  a  person  living  near  the  radar  who  has  one 
or  more  metalic  implants  to  replace  broken  bones  or  clamps  to  hold  them  in  place.  The 
potentially  serious  nature  of  this  can  be  seen  from  the  fact  that  ([55]  p  40)  has  used  this 
concept  to  postulate  a  design  for  an  electromagnetic  missile. 

With  interior  sources,  the  expansion  coefficients  in  the  free  space  surrounding  the  N 
layer  sphere  and  the  expansion  coefficients  in  the  inner  core  will  be  shown  to  be  related  by 
affine  transformations  rather  than  linear  transformations. 

We  model  complex  sources  in  a  layer  by  allowing  an  arbitrary  representation  of  a  source 
in  terms  of  an  expansion  in  a  Hilbert  space  of  vector  valued  functions.  We  assume  that 
if  the  shell  containing  the  source  lies  between  r  =  FL,  and  r  =  R^i  and  represent  the 
expansion  coefficients  of  the  electric  field  due  to  this  source  in  the  inne?  shell  in  terms  of 
expansion  coefficients  We  assume  that  these  are  given  and  represent  a  source 

located  at  a  point  r  =  R-,  that  is  between  r  —  Rp  and  r  =  R?+i.  These  are  obtained 
by  assuming  that  the  source  is  unaffected  by  the  medium  arid  that  the  currents,  say  in 
a  dipole  source,  are  used  to  represent  an  electric  vector  Ep.  This  electric  vector  is  then 


S? 


represented  on  the  inner  sheli  by  the  relations, 

LIM  f  fC(r)  £p(x,  y , u)  ‘  A(m<n)(b,  <j>)msin($)d0d(f> 
r  -*  Rp  ffc(r)A(m,n)(0,<f>)-A{min)(6,<j>ysiTi(>1)ddd(f> 

=  «S.,,zK!(‘A)  (4.3.1) 

The  values  of  the  expansion  coefficients  nj  of  this  source  fie'i  on  the  shell  r  =  Rp  are 
given  by 

LIM  f  fC(r}  Ep(x,  y,  z,u)  ■  B(m,n)(0:  <t>)’ 3in(6)d9d<j> 
r  —*  R,,  f  fC( r)  5(m,„ )(8,  <f>)  ■  2?(m,„)(0t 4>)msin(8)ddd<j> 

=  (4-3-2> 
Thus,  we  know  the  electric  field  due  to  the  isolated  source  at  this  point  on  the  shell 
r  =  Rp.  However,  unlike  the  source  in  the  space  surrounding  the  N  layer  spherical  structure 
we  cannot  assume  that  the  field  is  represented  by  these  expansion  coefficients  and  the 
expansion  coefficients  nj  and  used  to  represent  the  radiation  emanrting  from 

the  inner  shell,  as  there  may  be  additional  sources  coming  from  beyond  r  =  Rp  that  are 
due  to  external  sources  and  reflections  of  these  source}  from  the  layer  r  =  Rp.  Instead 
we  approximate  the  representation  of  this  source  by  a  finite  linear  combination  of  vector 
spherical  wave  functions  and  assume  that  at  some  point  r  =  RP  possibly  j’ist  slightly  smaller 
than  the  location  of  the  actual  source,  so  that  value  of  the  field  at  the  point  considered 
would  not  be  singular,  we  impose  essentially  an  impedance  boundary  condition  (Wu  [55]) 
at  r  =  Rp  which  will  give  us  a  relationship  between  the  general  exp;nsion  coefficients 
a[m!n)  a[m~n)  ^\m~n)  use<^  represent  the  fields  when  r  <  Rp  and  the 

expansion  coefficients  and  |  and  and  that  are  used  to  represent  the 

fields  when  r  >  Rp.  We  suppose  that  the  magnetic  vector  just  outside  r  —  Rp  is  denoted  by 
and  that  the  magnetic  vector  just  inside  r  =  Rp  is  given  by  H~  and  that  the  boundary 
conditions  used  to  relate  the  exnansion  coefficients  and  and  and 

for  Rp  <  r  <  Rp  to  the  expansion  coefficients  and  pj^+n)  and  and  6^^  for 

Rp+i  >  r  >  Rp  are  continuity  of  tangential  components  of  E  and  the  nonhomogeneous 
impedance  boundary  condition 

n  x  {H+  -  H~)  =  (iut  4-  e)(EP  -  (EP  •  cT)er)  (4.3.3) 
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Taking  the  dot  product  of  both  sides  of  equation  (4.3.3)  with  respec*  to  the  vector 

VB  =  £(lB>n)(M) 

and  integrating  over  the  sphere  r  =  we  see  that 

^  Hit!,  v<>A) + ^KifrA)} + 

(j£i)  {^'^(KiPA)) + <»w.«S:!(<3(*a))}  - 

w} + 


( 


Ufl 

—i 


(,W’> + ^w)[-5!2„,<:Jl(i,A,)  -  ^,,<5(VRp)) 

Taking  the  dot  product  of  both  sides  of  equation  (4.3.3)  with  respect  to  the  vector 

Va  =  A(m,»}(9J) 

and  integrating  over  the  sphere  r  —  P^,  we  see  that 
( 


(4.3.4) 


(~w  j  f-M  = 

(^5o)  + 

M”  +  (4-3-5) 

Using  the  fact  that  n)  =  0  and  0^<n)  —  0  and  that  the  coefficients  a^>n,  and  fc|^  nj  are 
completely  known  gives  us  a  simple  relationship  between  the  expansion  coefficients  (see 
equation  2.1.13) 

=  i.’|t:J,zK!(*,A,) + 43<3itiU  («a»> 

\ 

and  mulitplying  both  sides  of  the  relationship 


£?(&,)  •  £  =  4w)  •  £ 


(4.3.7) 


by  <f>)  and  integrating  over  the  sphere  r  =  ve  see  that 

l-OO^A)  -  VW1 


(4.3.8) 

We  define 

e(pJ)  _  o  _ 

C(m,n)  ^  £(m,n) 

(4.3.9) 

and 

«JE!)  =  (™M + <-w)agi.)^!(‘A) 

(4.3.10) 

and  fir-ally, 

(W-I + wfilfa) 

(4.3.11) 

The  expansion  coefficients  on  opposite  sides  of  the  sphere  r  =  Rp  cure  in  view  of  equa¬ 
tions  (4.3.5),  (4.3.4),  (4.3.6)  and  (4.3.8)  and  equations  (4.3.9),  (4.3.10),  and  (4.3.11)  are 

related  by 
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(4.3.12) 


■  Jp.-)  ■ 

a(m,n) 

'  Jft+>  ‘ 

a(m,n) 

f(p.l)  " 

J 

a(m,n) 

J»+) 

a(m,n) 

-  S71  . 

t(p.a) 

x  (?>-) 

*{*»•») 

v'P.3) 

L  P(«,n)  J 

a(p,+) 

A?’*) 

To  complete  the  determination  of  the  relationship  between  expansion  coefficients  in  one 
layer  to  those  in  the  next  one  we  use  equation  (2.2.11)  and  equation  (2.2.13)  to  write 


Q(m.n) 

‘  Jp+l.-)  ‘ 

a(m.n) 

‘  Ap. i)  ‘ 

S(m,n) 

a(P.~) 

Q(m,n) 

l(p,-) 

*(•».») 

=  <3f> 

Q(m,B) 

t(p+l.~) 

—  s'-1 

e(p.2) 

A?r 3) 

C(m.n) 

3(P.~) 

o(p+n-) 

t(p.<) 

.  U»i,n)  . 

(4.3.13) 


Now  as  there  are  no  sources  in  the  core  region  we  have  for  the  simplest  structure  with  a 
source  in  a  single  shell  the  relationship 


‘  J1.+  )  ' 

‘  .(3,-)  ‘ 

■  c(2.1) 

a(m,n) 

0 

°(m,n) 

=  <3W 

Q(3.-) 

1,(3.-) 

-  off’sri) 

t(3.3) 

*(3.3) 

>("»,») 

0 

5{3,-) 

L  P(m,n)  J 

A3.*) 

.  >(m,n)  . 

(4.3.14) 


where  the  known  field  representation  coefficients  and  and  4^2)  Pv'cn 

by  equations  (4.3.10),  (4.3.9),  and  (4.3.11)  respectively.  The  general  relationship  is  given 

by 
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'  _(!.+)  ' 

'  JN+ 1.-)  ' 

G(m,n) 

C(m,n) 

0 

fcd.+) 

=  Ql1}QL3)- 

•q*p 

mu-) 

a(m,n) 

«.(*+!-> 

0 

- 1 

T 

5-i. 

<51 

P=1 


[n,p+l) 


i(?  4) 

C{m,n) 


*(?A) 
?{m,n)  J 


(4.3.15) 


As  before,  if  the  expansion  coefficients  and  ^e  external  source  are 

known,  then  we  have  a  system  of  4  equations  in  4  unknowns  connecting  the  expansion 
coefficients  in  the  source  free  core  and  the  expansion  coefficients  and  ^  of 

the  radiation  scattered  by  the  N  layer  bianisotropic  structure. 


5  Energy  Balance 

5.1  General  Considerations 


The  total  power  absorbed  by  a  general  structure  can  be  determined  by  a  Poynting 
vector  analysis  on  the  surface  of  the  body.  The  total  energy  absorbed  is  the  total  energy 
entering  the  body  minus  the  total  energy  scattered  away  from  the  body. 


5.2  Bianisotropy  and  E  H  Coupling 


In  this  section  we  consider  the  unusual  energy  balance  relationships  associated  with  th 


interaction  cf  radiation  with  a  bianisotropic  material  ([13]).  The  energy  balance  an 


alvrns 


for  an  isotropic  sphere  is  carried  out  in  .great  detail  in  (Bell  [11]).  An  interchange  of  dot 
product  and  cross  product  in  the  triple  scalar  product  implies  that  the  total  absorbed 
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power  Pa  is  given  by 


Pa  =  (1  /2)ke  j  f  (En+  i  x  Hn+1)’  •  ndA 

J  JC{Rs) 

=  (l/2)Pe  JJ  ^  [(P,v  x  P^+1)  •  n]  dA  (5.2.1) 

where  we  have  used  the  fact  that  cn  the  spherical  boundary  r  =  Rty  we  have 

n  x  =  n  x  Eh  (5.2.2) 

because  tangential  components  of  E  are  assumed  to  be  continuous  across  boundaries  sep¬ 
arating  regions  of  continuity  of  tensorial  electromagnetic  properties.  We  next  make  use  of 
the  fact  that  for  an  impedance  boundary  condition  on  the  surface  of  the  scattering  body 
that 

(J9fc+1  -Hh)**=  *,(Eh  -  (E'h  •  n)n)  (5.2.3) 

where  a,  is  the  impedance  sheet  conductivity.  Ftom  equations  (5.2.3)  and  (5.2.1)  we  see 


Pa  =  (1/2 )Rc  [  f  ($h  X  Hh)'  ■  ndA+ 

J  JC(Rh) 

(l/2)Re  J  \SN  ■  (,.(%,  -  (4  '  «)-!))]  dA 

(5.2.4) 

Using  thi3  and  the  fact  that 

div(E  x  H‘)  =  H'  ■  curl(E)  -  E  ■  curl(Ha) 

(5.2.5) 

we  derivs  a  formula  for  the  internal  energy  density.  For  a  svreeping  beam  or  a  stationary 
beam  interacting  with  a  bianisotropic  body  or  a  stationary  beam  interacting  with  a  moving 
body  (Hebenstreit  [29])  there  may  be  unusual  couplings  of  the  electromagnetic  energy  with 
the  structure.  For  a  general  one  layer  structure  covered  by  an  impedance  sheet  the  internal 
energy  density  is  given  in  terms  of  the  bilinear  form 

b(E,H)  =  . 

jv  {(PJ  •  (iwe  +  a)Ei)  +  (P?  •  {-iuT  +  cT)/^)}  dv- f 

Jn  {<&  ■  (S )&)  +  (E,  ■  (3 -)£;)}  dv+ 
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-  f  {(Hi  •  (iojJT Mi)  +  (Hi  •  (-iu^Hj) |  dv+ 

JV} 

jVi  {{Hi  •  J  Ei)  +  (Hi  •  M)}  dv+ 

+  V.)  {(E*  ■  Ei)  -  (El  ■  n)(E;  ■  n)}  da  (5.2.6) 

where  Si  is  the  bounding  surface  and  Vi  is  the  interior  volume.  This  can  be  used  as  a 
source  term  for  the  heat  equation  and  can  be  used  to  predict  the  response  of  the  structure 
to  a  sweeping  beam  or  the  response  cf  a  moving  structure  to  a  stationary  beam  (Ferencz 
[25],  Gamo  [26],  Hebenstreit  [29],  and  Shiozawa,  [44]).  Energy  balance  computations  were 
carried  out  in  (Bell,  Cchoon,  and  Penn  [10],  [11])  for  isotropic  structures  and  in  (Cohoon 
[15])  for  anisotropic  structures.  These  energy  balance  computations  involve  comparing  the 
total  energy  entering  the  structure  minus  the  total  energy  reflected  from  the  structure  to 
the  sum  of  the  integrals  of  the  power  density  distributions  in  the  impedance  sheets  and  in 
the  layers  themselves. 

5.3  Computer  Output 


Electroaagnetic  Energy  Deposition  in  a  Concentric  Layered  Sphsro. 
Frequency  *  1.000E+r>3  MHz. 

Field  Strength  «  1.00  V/M  Kuiaber  of  Regions  *  2 

Core  Radius  ■  1.1  ca  Shell  Radius  n  3.3  ca 

Cera  Properties 


Relative  Permittivity  (Radial):  (  50.00,  0.00  ) 
Relative  Permittivity  (Angular):  (  50.00,  0.00  ) 


96 


Ral&tiva  Portability  (P-adial) : 
Relativa  Permeability  (Angular) : 
Conductivity  (Hho/M)  (Radial) : 
Conductivity  (Mho/M)  (Angular) : 
Impedance  Sheet  Cond.  (Mho/M) : 
Surface  Boundary  (cm)  ■ 

Shell  Properties 

Relative  Permittivity  (Radial) : 
Relative  Permittivity  (Angular): 
Relative  Permeability  (Radial) : 
Relative  Permeability  (Angular) : 
Conductivity  (Mho/M)  (Radial) : 
Conductivity  (Mho/M)  (Angular) : 
Impedance  Sheet  Cond.  (Mho/H) : 
Surface  Boundary  (cm)  « 


(  2.00,  1.00  ) 

(  2.00,  1.00) 

(  .600,  .600) 

(  .600,  .600) 

(  0.00E+00,  0.Q0E+00) 
1.1 


(  30.00,  0.00  ) 

(  60.00,  0.00  ) 

(  2.00,  1.00  ) 

(  5.00,  3.0C) 

(  .200,  .600) 

(  .400,  .600) 

(  0.00E+00,  O.OOE+OO) 
3.3 


Total  Absorbed  Power  *  9 . 10716094E-6  Watts 
(by  Poynting  vector  analysis  on  the  surface 
and  by  volume  integration  of  the  power  density 
ovar  the  interior) 


Average  Absorbed  Power  *  6.04996E-2  Watt s/Mot er**3 

The  fact  that  the  iota!  absorbed  power  obtained  by  a  Poynting  vector  method  and  the 
total  absorbed  power  obtained  by  volume  integration  of  the  power  density  distribution 
nearly  coincide  represents  a  confirmation  of  the  correctness  of  the  coding  implementing 
the  solution  for  an  anisotropic  sphere.  The  determination  of  the  total  absorbed  power  by 
the  Poynting  vector  method  is  described  in  (Jones  [33])  and  in  full  detail  in  (Bell,  [11]). 
For  the  plane  wave  problem  described  in  Jones  ([33])  we  can  give  exact  formulas  for  the 
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total  absorbed  joower  in  terms  of  the  total  power  entering  the  sphere  minus  the  total  power 
scattered  away  from  the  sphere  ([33],  page  504,  equation  126).  Welts  Q(n  ^+I)  and  /?(n/v+1) 
denote  the  expansion  coefficients  of  the  scattered  radiation  and  by  carrying  out  an  energy 
balance  book  keeping  on  the  boundary  we  observe  that  the  total  acsorbed  power  is 

I  £o  lJ 


P .  = 


*0 


* 1  £q  I2 

*o  V  F'o 


Re  ^(2n  +  l)(a(n,w+i)  +  ^.v+i) 


^(2n  +  1)  a(n,AT+i)  |J  +  I  /?{«.*'- 0  I2) 


n=l 


(5.3.1) 


Tins  is  the  referred  to  as  the  Poynting  vector  method  in  the  computer  output;  the  last 
number  is  the  result  of  numerically  integrating  the  power  density  distribution  over  the 
interior  of  the  sphere.  The  difficulty  of  this  numerical  integration  is  evident  from  the 
following  plot  of  the  internal  power  density  distribution  for  an  anisotropic  structure  with 
a.  radial  permittivity  that  is  higher  than  the  tangential  permittivity. 


I 


Figure  5.3.1  The  electric  and  magnetic  power  density  distribution  on 
an  equatorial  slice  of  a  two  layer  sp-.ere  subjected  to 
a  single  plane  wave.  The  core  in  this  sphere  and  the 
one  on  the  following  pace  are  identical.  The  difference 
is  the  protective  nature  of  the  shell  in  the  following 
figure. 
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cne  core.  me  ratio  or  the  radius  of  the  core  to  the  radius  of  the  outer  shel 
Is  1.1  to  3.3.  The  radial  relative  permittivity  is  30  and  the  tangential 
relative  permittivity  is  60.  These  numbers  are  reversed  in  Figure  5.3.1. 


^^^T*r3r'T' 

'  -  d' "  W 


•.fa  k  >*■»■. r^r  PTPt*tr*r; 


5.4  Thermal  Response  to  Radiation 


The  absorption  of  radiation  results  in  a  temperature  increase.  An  energy  equation 

describing  this  change  of  sta.a  is  given  by 

De  (d\„  /  3  \ 

PDt  “  {dt)Qin+\dtJQ^'r 

( —pdiv(v ))  4-  div(Kgrad(T ))  +  $,  (5.4.1) 


where  e  is  equal  to  c„T  with  T  denoting  the  temperature,  and  Cy  denoting  the  specific 
heat  at  constant  volume,  is  the  viscous  dissipation  function  (Anderson,  Tannehill  and 
Pletcher  [l],  pages  188-189),  v  is  the  fluid  velocity,  p  is  the  density,  p  is  the  pressure,  K  is 
the  terser  thermal  conductivity,  the  term  representing  the  transfer  by  radiation  from  one 
part  of  the  fluid  to  another  is  given  by  (Siegel  and  Howell  [43],  page  689) 


a  1 0~*  =  div 


1 6<reT3 
30^ 


grad(T ) 


)• 


where  the  internal  radiative  conductivity  is  given  by 

lfl^T3 


K 


3  Qr 


(5.4.2) 


(5.4.3) 


where  an  is  the  Homeland  mean  absorption  coefficient  (Siegel  [43]  ,  p  504  and  Rosseland 
[41])  and  where  <re  (Siegel  [43],  page  25)  is  the  hemispherical  total  emissive  power  of  a 
blade  surface  into  vacuum  having  a  value  of 

(7e  =  5.6696  x  10-3  Watts  /  (meter j1  °K  ),  (5.4.4) 


and  where  if  B(E,H )  represents  the  absorbed  electromagnetic  energy  per  unit  volume, 
whose  integral  is,  (after  conversion  from  cgs  units)  equal  to  the  b(E,E )  given  by  equation 


(5.2.6)  then 

(jj)ft,.  =  (5.4.5) 

In  general  solving  equation  (5.4.1)  requires  the  simultaneous  solution  of  the  Maxwell, 
continuity,  and  momentum  equations  (see  Jones  [33],  p  775).  However,  for  low  levels  of 
radiation  the  energy  equation  (5  4.1)  reduces  to  a  simple  heat  equation  with  a  source  term 
which  can  be  solved  by  dovetailing  ([12],  [14])  it  to  the  solution  of  the  Maxwell  equations. 
The  experimental  verification  of  the  latter  procedure  is  described  in  ([12])  and  in  ([14]). 
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Since 


sin(z)  ~  z  — 


exv(iz)  —  espf—is) 
— 


is  not  of  the  form  P(z)exp(g(s)),  it  follows  from  Picard’s  theorem  that  ihora 


muat  he  on  infinite  number  of  complex  solutions  cf  equation  (1).  Thk  paper 
describes  a  path  following  or  hcmotopy  method  for  systematically  finding 
these  complex  zeros  as  the  end  point  cf  an  mbit  cf  a  dynamical  system 
transforming  points  in  the  complex  plans.  Computer  plots  of  these  orbits 


1  Homotopy  Methods 


We  transform  the  equation, 

sin(z)  =.-  z  (1.1) 

to  an  equation  in  another  space  by  using  auxiliary  functions  so  that  the 
transformed  equation  h&3  the  form, 


3»w(/t(j)x(.0)  =  (zh)  +  B(s)) 

(1.2) 

where 

B(d)  ”  (n  •  *i)(l  —  s) 

(1-3) 

and 

.'(0)  =  -  nni 

(1.4) 

and 

4(a)  =»  i(l  -  a)  +  s 

(1.5) 

so  that  when  a 

is  equal  to  sf.ro,  equation  (1.2)  has  the  form, 

ain(*(— rm';)  =  jm(nrr)  =  (— nrrs  -f  nir») 

(1.6) 

which  is  true,  ard  when  j  is  equal  to  1,  then  as  the  triTial  equation  (1.0) 
holds  at  one  end  of  the  homotopy  path  and  if  equation  (1.2)  is  preserved 
all  the  way  along  the  pash,  and  as  tbl»  equation  has  the  form 

s«n(.4(l)*r)  =  2  +  S(l) 


(1.7) 


where 

The  following  graphs  give  orbit3,  . 

a  — *  (*(*»).  y(J)) »  (1-15) 

representing  solutions  of  the  coupled  system  (1.12)  and  (1.13)  with  initial 
conditions  given  by  equation  (1.14).  The  orbit  starting  at  (0,  — 2~)  is  shown 
in  the  followng  figure 
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ESI,  STSPl.  /.«J  IWTT!I»  CCR  ALLOCATES  FTSTUAL  STO*AT-T  Z 5*  Tk’4 

AX  RATS  MT*S  AJ-rtJ  [we**  CALLS  Kl.  rxil  15  A  SOTT'/tlCQ  *Ttca 

DIRECTS  TT3  SOUTH  CM .  X?  CALLS  CM  TTS  ^  OCT  I. XT  A  STT?J  KXO  !WT2JP 
TO  AOVAJWCB  rti  nrrtCSATTOM  AMD  TO  IVTiPVXiuAT*  AT  CTTVVT  POIVTS. 

STtrn  u.ias  a  Otvxera  oirr??r^:z  mx  ov*  rci  .was  pcct 

PtXUd LA3  ^£<0  LOCAL  CT',RAJ»OLAT  ICW .  IT  AAJUSTT  TTjS  0?r«a  »>D  3T!CP 
1173  T^>  Cr^reOL  TTJf  LOCAL  ERRClt  7TS  VMTT  iYTP  IS  A  G^'-V^VLI  LTD 
SOifO.  KrRrALLT  K-A-CB  CALL  TO  IVY.? I  J.'T'MCTS  TSA  AOLOTfO*  On'S  I1TP 

rw  riTi  oj*»C7ica  or  rout  .  re*  e/A£cw3  c*  rmcTTK/TT  esi 
i  wt cl ra tv-s  astcmd  tcct  lwrrrMALLT.  wr/T.s  izreso 

r*io»<TO<rr«t).  ajo  calls  imtsp  to  tkv~:  jpolats  n*:  jou’H'Tr  at 
rwr  .  am  ctmc'fl  is  ptonr/o  to  stto  *na  JWTT.ej.An cm  a?  toc?  rtr? 
It  SCOCILD  3lts  C«L7  tf  IT  IS  ICPOSSISLS  TO  CCSTTW-I  T23 
IWTTOJATIOM  Wntfa'3  TOCT  . 

ms  cces  is  cor?urTTLT  rjpiAlvr.o  >#o  rccTK^rnre  i*  r*a  •'33T, 
cck?tft.3  joumca  or  ocdix^jtt  ’nrrrrrsmh'*  rerArrcxso  ttj?  initial 

VAXLTI  r«oaiJ3*  JT  l,  r.  w»«  M.  I.  ftCCDC*. 

TK*  .’•MLAWrT’TXJI  S3T7S TSTJiTO 

r  —  inHwcrnu  rjT.r.m  vj  c/alcatr  ^.titahtsa  rr< i )-ot( i )/rrr 
HCT3I  —  jrvic  tjrsr  or  eo'iattcvi  to  w  isttapatjuj 
Y(  * )  —  so  LOTI  ea  vrerr;*  at  T 
T  “  IKt>T'-r.:7'je/T  VAtZASUI 

TOT?  —  POTKf  A?  Pfiei  SOUTH  OH  T  9  OHHrH> 

S.BUT*3»,AX3^--'S  —  AS  LA  n ‘Of  KfO  O.WW'J  X.'*K«  ToA.rXASfCSa  rco.  LOCM. 
07.051  tT.ST.  AT  TLCS  I tVJ  r'13  c-:*cs  rr.^>7I*L3 
as  4  (  uxlal  r v  i*ca ;  .  to  « ■ i  <  r )  •  p'T5-,v  ♦  u  t?*a 

rnt2  R>ca  cr-rxr* >.•>»?  or  m  lccll  'y.vea  ayd  :owrra  rr;mv>3 
iruwi  —  iT'oicArea  jvvtm  or  urr.i.vr?! 

«C«! <  «  )  ,  I  TC'<»Z(  *  J  —  ATJKATS  TO  DC- LA  JX7 ^PriAHCW  I3TTH01 AL  TO  COTO 
rsioi  u  ifCciJiAJi  ro*  for-sreesr-nf  caluc 

rust  call  to  ot«  — 

rwt  fls?<  wn  ?*?cvica  itliw&i  v»  his  cjlllijoo  rw.*A«  re*  sib  assays 
iw  rrn  cm*  unr, 

YJTOC*),  J1  'tPCC«1  .  I  W^3Rt(S)f 

wetw-a  r  la  -vw  xshsbal  s rAreicfr,  scttlt  ns  r?a#oc?YyB 
Plt.Y.rf)  TO  SHI  1.7 ALT 

crr<!)/tr?  -  r?dj  -  r(T,mi.ni),,..,r{Haw)j 

AMD  rxrnAUVT  77  SI  PATA.'wrTTVSO 

srtoar  —  m.-jrrjt  cr  re*7>r:c i-i  to  ncrixaArxo 
r<  • )  —  tkt A  cr  :aiHAL  cewoieiews 

T  —  S?>SfyZJKl  20 TXT  Of  ItJTTCSATlCM 

TWT  --  re7V?  A?  'TICB  SOU’TJC*  18  OYCXT.O 

t  E  UUI .  AA-A  OS  —  PZ  LA  TITO  AALOUTTC  LIMRL  r*.TCU  TO'^.SAaJCT.S 

iruv*  —  jwoicatos  to  istriAUis  rs  CCC-3.  »r  ■•  JAAL  nerx 

IS  *1.  THS  *JSf»  tfSCTTLD  ITT  ITVfl*— 1  <*iUT  IT  IT  II 

lwro5*i9»-z  to  cotiTiwtfB  try  rsreo4»rrew  k.irr»n  re-?  . 

ALL  *  At.*..*  iff*:  K  A  KJCrPT  r  .  NA3I  M/D  ’VC*?  RAT  *■«  A  trv:i  TO  St  TS'L 
QQG&  CSi  OCTPlTf  i»>  *t’5T  TU  VAJHAflWS  IB  YU  CALL  I W!  PBCEiSAM. 

ocrrirr  mw  003  — 

rfnyn  —  CVCTASBY'TD 
Y  (  #  )  —  sown  CM  A?  T 

T  —  JJL37  >OVJJ  9ZAO,rO  IW  I  WTV.R  AH  CM .  WJsm.AL  rATTW  «AA 

T  •  Y077  . 

TOO?  —  71*>"RA^'.*.jr7J 

P.SLUS.  A,’*,:".'*  —  wo*-AL  r%?:*v  fKA  TOLZAA*TOtt  WCIA.1CW.  irLWA) 
1ICMALS  TOT  AMCC 4  * v<t 9 V ,V ? n 

irLAO  -  j  -  v.v-iAi,  Atrrsw  :.v7TO.*>?:ca  I'Jiscrra  rvrr 

-  j  —  i jivvOi* at i cm  did  vot  reAr.4  TO-v?  fc.TOAvrft  f r iv-os 

TOLfAwert  TOO  1MALL.  •»*!l.TOa  .  lJAL?.%AS?i> 

Arr*e?*  s  vrr  lt  re*  cc.ffTTvuix'a 

-  *  nirroRATtcw  o»n  *or  *r>cn  totot  ptcacis  ktsv  tyw: 
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i  -  '.CCS  il  S 

•.  •  j  —  it.:  -ittziz  si  a  m  isms  ft.-y?  i*M*a  kjmwjou 

*_  '  *.:S  TO  £5  T  _ 

.  -  «  —  tt-^rSKIK!  5.3  E-.T  rjffl  TC'TT  B3tv;«a  lewBW 

-  natsaa  kmtjt  ana  »«ywr>*  csea  jswjim. 

<  «cj*  ns  j;t;.73  to  e  sr.-rasa, 

e  .  7  —  .JT7UJ9  ECWJ?  Jitaunwss  <rxi«.  tru-ai  . 

c  Tar  TXtTa  ct  I  ”.VJ  is  ttt. .  — '  acTArrni  ■  J  rarer 

C  YJUC3  IS  YTriAtr/3  JJTO  TTCS  IMTZCB.TICSa  DC33  BCT  1&AC1  TCCT  , 

C  I.I.,  -1,  *4,  *J. 

C  BC*J<  •)  ,2V?3AE;  *  )  —  "IFCI^ATIC*  C-T^TAHT  Cf  VO  lATiAZST  TO  TW 

c  o M3»  sw  tries  jjatt  roz  srosastfarr  calls. 

c 

c  M&s&nart  calls  to  oca  — 

C  *TT3507TT!UT?  CO’S  JLTTjTWS  WITT  Ait  IHFCSJttTIC8f  WTTL-I3  TO  0C5fTt*rf 

c  m  nrf^aAncs*.  it  m  iwtccsatic*?  J2ac2.vj  roc?  ,  n*  us zs  *22© 

c  owtr  oayiOT  a  »rz*  ?ocr  awd  call  asaif.  if  ns  ixtscjatjcw  did  ver 

c  suca  '-toct  aj ro  rrrs  on;  *aw?s  to  comvn.  «  juj?  calls  «ai». 

c  im  Tsjt  cal*x  xriAX  ,  r<z  wm  *cs?  ^3  Ai.r22  ns  xrj.es  aiTTEicw. 

e  tsts  oorpnr  valcs  of  rr:/^  is  t«z  wucomn  xxfcy  talcs  ton 
c  simetjrar  calls.  nt  cm  .t  sin- ah  on  i*  cjics  it  scccld  k  Airtazo 

C  IS  TO  JVC©  731  IMTTG8ATIC«  INTTS>  ALLT  A?  TO  SXV  TOCT  ,  I.C., 

C  C1AAC1  OCTVOT  If  LAV- 3  TO  INPUT  IFlW>-3  .  IXACX  TOLMAWCSJ  KAT 

c  **  ciakgso  it  m  c*«  »xrc*£  corfixuiwc.  ail  orsza  paaaketuux  wjst 

C  XCXAIX  OVCSJJtCt.D. 

c 

IWUC1T  5iLU«fl(A-«,0-S) 

LOGICAL  S7AAf.P»AJIl  ,W0**0 
0ZM3fSIQM  T<l*CO*>  .*CH»*U).  IMCtX(3) 
nra»u  f 

DATA  IAL?-3A,**rrA,IJta.XV,  Ilf.XC.IMAAS.  IfSX,tS.tI.  XBCO.IJTAST, 

1  ITOL9,I!)CL£*/1.1).3S.  II.  5^.43. 75. 7*.  IS,  I*.  >0.H,  13,13/ 

WX7S<  •  ,«  )>TE5aJ,  *  •  WIC5H  La  00*  f 

ITT  -  100 

IW  •  ITT  ♦  LTTCS* 

IF  -  I*T  ♦  VTTOf 
ITF  -  IF  ♦  »%gi 
ITFOVT  -  ITF  *  KTQU 
IPKX  -  ITFOOT  ♦  H£CS)1 
wair«(«,ii:2jiftAG 
lias  pMbCTrxs,*  -  itums  1*  ooe.i*j 

lFt!AIU{irU,e)  .  LT.  3  .oa.  lAAJjIflAC)  .«T.  I)  CO  TO  1 
warn <  * , i ia 3 ) * s? AST . woa t { r 5T aat ) 

1133  rOSKHATflS,  •  •  1ST  AST*  ,015.  7. '  •  ISTA3CT }  •  ) 

STA.TT  •  nCsSS(f37A-TT)  CT  0  0 

»t  i  ra  i  • ,  U34  >  ift-us  .  »oa  x  ( i  fa  At  * ) 

1134  F0£Mtf(lS«'  -  IFfULTiC*  (D1S.?»*  •  »0«X(  IF1A3S  )  •  » 

F'SAXSl  •  HOtfMIFtJLS*)  . CT.  0.0 

mmio  -  ly^iiiJ)  . ks .  -l 

»o  ir«  *jv>4t  to  CALL  Dtl  t  0C3.X* 

1  OIL  DOMr.K.?tXT,r,T,TO»rf.  *tUa*,AJt3n?fi,  lAUfi.^Kirr), 
i  «o*i{irr).iKX'i<XP)  .*r,xirT>).3o«t<iTTecT),rcyx<i>sr), 

3  BOSS  ax;^SA)/B0aa(I2SYA)  ,*:■«€(  I  JIG  J.BCflU  IV)  .kO2X(iaKK*X(r0)» 

J  FaA381.MCTX(ir^I  I  .W3«I{IX).ir'0f{Il)Y«:»^(nrai3)»*TA^T, 

4  kwsutoi-D)  ,«»cax<:w;L3J<) ,  i><ct*(1)  ,wo»rD.i5oaX{  j),;soax(4># 

3  xnu»*(5)x 

rJITB<  •  ,  •  ) 1  »•  J'wt  a«lt#d  0*  1  la  <X*  .f 
■r»f(tJTWTT)  •  -1.0 
IF|j<AaT)  ncAsTHSTAir*)  •  1.0 
mXttlflMM)  -  -t.o 
IFtr?»A421)  W>*I(IFXA1»1  •  1  0 
I«C»{3)  -  -1 
If;#:*WTD)  XKfllDt  •  1 
Uf)» 

smaorrnm  iirnrfi.r.xooT.TWT.TWT.ir^ji.ioto.FTt.Ftx) 

c 

C  WDY*  FAT55W.ATT  O  U  FTCC.*A#<  LIBS  ATT 

c  ATfuro  lavv^ortcs  oiviJica  ?*42 

C  fATOIA  LATOVA TCTIM 

c  M»«wCKW!T»,  rz*  nn.  :co  it  us 

c  corns©,  data  l<40  'ntajiaw  «.i  jAjnjAjrr  1174 


Xiavt©  trr  sakoxs  tA?=rATcaiiss, 

A  FOIWB  COMWsCPC.1  TO  «TCS 

osrrtso  state*  tsnxrr  ustxacs  t-oa  tssrrsiaryasn  warm  ittattcji 

. . .  LWIC8  •••••*•«••••••• 

mi  »HW  DA.9  AJ  AF  hZXXSZn  OF  «K^SC«*C0  YT  TBS 

8TATBS  rTITXSS  TT2  mTCT  ITM1I  T~s  TT.3 

wifso  JTAT2J  rannseir  x-uiaki  axd  wvji^ct t  jusfmsnirxco, 
ac.i  amt  ©r  ran  lottos,  avt  of  naia  oTiTs^^rcai, 

JCT*X»rr?AC7C«J ,  OF  TWO  fr©L0TST4l.  FAJCIS  AtT  ».*  i t.» EfTT ,  CXF4XM 

oa  ivuuii  co  *j« rfcfa  umt  lzcal  liasiutt  ca  s^xFouxazuTT 
fcoi  nra  accttatt,  cor^trrrwTJi  rrs  csxrsufRsT  of  >kt  i*rrrrtArt--«, 
af^asatos,  ’'vcmrrr  os  ?wc?n  oiacwe^,  »  >o^TC*4£».r2  "bat  its 

3»  *C*rL©  «©T  X»m?«T  FttXVATXLT  rr«ra  UC5T3. 


m  FBIH.13T  ccrr^cTtr  tvs  u rsxrr  cf  wnca  rail  Focrura  it 

IS  A  FAST  IS  SJ.rT*7S-0S4S,  FfllSTTO  r»  1S7». 


WlTfW  W  1.  F.  K»»m  AJf©  I*.  I.  tSCCCWI 


t*f  wtsodo  r»  inrajjr-frrirs  sm  »FFvcii*ars  ttd  lownai  rr\n  i 

FT  A  FOtrHCF©  Am  .  «:-«O0T7Wt  IVTTF  ATTWII MATTS  Tl^  tOUm-.tl  AT 

tcc?  rr  r/vj7*.Ti!A»  rsc  reir-o^iAi  rms.  lrif'.n'anaw  utniiTiU  me 

FOLTWCrriAi  M  FAJAT0  fTCfl  ATZ9  SO  IJfTfcF  CAR55DT  L3  »£-10  KUSSTR. 

ms  even  u  cr^FijmtT  *sFL>i«ro  wcwrsrreo  r»  na  riry, 

ax&IT'.'R  £0117 ICS?  OF  ©00TV1AT  OX  JT?S  3f?T At  1TXC330  T23  IXXTIJLi 

TAIL'S  FCrX3Ll:Jl  »T  L.  F.  JSAMFlIO!  AKT3  X.  X.  OOSSCM. 


IXTTT  TO  rXTTF  — 

ttb  crjw  rr^/Tae-s  itt/cags  if  ts*  cajllxw  fitc«sa«  m  res  assats  it 

TU  CALL  LIST 

DumisisN  T{jrerj»)  ,TocT(vrc«) . rrorr ' rce» )  .fbi  i«s  ,?*XU3) 
sorts  rrxnwBS 

i cot  —  *oi.r*  at  inircs  'tOUjtxqw  is  cs-»tsiqs. 
m  ?mv',w*s  mc  dcfinto  i»  s  rzs  uns  mii’O  »  txtff 

Fac«  T»AT  JVS.T©07Iin 

o*rrm  rww  nm*  — 

T00TP)  —  iotTrr-at  a?  scot 

TFCffftM  —  r^TXVATI'/t  Of  ^OU'TTOM  AT  tCKTf  _ 
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Efec 

— jjf  c 

— i/c 


TEH  fVi.ViSYiJ.'JJ  K23  S.frT'^S3  C.VW  T"  **"3  TGCZ  Tviaa  SiWJ 

▼jLLsrsa  nrit^AKca  nw  zv&*  w  w  c?zr.r£*i?sa. 

muoT  saai'f  (A-r.o-3)  _  -t, 

DL$*7<£5  X  OTJ  T  i  i-35T.il } .  TC'CT ;  *  «T3J» )  ,  TPC7T  ( )  #  WJ  <  S»33»  , 1 S ) , f SX  < 1 3) 
DllCiJUICSJ  3  <  15  i ,  3{  U  ) ,  ZE0<  1.'  > 

DATA  G<1)/1. 0/,  200(1  )/l.  «/ 

■i  -  xotrr  -  x 

tt  -  fOJLO  ♦  1 

rm  -  u  ♦  i 

VfinxLixs  ros  ce**wnwc  c< * ) 

DO  1  X  -  1,0 
rr.'^n  •  i 
9(1)  -  l.O/TS^l 
TTirw  -  a  o 

OX0VTB  C<  •) 

DO  13  J  -  J.n 
JK1  -  J  -  1 
M U»Q  -  Flt(JWl) 

oa^^a  -  («x  *  nw<)/PsrJHi 

ETA  -  BI/T3XJM1 

uain  -  o?i  -  J 
oo  lo  i  *  i,txx*n 

■  (X)  -  <LW4A»*(X)  -  ETA-«(t*l) 

G<J)  -  *<1) 

*£0(J»  -  C.VF3<A«»lIO<J*l  ) 

TT2*  -  MIJPU 


DO  39  l  •  l,TOXE< 

rpcxrrd)  -  o.o 

)  T0^7<t)  •  0.0 

DO  JO  J  -  1,0 

i  -  cm  -  j 

r.pD4*3  -0|I) 

rrxs>3  - 

DO  3  3  L  •  l.HSCS 

TCTTfl)  «  TOOTftJ  *  TCX*3 •  Pfl I  (  L ,  I J 
l  rwrri L)  »  r«<rr(t|  ♦  rr,H»j*?«i(i,i) 

>  CCWYTW3-SI 

CO  11  L  •  l,lf3CU 

l  TOC7(X.)  -  T<l.)  ♦  BI«YOCT(L> 

trtortw 

BifO 

* esi  r  r .  «x« , r ,  r ,  toct ,  *r urra ,  wuraa ,  r rua , 

1  77  ,»T  ,P  ,n  .ALPEA.SETA.  SIC  .▼ ,▼ ,ft,»  *47I,MX,X,«,»OU3, 

2  STAS'?,  73  Ul,  03L.WM ,  *  3  ,  WC  D .  X ,  COLD,  ZSi?QLD) 

C*M  W  rat  IT  ALLOCATS3  JTOrtAC*  TOS  DO  TO  *312TV*  TT8  CSSOT  OT  T*t 

iMO-.-nr'wir^-ca  of  a  t->o  call  list,  ccsm^arrn;  o*i  is  cskd  as 
oeaoi  ir.ro  is  res  ra^sorn  rya  eve  . 

Ttia  coon  13  OJSOIXTtlT  ETPUklVtO  WO 5  OOC3V-7RrrtD  is  rza  •  nT, 
cowjmira  sourricw  oi’  c«oi#a.t7  oirrr?x*Tiiu.  e*o,.tiom*o  m  i«nu 
▼Aim  ypotusw  87  L.  r.  SHAM>!H*  WO  M.  t.  CCEDCai. 

I  SOLICIT  CtJLfQ  (*-3,0-1) 

liXMAi  ITT  rr,  CSA.aa.S7X.aT,MA3.:i  ,»«^fD 

axx!3.3icai  Tocmo)  ,rr  (>»•«■▼  i  .*T{«»ECK) .  r?i<.'s>rsi.  u>  ,»ocsrs)  . 

1  rPOCTf/m3«),MX<13),\l*  tA(l3),&£TAa3).<X6(lJ},T(12),«(12),»(U) 

orerpjjAi  r 


Tilt  CCW17ATT  KA7V0W  IS  TAT  WUTPCV  Of  f fT7«  A/JjOSTO  »  OsfZ 

aoo.  TO  m.  T"JJ  3E3S  WAT  Cl!»^3  THIS  LLXXT  97  A1TCOW3  TCS 

niu£«T*3  srATtrr./? 

1ATA  WUOIW/JOO/ 

•  «•*»«  o  is  a  itAomnx  cxrrrstrHT  fxfAxrra.  r?  u  rsa  *«AitSAY 
too n vs  m  wnca  1.1  ♦  o  .or.  l.o. 

W  •  8f?fS»AT(  J  ) 
t  •  0BT>*aa) 
rwsc  -  ».0*0 


tit  ST  roj)  r^f^rra  pwxtrz-.-n s 

xrtsnscss  .  lt.  o  co  to  to 
Iff?  to.  TTX7T )  GO  TO  10 

:▼<»*!<***  .it.  o.o  ,ra.  as.itas  .17.  ft. 8)  GO  TO  1ft 

0T3  -  AWAJUltTUIT.#.  AA5HT*) 

EfS  -  DMAO<2aU,!*a.A*.SSBa) 

if(n»s  d«.  o.a»  co  to  10 

ifdrtxs  . w).  5}  go  vo  19 

xjm  -  xt:wa4x?^o> 
irur so  •  u.tcsuywKS) 

imnAT  .UTf.  1)  M  TO  39 

ITfT  .»a.  TOW))  GO  TO  19 

ir<ir:Aa  3  . } it~3 .  rrtAO  l*.  s»  co  to  29 

irj!TT>0  .J5Q.  9  .Wft.  WtffPT  .  GT .  8.0)  CO  TO  3ft 

XT1A9  *  7 

fia-rcrw 

QW  EATS  CAit  STT  !V TTWAt  Of  rWTTSf ATTCBI  W>TO  ODOrprt  fr*  <*-? 

sttcii*.  xnic3T  xwp'rt  trxx'ft  to ajuctji  to  tnrnra  «ViW7  TiT^ca 

a^iofmra  are-yi 


I  on  -  TW7  -  T 

w'sKl  •  xatire!,) 

T7T.TO  -  T  *  10  6  •*?;*! 

ItfMIX  .LT.  ot  TTS-O  •  TOOT 

IfOSTKf  -  ft 

IXJtft  -  9 

ITT  ft  -  .  m.S*. 

A4.59P3  •  W.im,  Tr*S 
ff(in.>«  .,C<3.  l)  :o  TO  10 
imwu  .  LT.  0)  CO  TO)  10 
*r:M'UCS*'!A&  .ST.  0.7)  GO  TO  50 

CW  ST*-7  WO  eO.3Tr.rf  ALSO  TIT  >*C*1  ▼St2A.9L4.t  I  UD  TT { • ) ,  I  TTO*J  TIL’ 

oistcnsw  cv  nrr^sfAtic'w  aad  istrixuit  rm  sn»  iiwi 


r  x  •  ? 

C3  40  L  *  i.SCT 

41  rr?M  -  ?’M 

-  tz^i  !**•£&! 

■  •  t^£3H©^X4KiCrJJ«^:U<5),XU3{'^'5T-2}),TC.y?-a) 

c 

c  if  xuatsj r  fJUt  ccv^r?  toot,  nrowura  asto  sxttct 

c 

34  Z7(AC:3tl-?)  .tv.  A&SCflM  CO  T?3  10 

cau.  ia?5»<3Jri,Tc<r?.v,ri'c«v.;rt^.*otr>rp*2,»»i) 
irua  •  3 

t  -  TOC? 

TStS  «  ? 
xasota  •  iai 

ttTTTOM 

C 

C  I?  CAMW0?  oo  TAX?  ocv?trr  H31J4T  wra  jcmciEhTtT  closs, 

C  *3TBA70LA?a  AMD  irrciy 

(0  iran  . c?.  a  .00.  xA£(Vwrr-i>  .cr.  rcw3o«A*s<i) )  "so  to  so 

I  •  TOJV  -  I 

cau.  fo.rr.rj*) 

DO  70  L  -  1.MRC2* 

70  T<L)  -  TT< t)  ♦  «*r?{L) 

tru\a  *  3 

?  »  TOC? 

fOU)  -  T 

IitfOLD  -  IS* 

nrrrr* 

c 

c  tut  rod  too  KA»rr  srtrs 

c 

40  Zf(»9SftF  ,t?.  MAJCiLM)  DO  TO  100 
I7UWi  *  'JXM 
ir<STTr?*«  rriAfl  •  n*i*s 
DO  10  t  •  l.VKQtt 
so  r<M  •  mu 
?  -  1 

TOLD  •  ? 

X5!)0U>  -  l 

UTOOf 

c 

c  UX2T  itw  sii3,  trr  wricirr  ytcto*  AMD  t;J3  a  sto 
c 

dflO  I  *"  SIPUf  AK3H1  ( A3U  {  8 )  ,AAS(T?!fl>-*)  )  ,«) 

100  1  •  SISM<CKIMl(AS.l<a).AAS:‘rCXt  -1))/*) 

DO  110  L  -  l,VTZ& 

r?< lj  •  ui^i'-w^irri mj  *  Mioi 
Zf(»7{l)  .J-0.  9.9)  CO  \0  M0 

110  cotmxrt 

call  irtp! jr.nrcM.rr.i.t.rrs.TT.sTxrr, 
i  aou.f.xouD,c*Aa».i>oz.f.Y?.»st, 

3  ALPSA,®rfA,SX4,T. ».  ‘*.riAS*l,MS,MC*XD) 

c 

c  ms?  ro«  TOLJ^A/frJRS  TOO  small 
c 

I?(  .ror.CJLM*)  CO  TO  130 
iruc  •  id*) 

MJlMUi  -  t73'JU*aJ»S 
AA3KS*  - 

DO  130  L  -  l.«C * 

130  TIM  -  rr<M 
T  -  X 
TOLD  -  T 
I  TWO  LD  -  l 

i  smw 


c  Ajcwcn  ccam  on  *vxar*  0*  jttji  amd  test  rear  rnmrsxj 
c 

no  mam?  -  jr.jrw  *  1 

*LK4  -  clci  ♦  1 

ir;rcL^  a?.  4)  ium  •  0 

I?<*U*4  0*.  30)  STITT  •  . TB*T* . 

CO  TO  30 
C 

c  nun»t  two*  Ciwia  :» a* torn at* 
c 

140  irtAo  •  isa*« 

DO  *70  L  •  l.SVGw 
iso  t  (  l  )  •  rr  1  m 
?  -  X 

TOLD  -  ? 

vr*  ’’:LD  •  1 

*«ru*a 

DO 

.  .arorrmni  rTr?i(r,>rpf34.r,  i.r.. «?«,*?.  statt, 

1  SOU).  K.  I0L3,C2AS3.P*Z  ,M,Y7,>  31, 

3  UDSA.on-A  ize»y(».c.lMAOKt.u,moero) 

c 

C  tX'fTliX  KL-TSJ* AttCAL  CtCTAJUl  USOMT 

c  A??LTiO  .?*r.rrjK«T res  t  tuxom  j*u 
c  i awd r a  tAe«s»/.' roa i »* 

c  ALLt*.snrz:<;rs' ,  vs «  wtaioo  tins 
c  ccerrroL  das  a  54*0  vrasia*  *.i  jksvxft  is . .. 


IMVTD  TT  SA‘.-DIA  V'«C«ATCt73J , 

A  ?«TM*  CCWCSACT^'.  ,\1  ??? 

•ivwtq  rjAfSS  Esrrr.7  »c.2tAPca  wro  z^rrz-u>yfn^r  ADroxii?t>.nc’ 

«»•*•*•«•••*•  mott.— a  »«•••••♦  «••  * 

this  st^cv?  r«  r^o.vstD  ,*j  am  icrr-?™?  o?  wocr  s»r*!»ir3  s?  na 

nMvrxD  3t\t?s  ?cv#nr.t>t5-^T.  “?xa  T^a  vmtt’Dv  f?ra  tvt 

tMirra  s^vr»j»  csrr^v  *'.:sc;acb  DSTTaLCf^r^?  *rra»isriATi«4 
ho?  Air  or  TTUJUt  rxiLCTi'ii: .  mot  wrr  cr  rreia  crvrsACTca# , 
STOcarm lcwii*  .  oa  r*?!  a  otwts!!,  nmt  v?  w'v.vrrr, 

L4  iMsrura,  •«  Aijv^rj  wrr  u.-oal  uasiv  usxkeixiutt 

roO  :T3  .‘JXT^CT,  COM?Ur^XIj  Mi  PJ2VC1at.S3  Of  LL-T  IVIVOiATTC*:, 
tp-pAjL  ixsa,  Tccowr?  ca  iTo«:tc?  oi^utssd.  c-o  **rTr.J4airra  t?at  :tm 
s *n  ocxia  spc?  mrvisco  ?4jvAr3tT  c’sod  ric.vm. 


tut  KarrriJTcr  rr>fl  rrs  or  Misra  net 3  remr?  is 

is  a  ?i  iAMo73-ci<5,  imrrro  rti  ii74. 


rilTTW  n  !.  f,  5JWO»!Kt  AWO  , 


! 5  VCSMMIY  VSE9  IMOIltCTLT  TCVO'^I  SOVDQimMl 
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CG’JJ  .  JUXHJtLI  sX'a  42YTICZ3  FO.X  KCX57  *au  u  -a 

vj  rsa,  csxrs  if  s^iaru  ra  ccioj rcr _f3  tx^cca  jjilt  *T£?i  alc£3. 

Krjsscarnrj  rr.^n  s72£?-wn3  ’.  warai  o?  arxn  na?  oexa  c^rtrxa 
nnoamu  ecJvnc;-3  wa  av-o.  ec^llt  raw  x  «  *<«,  csix-ci  a 

ymi  tt-ti  OIYIUID  01  PCJR 4  Cf  T*2J  ADA&9  F!d  FC^STYLAa  ■  LOCAL 

CTfaAJW tAT3C3  13  0VI3J  TO  lAfftaOva  Ar'COLTTl  jr*XI  I-IT7  MiZ>  AATOUAf.T. 
rrjs  croa  adjusts  it*  ctira  WJ  stl?  ix«  to  con-sot  rca  t ccal  zztc* 
rf3  WIT  JT1©>  IN  A  CiC'.t.l,TALXI"3  JJ3SS3.  t  TOC  I  XL  CSYTCSS  ASil  INCUTCD 

vo  ccvnot  jxtr.i-oorf  rtyc*  wra  to  dttcct  bchu  r?ca  c?zs  is  isxynsr.v o 

TOO  AOCfl  ACCV2AC*. 

TTTfl  C_-5C«  Ifl  OUr.VJJTltT  trClATVTD  A*D  CCC^VTarTTO  13  TT3  T737, 
CC?a=t7TT!l  louma  Of  02.3IMA.57  OlTiYiRfllAi  CCGATICWJO  TI3  INITIAL 

vajijn  rxcLei  it  i.  r.  #ju*nix*  «n>  *  x.  gcrccm. 

T23  fJUtA*YT£S3  XJENXT3SMTJ 

r  —  XCTM'CCYJI"  „  TO  SVUCATt  DSaiVATTVTJ 
NIQ1  —  NOUS*  Of  IC^  ATX  CMS  TO  83  INTTOMATO 
t<  • )  —  xourriCM  ncr.T!  at  x 
x  —  xrottpaftiraT  vwiuts 

r  —  w»«oyaiA«  xts7  s::i  rcu  xejy  »w.  voaxAiir  omaNZirr;  rr 
coca 

OS  --  l-CCAL  W2PCsa  TO'JtRANCX 

WT( « )  —  VTCCTC8  Of  »micaT3  TO*  t*PC«  05172X10,1 
X7A2T  —  LOGICAL  V-ASIAJJLZ:  31T  .THUG.  POO  F»A1T  1TTT,  . FAL3I. 
orsTsm.sn 

■OLD  —  STOP  SIS*  USED  TO*  LAST  3t?CCt3JrJL  STTf 

x  —  Aj>fKc?aiAn:  cr.cr*  rca  ktxt  stop  tcer?:2Mi*ED  rr  coo*) 

SOLD  —  0*70  0313  TO*  LAST  SUCCE-S  S  TO  l  STTP 

CJUJI  —  LOGICAL  ”\.Jl  ALL*  SET  .TXU*.  *133/  MO  XTtf  CAN  BS  TATZN , 

.  r alss.  ©Ts«*3»r 

r?(«)  —  DCJlIYATXYa  Of  SOL0TTON  VTCTC3  AT  X  >TTt2  30CCX33TCL 

J  TZf 

TT3  AMAT3  POI,  MI  ASS  ttCOIVZO  FC«  ITT  IMTtfrOLATICW  SCCaCUTINX 

intbn  .  rats  axsay  p  is  intern  ax,  to  -ras  coox.  rsa  icxajh'.^  e  m/s 

VAiilAJUIJ  AWO  AX.SA73  AJ5E  INCLUDED  IN  TXE  CALL  LIS?  ONLY  ,')  7 LI >G MATS 
LOCAL  tirrtDITICaf  or  yajiaoles  bctnyd/  calls. 

irftrt  to  srrpi 

flB3T  CALL  — 

rsa  oxsb  kojt  pjntytdii  s  rot  age  im  ais  callinc  pxocran  rot  all  maats 

IN  TUX  CALL  LI  37,  NAWT.LT 

Dixcaiicw  Y(NTC:i),»rr<»rECV),?fT<VlO<.U),f (NfCiy',TT(?0»N).riXaa)# 

1  XL?*1  h  (  1 3  )  ,  ftKT  A  {  1I),3IC<IJ),V(1J),1»(1I),C(I3) 

r»n  caara  next  also  di;clajj2  staat  ,  caxia  ,  ?tA3ei  and  N«cm 

LOGICAL  VANIABLK-1  AND  f  AN  tlTTSNAL  SOD.TOCTIMH,  3C77LY  T2I! 

*trsroTn?ci  f(X,Y.TT»)  ro  r/ALCArx 

Df(X)/Dl  «  YS»(t)  -  r(I,ril)  ,Y(2),  .  .  .  .YtN^CK)) 

AND  INITlAiirS  CMLT  TXZ  rOLIONTNO  f  AAPXS  fSTIO 

ni-oi  —  Nvia;’-3  or  c^cations  to  sa 

T(’j  —  vser oa  or  ihitial  values  or  orsTJOssT  vxairjuu 

X  —  INITIAL  VALDi  or  T3J  I VCEJ'TADnrr  v»:a sly 
■  —  MOKXNAL  ITL?  SIZE  IMDICATING  DIABCTICtf  Cf  iy* 3C7ATICW 
AKD  HAS  IKON  31 ZX  Of  ST*P.  WI3T  S3  VASIAS  LX 

ty*  —  ux^s.  rxroa  tolssavce  pm  sttt  .  ncat  *a  yatiajl* 
rr<«)  —  vwno*  or  Ncw-tcao  *T:csm  roc  vtrxxt  cxitsnicu 
fTAJtr  —  .rare . 

srm  utnoi am  txat  ms  u  kc«n  of  ns  vseroa  rtTi  ccwKsnorw 

LOCAL  fS^OIf  Ll/>^r{  L)  8K  LEGS  T3AN  I'Ji  fON  A  iWXTJirJl  ST.®.  f!CS 
AMAT  Vt  ALLOT!  TTZ  C 373  TO  SPECirf  AN  fOLfiOX  TtZV  AffTCTaiA 7B 

roa  xi  3  sccrlatm.  rox  ui , 

«T(L)  •  1.0  3f«CiriEi  AAAOLUTt  Z* JOS , 

-  AXUHT(fc))  2*3? 07  RELATIVE  TO  rr*  N0ST  LTCCiT  VA-UTt  Of  TS» 

L- 11  CC/O^ENT  Of  T'.a  JOUTflOa, 

-  AB«<r7(L))  sr.se*  ttLATXVI  TO  YSX  ttDCT  tEOftTP  VWJI!  Of 

T3H  L~rX  CTMTCNCNT  Of  T^.T?  OTarVATIT*, 

-  W»A21(»T:L)  A35(Y(L)))  H5 O*  I2LA7IV3  TO  TO  LA0-UZ3T 

w.cr.i’TtDJ  or  i-nr  coto'cntmt  ootaita-d  jo  rxs, 

-  AAS(Y<  L)  J  •  *SLTa*/TVS  *  Ji^XflSS  A  WTO 

ASLATTVa-A/T-SOLOTE  TT.S?  t¥*TUi  XTTflCH  13  ACLATTV* 

zszca ,  Ksatatn  is  arl-clotb  m.tc?a  A’O  trt  * 

AA1AX1  <  JUtLZ  22 ,  AJOlSESS  )  . 

strv.zwrsrr  caijn  — 

STja-C'mxj  artNi  to  of sicvto  to  toat  all  iNm^csncsr  NzrjrtLro  to 
ccsmirsa  rra  xjrrr.ttaATxetf*  ihCLccu^  "ro  in*  sna  r  un  tin  ccaia 
s  ,  ij  hrrr rvti)  sirs  cacti  s-erp  «!■.•>!  t,;:x  axexmen  o?  it® 
siii.  rr.i  >r»ro.?  TOiiN.wcx,  wiu  rss  vara  or  r<ra  r ani  r-r.xsa 

jaooLD  rjf  ALT*tr.3W.  rax  arm  at  *t  west  its  wmtm  its*  i*-cs  t.tt? 

TO  MAINTAIN  B/C-VVITE  Zy.fCl  77.370  LJ  in  TLCtfl  ASCT^O .  VC.WLLT  ZM 

IN7T!.SAriCSI  ri  CW-^Ntnu  JUST  ILTGO  TTN  C73I.-XD  fNtMTOIXV  AAD  ^3?J5 

JOin*  IJm/YTOLA T"!)  T-/JCT3C  TJ  S<r4!7CCTX.V4  LJTYAf  .  If  IT  ID 
iMvrjsaia:  t  to  iMirG-tArx  r.srcz-o  rr- 2  ^vie.’oiL’V,  r.<3  ar®  srx  m.*,t  m 
ATDOCW5  TO  HIT  VXjf  KNOOOIVf  SISM.JS  Tfc*7  CCt.G  MILL  7>0T  TVCS  A  37*-'? 

LAJKLSU  nASI  TOfl  X  IM7V?  C.TJ^CI^I  TSJ  OIT.TCTICW  Cf  UTt?ttJV.7l CM . 
I.N.,  THE  lie, |  Of  0  ,  K*nvtSM  7TS  CSfcTO  ST.VBT  -*  .TIPS.  AJII'073 

CALLWO  P7C01  APAJM.  7215  1 3  TO3  CWLT  3xTL'ATIS»l  Hi  r*IC2  STaCT 
3«COTI>  Ml  ALT3SW9. 

OCTTTf  OIKM 

SOOCSASmi  STEP  — 

Tact  lOB^ocrLMH  firrjins  tact  succtzi^l  3rrr  win  st.a^  Mtt> 

CTAJ3  3rr  ./AL.JS.  .  1  *2’**C5»'N 73  TVS  IJfU«f^ 'S&tsn  •.’AT X AXIS 

ADTATKltD  013  ZYJOS  Of  .T.*Cr«  fcCLO  r*O0  ITS  VAJ.CJ  CM  AMD  X 

TJJT  30LCT3CN  'ITffm*  AT  TfC  Nf!»  VALOR  Cf  X  .  ALL  CT’«V'.*  ?>AAtrTCCS 

xaeptojAMT  inrowncat  coRrasxMii'Mu-  to  tslX  tri  s  a  v.v?;>n>  to 
cc«n?rra  rat  ivuccxattcn  . 


wxoccfjnrjL  srr?  — 

*3£3  TT2  f.TSO*  TOLLH.VSCS  T3  TOO  SMALL  TOO  703  W^OTlVa  raSCISTCAf. 
TT3  STiJkTOCTTNE  .*.2?*r*N3  MITHOCr  TAXING  A  377?  MTS  CXAL?  ’  .‘I'.'J.  . 
AN  AJ»75fC-?«XAra  STf?  3IZ8  AMD  ra.-c*  70LTR»r»CS  TOT  A-05 

E3TI?L\rr.D  AND  AJJ.  07*7:3  INTO**  MAT!  TV  13  ? £371757?  >JJ  :2?*"T 

iurrcs?2  artv:?»iN«.  to  cc-ntimue  with  ns  lv?-*.7.b  TOir.^’cXJ  to 3 

JtJ.1T  CALLS  ret  ccoa  V»AJ X  .  A  *E37A>?  IS  ASTOCtS  R-WKD  3DR 
DISI3LA9L3. 


IMPLICIT  t*AL'9  {A-t.O-t) 

LOGICAL  V?*JJ*P,C5 *..S«  .  PHA5E1  N''*nO 
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rzc* 

T  ( if  ■■  >  ) ,  +  :~'rj ) ,  *■£!  •'  -  -  \3 ) .  TP  { SEjS ) ,  9  'Jl  { 12 ) « 

cmssz ca  r3o<U)«<r»(iJ) 

WT2TAJH  P 


BATA  T*0<l)/3.i/,  Tr0(J)/4.O/,  fWfl)/C.*A  TEOHl/ll.O/. 

I  TSO{S)/}]J/,  T®0<*)/44. 9/-  TW3<7)/12I.4A  r^O*  3  J/3S4 . 0/  , 
9  T*o<t)/51J.O/,  TSO{10)/1034.0/,  V. 

J  TU9<U)/4091.0A  r»=0<  li)/n>3  •/ 

OAT*  ftXT3(l  )/0.  500/,  CSTTOj/O.  O0J3A  «.4Tst  ( 1  )/#.  «M17/# 

1  £*73(41/0. 0244/,  tJ7S(5)/9  ni«/,  Mr2<4)/C- 3i4JA 

3  4*T»(7)/0.4il4A  «)/*>.  w)*34/,  U13<  J  }/<J  .  0<J7  JS/, 

3  MT*|l»J/0. 00479/,  £JTI(  11  >/0  ■  003S3/,  £*?*  {13  J/0.  JOS  J4/, 

4  C£T*<I3)/0. 004*1/ 

«*«••*  o  xi  a  wwrnxs  otrzxrxxr  Pkst^&sroi .  it  ii  rsz  ixxiLZiv 
Fosxnra  Hrosfft  roa  *s;ca  l.o  ♦  o  .gt.  i.o. 


0  -  S7*DA*{1} 
0  •  DPWAJ<1) 
T»OC  •  2. 0*<J 
rocao  -  4 . o*c» 


•••  VCCItf  SLOCI  0  ••• 

CXtCX  IF  ITt?  Slit  o*  FAtTO*  TOLMAWCE  13  TOO  SHALL  FC*  KAdlKt 
MJCCXSZQf.  IF  FUST  STt?,  IKITULIZf  FIX  AJULAf  WO  ESTIMATE  A 

iTJumstc  it»  six*. 


it  STEF  SI IX  IS  TOO  SMALL,  DC7TAHIME  AN  ACCEPTABLE  CWT 

ausa  •  .ran. 

ZP(AJUiS)  .at.  rcxr«o*Aas{i>)  co  to  s 

a  -  siu((«>mj»Ajts<x) ,3) 

scrtnoi 

F5EPS  -  0.5«CPS 

IF  sseca  TOUTSAMCX  IS  TOO  SM ALL,  IXCXKASX  IT  TO  AN  ACCS FT APL»  VXLCTt 

FCK7KO  -  0.0 
CO  15  1  •  I,VTOf 

POCMD  •  *OCWD  *  (^:^/VT(tl )**3 
SOCXD  •  rwcg  •  SC«T  (  AwvTMD ) 
ir<P5CP*  .CX.  WOO)  GO  TO  IS 

T9s  u  j.o^aocrwtt.o  ♦  tjcpu ) 
urn 

CtAZt  *  .FALSE. 

C<1)  -  1.0 

C( 3 )  •  OS 

SZSftl  -  1.0 

Iff.  NOT .  ST>. TT )  CC  TO  SO 

iMiTtALit*.  coupnra  apf*op*iatt  step  jii*  rca  fiist  step 

CALL  ?(X,T,TP) 

ICK  *  0.0 

DO  30  L  -  i.rsc* 

PHI(L.X)  •  TP(l) 
rsi<i,3>  -  0.0 
SCK  -  JW  ♦  (rf(l)/TT(L)  )**2 
SCM  -  VJfiT(SCX) 

UL1S  *  AJLf(S) 

IF(D*  .17.  ll.0«S3M*a«f)  ‘MI  -  0 . 35*  *3*7  ( CPS/SCX) 

■  -  SJ«<A*AXl(  ANSI,  rXWWW(I)  >  ,1) 

I  -  SlQJfETUJJ  (AJtSf  ,rcmU«AA4(X>  )  ,3) 

SOLD  -  0.0 
I  •  l 
ICLO  •  0 

stast  -  .falls. 
pla«i  w  .  rsTfi. 

SCSOTD  -  .  TETM. 

iriFJEPt  .CT.  lOO.O«'-OCVD)  CO  TO  M 
MCWfD  »  .  FALSE. 

DO  2S  t  -  I.NW3* 

PlXtL,l3)  -  0.0 

IFAJL  -  0 

•  ••  «an>  ■  loci  o 

•••  KUOf  BLOCX  X  *»< 

cokpito  cwmcioTi  of  fwcui  pc«  ms  rrsp.  avoid  clwfctim 

most  QCA3mTI2J  POT  CXAKGXD  «1»  07»  SI  IS  IS  60 V  OL’OfC5D. 


-JW 

~ Jd'JL 
CM 1 


IOO  83-1  •  l+l 
t? 3  -  I+J 

oa  •  f- 1 

OQ  -  1-3 
C 

c  ms  is  tts  rcwsrai  cf  stifj  tajttn  ftt*  sits  a, 

c  on*,  wtm  c.iT.as,  tto  coirficiDrrs  caxurai 

e 


WCLOT'tSfft  TO  CEAfjafT 
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no 


l"ta  . its.  sold)  ms  -  o 

IF  <MS.LS.KOU>)  as  -  MS*  1 

IfSFl  -  MS*  l 

IF  (K  .tT.  MS)  00  TO  1ST 

CCX7UT5  TMCflS  COKTOanrWTS  Of  ALF1!A{  *  } ,  SETA<  •  )  <FS2  (  ' )  ,S1C( 
US  CXANGID 

»TTA<MJ|)  -  1.0 

IS ALMS  •  MS 

ALF»A(Mf)  ■»  1.0/T2A1NS 
TSMP1  *  ff  *  tRAUIS 
SIC(MSVl)  •  1.0 
Iff  X  .LT.  MIDI)  CO  *0  110 
DO  IC5  I  -  aSMl  X 
IK1  -  I-I 
■mo*3  -  FJI(I«1) 

OSI(IXl)  -  TTC'Pl 

SrTA<I)  •  I«r:A<  1X1)  •PSIflMl  )/TTXF2 

vzypi  -  172*73  *  a 
A-UTRA(X)  -  I/T3C91 
aiAU  -  i 

SIC<I*x)  -  MWil:»ALF*A<  I)MIC(l) 

PSKXl  -  TJOTl 

CCWTCTE  cocmcicjns  C(*) 

INITIAL  1X3  V{  »)  KjfTS  StTMfJJ _ 


) 


•MILS 
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tT\V3  .fft.  X)  CO  TO  130 
CO  1X5  IQ  -  1,2 
■raw? 3  “  IQ* ( IC*  1 J 
V(IQ)  -  1.0/TS39J 
US  *<  IQ)  -  »<I«) 

OO  TO  140 

c 

c  it  axz&n  «aj  tAizzo.  ctoa rs  oi «cau  fur?  or 
c 

120  tl(!  .13.  COLO)  CO  TO  130 
TTrflM  -  I‘C»l 
f<Z)  -  1.0/T3MM 
N3MQ  -  MS—  3 

IF(1.i«3  .IT.  1)  «o  to  no 
CO  115  J  •  1  ,*1X2 
I  -  I-J 

135  V<I>  -  t(X)  - 
C 

c  crt>Ar<  v<*i  wra  srT  *<•) 
c 

no  uxin  •  r?i  -  *s 

TtX3»5  -  k_3*A<K3) 

DO  135  IQ  -  X,  UMXTl 

V(  XQ)  -  V(XQ)  -  T£XPS«V(!Q*1) 

135  «<IQ)  -  V<IQ) 

C{ M1P i )  -  *<1) 


COW'JTE  rss  C<*)  IN 


*C*C  VTCTO*  *( • ) 


140  N373  -  MB  ♦  3 

If<m  .LT.  N5F2)  CO  TO  111 
DO  130  I  -  NSP3.JP1 
limits  -  m  -  I 
TW4  -  AJL?tA(I-l ) 

DO  145  IQ  -  I.UXIT3 
143  ■  {  IQ)  -  *(  XQ)  -  TEMP  4  •  *  (  I Q*  l ) 

ISO  G(I)  -  *U> 

155  02*71X03 

C  •*•  DTD  »L0CI  l  ••• 

:  •*•  OJKIM  S LOCI  3  ••• 

:  rwroic?  a  so  loti  cm  *(«),  rvxicxrs  c«xivatxvis  vxtva  Ptmcrxo 

:  sourness*,  sstikatt!  local  taso*  at  c*xz* *  i  and  cxscaj  at  i, 

:  I-l,  1-2  KM  IT  CONST Wf  ITT*  SI  21  *Y*8  0310. 


c  cxvwca  p«x  to  r*i  s:u 
c 

IT(  I  .IT.  *STl)  CO  TO  315 
DO  310  I  -  ***!.! 

mm  -  &c?x<i) 

DO  305  L  -  l.XTCM 
305  P1TI(L,1)  -  TtX?l*PII(L.Z) 

210  corjrijnra 
c 

C  MUSICS  to  LOTI  CM  AMD  0tVTT*EMCZ3 

c 

213  DO  330  L  -  i.xsor 

p*i(t,iP3)  -  Mid.mi 
FBI  <  L,  r.’l )  -  0.0 
330  F(L)  -  0.0 

DO  330  3  -  1  E 
i  ■  m  -  j 
m  **  i*i 
T!»3>2  •  «<I) 

DO  333  L  -  X.tTtXJI 

F(L>  •  9{  L)  ♦  TTX*3*F«II  (  L.I ) 

33  j  WI  (1,1)  -  m<L,I)  ♦  PKI(L.IFl) 

230  cominra 

irt»cren>)  co  to  340 

DO  235  L  -  l.XTQX 

Tad  •  -  pn<L,15> 

9 ( L)  -  T ( L)  ♦  TAD 

235  inn<L,i<)  -  (F(L)  -  Y (  L)  )  -  TX0 
CO  TO  230 

240  DO  245  L  -  l.tfacW 
245  ?<L)  -  T(L)  ♦  B»F(l) 

230  BOLD  -  X 
I  •  X  ♦  H 
MSI  •  AM<I) 

CXU.  T(l'P.T7l 
C 

C  CSTIMATB  MtacCLS  XT  OQC9TM  K.M.M 
C 

rioa  *  0.0 

r*zm  -  o.o 

txx  -o.o 

do  3«5  i  *  i.trerjt 

TSDWJ  -  1 . 9/VT <  L ) 

Try? 4  •  rr<Lj  -  5*1 (t.i) 

X P(  DC))2«;S,  M0, 3  53 

2  35  rarta  •  tw.7*3  *  ( on  )*m»T4)«Tzw?j)**3 

340  t7!rXX  -  TV  1211  *  {(?Tl<L,i)-TT3-rj>4)*Tr?'#3)*«2 

34  3  rna  -  irax  *  < rzyrp  t  •  rxyy  i )  •  •  3 

I7{  XX3 ) 3?  0,375 . 370 

330  raXJQ  •  AJiTN  ■*  4  I  £J  <  tfd  )  ‘CSTI  f  TX3  J  •  (  VS  TM3  ) 

33  5  »JM1  -  t)M-3';TM  SW1  )  •  Wj«T ( 12 1X1 ) 

lio  nx«>3  - 

».«  -  rws" («(!)-«« mjj 
tsi  •  rr;i?3»'sic(r?i)>c.sr*!ij 

m*  -  t 


ZWjT.U)  w  LCATSTD 


ir<DC2  )  353 ,330,335 

e3 1 5  irtwAintPToa.wrKai  . Lt.  cur.)  rvn»  «  oa 


i  ^  V  34  3  I T  (  1  (  n  *Xl ,  IS  r/f.I )  .iz.  I*  I)  on  ' 

CO  TO  353 

)’>n  310  I T !  T® SKI  -LS.  9.3'CSt)  Wt»  -  1X1 

I  C 

^"52"  c  TT3T  If  rn>  SDCC24lJnrL 


215  IffCTta  ,LS.  r?4)  CO  TO  400 

C  •**  Etro  BICJCX  2 


•*«  OI^jCT  J 

rr.5  rr.TP  1.5 


If  TSI  3D  COWlMCvVr't  ?r.T  r-i  on  TO  c*#1. 

TBAW  T5ST3  TIPIS.  CCTtStr*-?!  OPTI-AL  ITU  1IL2. 


tr  Sr r?  rxxrj 


4$HS 

rre  c 

c 

JTmT  c 


n  ><?  j  c 

4  '? « 
□44  e 

4l '  r  e 

ILL-SI  c 

-44  S 


!□£]  e 

EnfS ' 


-4)-A  c 

J  I  yS  C 

■*rT‘r 

riUII 

Ti c 


CWAI  It  A!/  ADA STATIC*  Of  T8S  rcVCTtCM  DlX’-O,  *1277*31  !T  ».A. 
POZ,  A.D.  *A Ms,  AKQ  Ml.  JCSSYM  (C5LX  LAOC^ATClIEt )  .  Cv'**** 

*ac  dwx«»st»  rt  a  a  caj>c*,  i  z  mMr.ci,  a*d  j.j.  *c,\s 
(MrtrtSlTB  NATICWA.L  LA.TCS  ATO»Y )  .  Ttt  KAJOK2TT  Cf  PWfCS TT.H  YAJJ^l 
AJUJ  TCCM  KU,  UUL<*»ArOaitt. 


rarssit*  worn*  s  ( 4  j 
wtoix*  kxvt<ac<4) 
luw.-ca 

DOC»  IX  FUND  I  3  T  0*4  t«ACX  <  5  ) 

ecctYM-rcwca  ( cxac3<  i ) ,  *cx*f s<  1 » > 

K/OIVAJ-Trfd  (SHACJIr  3)  ,m;nK»C(  n  ) 

E€GX  VAUMC3  {  C9UC3  (  1 )  ,  FAXHAfl  <  1 ) ) 

Kxarrsm  ct»<7A»m  re*  rrt  ioi«oocn  i7«i«j  nrrnw. 

DATA  MCXW3<1)  /  tCCMCOOOO  / 

CA7*  MJ?33>S<2)  /  tOOOCOOOOO  / 

DATA  ItfXrrfcCtl)  /  100-7100000  / 

DATA  KXJSMM{2)  /  XOCOOOOOOO  / 

data  KM>Aa(ij  /  ujfTvrrrrT  / 

oata  tuay.ha ( 2 )  /  irrrTrrrrr  / 

maoiti  (xmst «rri  ryt  tte  smwrjcn  31  00  rrsnw. 

data  *rxvr*%(i)  /  <H4  5nQ<f-oocooo<5oo  / 

DATA  rczr^stai  /  0<j00000(500<>0<j0000  / 

DATA  KJV^0<1>  /  01771000000000000  / 

DATA  ICOT'/jO  { 3  >  /  OOOOOOOO'JOOCOOOOO  / 

DATA  KAJJtVJfl}  /  03777777777777777  / 

DATA  KAXKWl ( 3 )  /  00007777777777777  / 

KAcaiM  COT.mjrra  ra*  nrs  ec tttoocm  I7oo/77«-o  rrtTras. 

DATA  MCTTTtll)  /  01431000000030000  / 

DATA  NOnn>1J(J)  /  OOO^OOOPOOOOOCOO*  / 

data  fn jo-aja-s <  1  >  /  oi7-*ioo3o<so<v'3*v>o  / 

DATA  KT  WV«3  (  3  )  /  07  77  03OOOOOOO-:<KHI  / 

DATA  **.-?*>:;<  1}  /  0*3777 77 77  777  77777  / 

DATA  KAAffM<J)  /  07777777777777777  / 

KumTtri  crArwaam  roa  rrz  ore  jooo/tooo  itaist. 

{OCT TO,  fOttHAV  !"Grj  fOSTTAJ#  4  a.90!Lmi) 

DATA  /  1541400C300000CC33000  / 

DATA  MCffiTCI'ftfJI  /  ISOlOOOOOOOOOOOOCiJ'JOlA  / 

DATA  »G:4V7aJ{1)  /  300 l  AOOCOOOOOOOOOOOO’a  / 

DATA  K3JCWM<3)  /  OOOCflOOOOOOOOOOOOOOOa  / 

DATA  ,V: /  1 1  /  377<7777777^?17777T*  / 

DATA  KATAACO)  /  37147777777777777777*/ 

ka C3VA&  otTWf*  i*>3  rrs  toe  <ooo/7o*7i  jtrtifj*. 

( i.vr-'.'.i:a  ?“..>xwa?  poi  rewT*  *.«  <  wa  3  cwz  lsra) 

data  rrTtrtrij  /  3<»U0Mi»-,04O3M  / 

DATA  KOT:?*<3)  /  33<4»*4333*3»'*<44t  / 


DATA  mV-Wlfl)  / 
DATA  Rr if.RVS <  3 )  / 


•  3331344  !  '43114  / 
0  / 


DATA  PAJIJCMSU)  /  571 1?  1  )7-*  1  3  4  7  \j|  j  1  / 

DAT*  HA-.'-’.WJt  3j  /  / 


RAcaiRS  ccwsTAjrra  rou  nt  c>at-i. 


DATA  /  01744  JiOO<»OOOOC3ClOOCO>>a  / 

DATA  J*Of;:71(2l  /  OOOOOOOCOOOOOOOOOOOOOO®  / 
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i;-ii  s 1  :.!!U  /  .  1  / 

JStta  XiZ-  -  v3<  3 )  /  u$-23  / 

£fa  ScurcataS  /  JI:St?77?777 7777777  sa  / 

c^twktj  rtaa  tra  data  «tvsuUi  aczjfis  x/7W. 

fiy.-il  -  IT  BAT  E3  kJttemVtXTt  to  roctsrsi  raj  PCJJ^WTSS  CA43  - 
rr-ATic  cra-hcau) 

CJTA  RT^.'TSVJCR, 3*0/, »2sa*/T?777*. 5*1777771/ 
f  a  KO;7J>i/13O20t,3*3/ 

nain  coetmirw  rea  tts  iasii  330. 

DATA  |CZX!>S<1)  ,«CTZ7X(3}  /  *30OCC0O«,  *00040334  / 

DATA  «I^K.V3<1)  /  *30004000,  *00000301  / 

DATA  ,XJUKAS<2>  /  *37077777,  *37777577  / 

KAanNi  CCMJTWT5  ro*  m  sc^m^zu.  ioo/iooo  Jtxiu. 

DATA  MCEE79(l)  ,*C7rCTS<  3)  /  04  C44 00000004,  ©000040040000  / 

DATA  ttlirUC  ( l)  ,fC  XXAfl  <  2  )  /  04  0.1400000000  ,  ©00000040000©  / 

DATA  «AA^Afia),«Ai*Cw:{2)  /  OJ 7*777777777 ,  07777777777-»7  / 

KAonrs  coJiTAxra  re*  rrt  t*  2100 

raztr*  ncato  docaui  psxcisiow  c#*r:cw  win  rw4 

DATA  WCrCTAd),  *CCE?i(3).  *CTt?S<3)  /  40000*.  0,  371*  / 

DATA  KXy*3i3<l)(  >CJO<AC<3),  m.*iX\G(3)  /  400003,  0 ,  1  / 

DATA  XJOH&aO)*  *AX*A6<3),  «AOXAa(3)  /  777770,  1777770,  1777740  / 

KACiiir*  cwJtwtJ  rc*  rrt  to  3100 

ron  ■cso  occoui  pmccijxcn  ctticw  win  rr*4 


DATA  «C£Z?S<1),  «3!71|1)  /  400000, 


DATA  WCCUX  <  3  J  ,  »C7I?J(4|  / 


0,  337*  / 


ms 


DATA  WVfcAfld),  »fI3fXMl<J)  /  400000,  0  / 

data  rasaao),  m*KM(4)  /  o,  i  / 

DATA  KASraa(l),  *AXXAG<2)  /  777770,  17777  70  / 

DATA  WCXfc3<3),  /  1777770,  1777743  / 

xAcrar*  ccaxTArr*  roa  rrg  iw  *000 

DATA  DWACS(l)  /  .327044104435011310-15  / 

DATA  CPCOJ(  2)  /  .  3235O7m«50?2O14O-)O7  / 

DATA  DKAC.1  (  3 )  /  .  17374*31  J4I43J1  37t>30*  / 

worry*  crwsTMm  roa  res  ion  140/370  imu, 

TTCl  MOA3L  470/74,  TZt  ICL  2*00,  Til  ITSt  AS/4, 
ns  into*  sifewa  3/7/s  a*to  na  xzr.  orartxo  *S/t4. 

DATA  MCnm/1)  ,jcnf1(3)  /  X34190O4O,  XMO0OOO©  / 
DATA  «YPAsS<l)  ,  *3  >S*tAo3  <  2 )  /  XQOT 900*0,  100000000  / 
DATA  HA2XA3 <1 )  ,  MAXXfeS (  2  )  /  XlfTTYTTi,  XPTTTT7PT  / 

KAiCsmo  crrsirum  ro*  ra  iw  pc  -  «ac3c*on  roarrmt 

DATA  HCrrTf(l),  «CSTP*(3>  /  100004000,  I3CVXH3O0  / 

DATA  Wr?fAa<l),  KiXtWUl)  /  »000 00000,  I0017CH500  / 

DATA  KAXvVS <  1 ) ,  )  /  I  fTTTTTTT,  ^rtSYTTf  / 


Kfozxxxn  cwir?AaT0  frw  ra  :w  k  •  htofiauckaj.  roa-TRAN, 
uujrr  ramiM ,  ato  rxrvAH 

DATA  KSDE?*<1)'  «7TCP*<Jl  /  X*  00000000*  ,  »*  IC^DOOOO*  / 
DA7A  AI2*?7WJat,  K2  ^DCX  <  3  )  /  X* OOOOOOOO* ,  S' 091 040(4'  / 
DATA  PUU32*»<1);  AAA7W<a<3)  /  X*  JTTSTTTT*  ,  I*7fWnTf*  / 

CSH-TTA2PT0  TOl  T SX  W-10  (tA  WCCCa«« ) . 

data  »arr7oa),»cr^pf{3)  /  •iujoooo***.  *o^ooo4oo4W4k*  / 

DA**A  KCWM  U ) ,  X3  <  3  )  /  *0334  3000^303 ,  •  MO0CO-.X0-MiO  / 

DA 7 A  ICU?yW<l),»AJrv?«0<3>  /  •  377777777777,  •344777777777  / 

H+csuci  ccsssTum  rat  m  pow-io  <rz  roccsi««j. 

data  a ) ,  ftnrr^n  { 3 )  /  •i«44«c**<D*wif  / 

DATA  XX?(.rNHl)  ,KZTTLA«<3)  /  •oaO4O0O<K,O-AO,  / 

0A7A  KA.*^fl<l)<2*AXr-*8<3)  /  *377777777777,  *377777777777  / 

KP£an7?5  carrrwm  rra  r*x  n*-\i  orrr’^gron 

33-pi ?  zmasttM  {trzKZAzxs  r»  irrs-»sa  as-d  cctax.). 

DATA  sttnsyt(l)  ,wrrT7*<3)  /  4207541*J,  0/ 

DATA  M33W«(1)  /  I3?S<00,  0  / 

DATA  KAXK»»0<l),ffya>C?6t  J)  /  31474X3447,  -1  / 

DATA  W.~ry-| {I )  , MCTTTO f  3)  /  0*4  / 

DATA  KTTKvJsflU)  ,irr.rt7<;(  2)  /  ->0C54T^2. 70-30,  0750 *0000000  / 
DATA  rA37C^U).ii^?^5(3»  /  017777777777,  OJ777777T777  / 

foorxsT  cnr«*r!jf?o  twi  no  poo-u  pw-tajj  srproarrsa 
14-bit  rrmsrsao  {*2 miiiu  1*  ajd  octaaj. 

DATA  WC’i?T>8<i)  ,1K1T1WIJ  3)  /  *473,  0  / 

DATA  r*Z*5&*\})  ,t*C3XP%{4)  /  0,  0  / 

data  «3jj**.3(1)  ,rctawa{3)  /  13 1 ,  9  / 

DATA  KUffUaJO)  ,XIJ«Ae(4|  /  0,  0  / 

DATA  XA2X»4<1)  .XATXMU31  /  33717,  -l  / 

DATA  XAJr.*30),«7**S<4)  /  -l,  -l  / 

DATA  ncyraill.XCTTItl)  /  0033400,  ooooooo  / 

DATA  WC7.>JP0(  3)  ,/C2X>S<4|  /  0000004,  0007000  / 

DA**?.  XT'S* ?tli  { 1 1  ,  HT7>.?tWJ  {  3  )  /  O00C3  0O,  0^00  OflO  / 

DATA  JC5W«JO)»«7t30t3M)  /  0000040,  0000070  / 

DATA  KA^l4*-<aU)  .XXTPJ&f  3)  /  0077777.  01/7777  / 

DATA  POLIX>VJ<  ]  , ,  {  4  )  /  0177777,  0177777  / 


**01.1*1  a^3«TA,tm 


T?rt  tmivv:  uoo 


DATA  *K7f*1  f  X )  ,  *rr?rp *  r  3 1  /  0177440000000,  OOROCOAOOOCOO  / 

data  par>!W<i>,iarwA4(a)  /  oeoooiooooo ‘o,  o*5oooot:o7oo'>o  / 

DATA  *JUrj4M(l),.«Ar<*a(2)  /  OJ77  777777"»7?,  077777777777  7  / 


122 


The  final  value  of  the  orbit  gives  the  approximate  solution 
sin(7.49767761  —  i  •  2.76867798)  =  7.49767624  -  t  •  2.76367834  (1.16) 
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We  are  interested  in  predicting  the  scattering  of  electromagnetic  radi¬ 
ation  by  heterogeneous  structures.  We  can  represent  the  electromagnetic 
fields  induced  within  such  a  body  as  the  solution  of  a  coupled  system  of 
integral  equation  relating  the  electric  raid  magnetic  vectors  of  these  fields  to 
the  electric  and  magnetic  vectors  of  the  stimulating  electromagnetic  field. 
The  ideas  developed  here  can  be  applied  to  bianisotropic  structures,  but  for 
simplicity  we  restrict  our  attention  to  the  cease  of  a  nonmagnetic  body.  By 
solving  a  differential  equation,  we  develop  a  new  inverse  integral  equation 
where  only  known  functions  appear  under  the  integrals. 

1  INTRODUCTION 
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When  a  scattering  body  has  a  general  shape,  there  is  no  exact  solution 
to  the  boundary  value  problem  associated  with  Maxwell’s  equ?.tion3.  The 
problem  i3  usually  formulated  in  terms  of  integral  equations  where  the  field 
quantities  E  and  H  being  sought  appear  both  under  the  integral  and  outside 
the  integral.  The  electric  field  integral  equation  has  the  form, 

E-E  = 

j(  f  div(iu>c£  +  aH  -  iwc^S)  s  ,  , 

-,rai  ^ - — - ’-C( r,  .)*(»)  j 

+-^-grad  (^J  ( iu/eE  +  aH  —  VujcqE)  ■  nG(r,3)da(s)j 

+  (^~)  (/sn{ioV.(£-(n-JB)n))G(r,s)+ 
div(cr,(E  -  (n  •  E)n))grad(G{r ,  s))|  da(sf) 

—iuifiQ  -f  a8  -  tu>eoj§)G(r,  s)dv(s)+ 

-  curl  ^j^iupiH  +  0E  -  iwnoH}G(r}  s)dv(s)^  (1.1) 

and  the  magnetic  field  integral  equation  for  a  bianisotropic  material  u,  given 
by 

H  -  H'  - 

~^—gradJ^((iu^iH  +  0E-  iu^H)  ■  n)G(r,s)da(s) 

~  ~  (™  •  E)™)  x  (?™d(G(r,  s)))do(s)j 

-iwe0  +  /3E  -  kj’icH)G(r,  3 )dv{s)+ 

+  curl  ^Jj^iueE  +  aH  -  iu)yQE)G(r,  s)d„  's)j  (1.2) 
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rry^r? 

■fr  jtol.tevrihSLMijit.JiO&il  iiS&S/liJiXltjli  aVAife, 


7  -.rjir  t|(  ys^gwypm  gr; 


where  e,  a,  fi,  a,  and  f3  are  tensers  and  the  Maxwell  equations  for  time 
harmonic  radiation  with  an  ezp(iwt')  time  dependence  are  given  by 

curl(E) -iwpoH  -  Jm  (1.3) 

and 

curl(H)  =  iwcQE  +  Je  (1.4) 

where 

Je  —  iu)£E  -f  gH  —  M£q^  (1.5) 

and 

Jm  -  iupE  +  (3E  -  iojfi0H  (1.6) 

To  simplify  the  development  v/o  assume  that  the  integral  equation  that 
we  are  solving  has  the  form, 

E  -  £  =  \LE  (1.7) 

By  working  with  this  equation  we  have  developed  a  resolvent  operator  7ZX 
such  that 

E?  —  E  —  -A  Rxg  (1.8) 

This  resolvent  operator  R\  is  given  by 

RXE  (p)  -  7 lx(p,  q)E>(q)du(q)  (1.9) 

and  7ZX  is  the  solution  of  the  ordinary  differential  equation,  in  the  indepen¬ 
dent  variable  A,  given  by 

?)  ~  w)'Z\(vj,q)dt/(w)  (1.10) 

with 

-  (7(p,v)  (1.11) 

where 

L&(P)  =  Q(P,  q)E(q)dl/(q)  (1.12) 

We  note  that  ones  7ZX  is  known,  ve  can  predict  the  interaction  of  radia- 
t.on  with  different  orientations  of  the  scattering  body  simply  by  applying 

ti  anstormations  to  E  and  calculating  jo  loi  each  of  the  transformed  values 

— *"i 

of  E  .  This  method  gives  U3  a  rind  of  homotopy  between  the  scattering 
problem  for  a  vacuous  scattersr  to  the  more  complex  scattering  problem. 
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2  OPERATOR  ITERATES 


The  main  theorem  of  Calderon  and  Zygmund  ([2])  show3  that  if  we 
define  an  operator  L  on  the  space  I»5(ft,C3)  using  the  free  space  Green’s 
function  Q  by  the  rule, 

LF(p)  =  jj{q)Q{p..q)dv{q\  (2.1) 

then  the  operator  norm  of  L  is  finite.  The  theorem  of  Calde  ron  and  Zyg- 
mund  ([2])  tells  us  that  the  integral,  operators  of  electromagnetic  scattering 
transform  fields  producing  a  finite  total  power  into  other  fields  producing 
a  finite  total  power.  Since  all  norms  on  Rn  are  equivalent,  we  may  define 
the  norm  of  L  to  be 

I  L  |n=  sup{\Lf\a:fiL2(Q,C?),  and  |  /  |n=  1}  (2.2) 

where 

f(p)  =  (A(p),MplMp))  (2.3) 

implies  that 

I  /  In—  E  f  I  Mv)  I3  MV)  (2-4) 

i=i 

It  is  clear,  therefore,  that  if  A  is  sufficiently  small  that  the  operator  norm 
of  XL  is  smaller  than  1.  Thus,  in  everything  that  follows  in  this  section  we 
shall  assume  that 

I  AX  |n<  1  (2.5) 

It  is  now  easy  to  derive  an  expression  for  &  —  under  this  assumption. 
Just  using  concepts  associated  with  the  summation  of  a  geometric  series 
we  find  that 

E?  —  E\  —  —X  A h~lLkEi)  (2.6) 

We  express  the  right  side  of  equation  (2.6)  as  an  integral  operator  by  in¬ 
troducing  the  sought  after  solution  finder  or  resolvent  kernel  q )  via 

the  relationship 

-A  i)  7^(P:'?) '  -  -AE  (a j  (2.7) 

727 


Combining  (2.6)  and  (2.7)  and  the  basic  definition  (2.1)  of  L  in  terms  of 
Q(p,q )  imply  that  if  we  introduce  the  functions  G^(p,  q)  by  the  relations, 


^x(p,q)  =  G(p,q)  +  f:^kG{k+1)(p,q)) 

*=  1 

(2.8) 

so  that  it  would  then  follow  that 

LkE{  =  jnGW(p,qmq)dv{q) 

(2.9) 

end 

since 

=  jaG(p,w)  ^G(h\w,q)E\q)dv{q)^  dv{w) 

(2.10) 

and  since  an  interchange  of  the  order  of  integration  in  (2.10) 
in  view  of  (2.9)  and  the  relationship, 

implies  chat 

Lk+1Ei  =  L(LkE ')  =  L\L§) 

(2.11) 

that 

G{k+1)(p,  q)  -  Ja  G(p,  t v)g{k)(w,  q)dv{xv) 

=  /  G(li\p,v>)G{™,  q)dv(w) 

Jo 

(2.12) 

it  will  follow  upon  substitution  of  (2.12)  into  (2.8)  that 

q)  =  G(p,  ?)  +  A*  w)G{k](u,  <q)dv{w)J 

(2.13) 

Wc  now  resubstitute  the  original  representation  of  given  by  (2.3)  into 

(2.12)  making  use  of  the  fact  that 


to  deduce  that  since  (2.S)  says  th. 


fc=i 

Afa(p,«j}i-f:Afca(Hl)(p,g)), 

\  k=i  / 


(2.14) 


and  since 


J^XkQ{k+l)(p,  q)  -yZ(  I  Q(p,w)C{k)(w,q)du(w)  \  - 

fc=i  *.-.=1  vyfi  ' 

/  £(p;«>)  (]CA*£(k)(u;,g)>]  =  i  £(P>  w)XR.\(w,  q)dv(w)  (2.15) 

'n  \jt=i  /  y£J 


the  relation, 


ft*(P>  q )  =  <7(p,  ?)  +  A  Qf  £(p,  w)?Ja( w,  q)dv(w)^  (2.16) 

is  valid  for  A  with  a  sufficiently  small  absolute  value.  Our  next  objective  is 
to  obtain  an  expression  for 


C<A,;>=(^) 


(2.17) 


and  take  the  limit  as  A  approaches  A. 

We  begin  by  noticing  that  in  view  cf  equations  (2,12)  (2.14),  and  (2.16), 
we  obtain  the  relation, 

A  /  K\(p,u>)G{w,q)dv[w)  -  A  I  Q(p,  xo)7i-x(w,  q)dy(tv)  = 

«/0  JQ 


]C  (a J+1Gu+l){w,tj)G(p,w))  1  di/(u;) 


(2.13) 


In  working  with  equation  (2.13)  we  will  maie  use  of  the  standard  identity 


AJ+1  -  A'+l  =  (A  -  A)  j  £  (Ak.V 

\*=t0 


(2.19) 
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and  the  fact  that  (2.12)  implies  that 

i=o  \*=  o  / 

E  ft  (A*A«-‘>)  (/  ^(p,«,)5u+,>(v;,5)^h)  j  (2-20) 

j=0  \Ar=0  V0  7  / 

However,  in  order  to  proceed  we  need  the  following  Lemma. 

Lemma  2.1  IfQita  dyadic  Calderon- Zygmund  kernel  ( Calderon  and  Zyg- 
mund  [2j)  on  the  open  set  ft  of  PC  and  if  u  defined  by  equation  (2.12), 
then  if  j  is  a  nonnegaiive  integer, 

(  G{?,  w)GU+1)(w,  q)dv(q)  = 

Jo 

f  G{k+1)(p ,  u>)0«-*+l)K  q)du(q)  (2.21) 

j  n 

for  all  integers  k  between  C  and  j. 

Proof  of  Lemma  2.1.  The  proof  of  the  Lemma  will  proceed  by  induction 
on  j.  If  j  =  0,  then  k  —  0  and  equation  (2.21)  is  a  tautology.  Thus,  we 
let  V(j  +  1)  be  the  sentence  that  says  that  equation  (cq:  iteratodintSGS- 
.Gsupjplusl)  is  valid  for  the  nonnegative  integer  j.  We  have  just  observed 
that  V(l)  is  true,  and  we  proceed  to  prove  that  V[n )  implies  that  V(n  4- 1) 
is  true.  We  note  that  V{n)  is  always  true  if  k  =■  0  or  if  k  —  j,  and  we 
consequently  assume  that  0  <  k  <  j  and  proceed  by  induction  on  j.  The 
definition  of  q)  and  the  inductive  hypothesis  imply  that 

/  Gip,w)Qb+l\w,q)dv{v:)  = 

Jo 

Jn  Gif,  w)  Jn  (£(■■"•  u)G(7Hu>  ?))  <dv(u)du{w)  =  . 

/  g(p,w)  f  gik-l^\w,u)Qii-1^-l^l(u,q)dp(q)dv(w)  (2.22) 

Jo  Jo 

Interchanging  the  order  of  integration  in  equation  (2,22)  implies  that 
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/  Q(p,  w)Qb+1\w,q)dv(w)  - 

Jo 

Jo  Uagik~iy+l('V’,u))  ^{i'i+1)(u>?)^(u) 

=  JnQ{k+1)(p,n)g^-k+1\u,q)du(u)  (2.23) 

and  this  completes  the  proof  of  Lemma  2.1. 

We  will  now  use  Lemma  2.1,  equation  (2.21),  to  rewrite  equation  (eq: 
scriptGrecursion)  in  the  form 

i- c  \*=o  / 

E  f  E  (^~*  l  S(i+1)0>. u;)C°'-fc+,)K  g)<fi/(io))  j  (2.24) 

We  will  now  prove  the  validity  of  another  Lemma.  This  Lemma  will  be  more 
abstract  and  will  treat  properties  of  sequences  of,  possibly,  noncom muting 
linear  transformations  {.Ai,  A^,A3,  ■  •  •}  and  {Si(  Bi,  2?3,  •  •  •}  where  the  ,4* 
map  a  Banach  space  Y  onto  a  Banach  space  Z,  and  the  Bj  map  a  Banach 
space  X  onto  the  Banach  space  Y,  and  the  conditions  under  which  one  may 
define  the  product  of  a  series  of  the  form, 

-4=  E(a*A*+i) 

*= o 

and  a  series  of  the  form 

y-o 

While  the  Lemma  which  follows  may  appear  to  be  formally  obvious,  a  proof 
is  needed  because  of  the  interchange  of  infinite  processes. 

The  Lemma  is  the  following. 

Lemma  2.2  Let  {Ai,Aa,  i43,  •  ■  •}  be  a  sequence  of  bounded  linear  trans¬ 
formations  of  the  Banach  space  Y  with  norm,  |  |y  into  the  Banach  space 
Z  with  norm,  |  |/.  Lei  {2?j,  Bi,  £?3,  •  •  •}  be  a  sequence  of  bounded  linear 
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transformations  of  the  Banach  space  X  with  norm,  |  |,y,  into  the  Banach 

space  Y  such  that  if 

I  Aj  \(Y,Z)—  -sup  {|  Ajf  1 2:  f  eY  and  j  /  \Y=  1} 


and 

I  Bk  |{*.y)=  sup{ |  Bkf  |r:  f  €  X  and  \f  |*=  1} 

then  there  are  positive  real  constants  Ca,  Cb,  Rai  a^d  Rg  with  the  property 
that 

I  Ak+l  I (K,Z)  <  CARkA 

and 

I  -Sj+i  |(X,y)  <  CbRq 

for 

{j,k}  C  {1,2,3,-..}. 

If  X  and  X  are  such  that  X RA  <  1  and  X Rg  <  1,  then 


(eWM)(e(s’M)  = 


J= 0 


j=r 0  \^=0 


(2.25) 


and  either  side  of  this  equation  represents  a  bounded  linear  transformation 
of  the  Banach  space  X  into  the  Banach  space  Z. 


Proof  of  Lemma  2.2.  Sines  Bj+ 1_*  maps  X  into  Y  and  /lt+i  maps  Y 
into  Z ,  it  is  clear  that  Ak+iBj+j-k  transforms  elements  of  X  linearly  and 
continuously  into  Z.  Also,  the  hypothesis  of  Lemma  2.2  guarantee  that  both 
sides  of  equation  (2.25)  define  uniformly  series  of  bounded  linear  operators 
acting  on  the  Banach  space  X  and  that,  consequently,  any  rearrangement 
of  terms  leaves  the  sum  unchanged.  Since 

A*A'  =  XkXj~h 


if  k  +  t  =  j,  the  Lemma  follows  by  induction  on  the  products  of  the  number 
of  terms  in  finite  partial  sums  approximating  the  left  side  of  equation  (2.25). 
We  now  apply  Lemma  2.2  to  prove  the  following. 
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Lemma  2.3  If7l\  is  defined  for  complex  numbers  A  by  equation  (2.8)  or  by 
equation  (eq:  lambdaRsublambda),  then  the  relationship  (2.12)  represents 
an£ 

[  Hx(p,w)JR->{xv,q)du{w)  = 

J  o 

Eft;  {^’-kCU+*Kp,q)))  (2.26) 

;=0  \fc= 0  / 

Proof  of  Lemma  2.3.  By  equation  (eq:  Rsublambda)  we  see  that 


^(p,»)  =  E(A^(fc+l,o».w)) 


(2.27) 


Thus,  by  Lemma  2.2  it  follows  that 


f  R»(p, 

I  (£  )  (£  (x»au«'(»,9)))  *(»)  = 

Jn  \Jfc=0  /  \i=0  / 


Jn  ^E  [Z  (a*  V-‘a(H1,(p,  ti>)ff«-*+l,(u»,  g))  J  J  rfi/(u»)  (2.28) 

Now  using  the  relation  (2.22)  and  the  definition,  equation  (eq:  Gsupkplu- 
soneofpandq),  of  Q':+l\p,q)  we  see  that 

S(j+2)(p,<z)  =  f  G{k+l)(p,w)G{j-k+1\^q)Mu>)  (2.29) 

Jn 

Thus,  Lemma  2.3  and  equation  (2.26)  then  follows  as  a  result  of  substituting 
equation  (2.29)  into  equation  (2.23).  This  completes  the  proof  of  Lemma 
2.3. 

We  now  complete  the  proof  of  the  final  Lemma  which  will  give  us  an 
expression  for 

/(A,  A)  =  7l\(p,q)-ft}i(p,q) 

Equation  (2.16)  then  tells  us  that 

^a(p,  q)  -  7^(p,  q)  = 
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A  /  Q{p,  w)Hx(w,  q)du(w)  -  A  f  Q(p,w)H-x(w,q)du(w)  (2.30) 
On  On 

Substitution  of  the  power  series  representation,  equation  (2.8),  of  7Z\(w,  q ) 
into  (2.30),  we  can  obtain  the  relationship, 

K\{p,q)-nx{p,q)  = 


E  ,)  -  v«s«*>g>, ,))  = 

j=0 

A  faG(p,v>)  (A;£(j+1)(u>,g))j  dv(u,)“ 

A  jf  Q(p,  w)  (A^',J+1>(w,  ?))  j  <Mt®)  (2.31) 

Substituting  (2.19)  into  equation  (2.31)  gives  us  the  following  lemma 

Lemma  2.4  .  If7Z\(p,q)  is  given  by  equation  (2.8),  -where  G^(p,q)  is 
defined  by  (2.12),  then 

K\(p,  2)  -  fcxG>.  2)  = 

(A  -  A)  ^E  f E  (A‘V-*S )««>(?, ,))  J  J  (2.32) 

These  Lemmas  enable  one  to  prove  the  following  theorem. 

Theorem  2.1  If  Td\(p,q)  is  defined  by  (2.7)  and  (2.3),  and  Q(p,q)  is  a 
Calderon  Zygmund  Kernel  (Calderon  and  Zygmund  [ 2 j),  then 


ft*(p>  2)  -  ftx(p»  2)  - 

(A -A)/  7vA(p,  u))^t(u>,  g)^(w)  (2.33) 

on 

and 

(p,  2)  =  JQ  K\(?,  w)7Zx{w,  q)dv{w)  (2.34) 

where 

7io(p,q)  =  G(p,q)  (2.35) 
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Proof  of  Theorem  2.1.  Equation  (2.33)  follows  by  substituting  equation 
(2.26)  into  (2.31).  Equation  (2.34)  follows  by  dividing  both  sides  of  (2.33) 
by  A  —  A  and  taking  the  limit  as  A  approaches  A.  Equation  (2.35)  follows 
from  equation  (2.16). 

In  solving  the  initial  value  problem  suggested  by  this  theorem  we  note 
that  the  Cauchy  integral  theorem  tells  us  that  an  integral  of  1Z\  over  a 
curve  or  a  path  of  A  values  in  the  complex  plane  is  independent  of  path  if 
one  path  can  be  deformed  into  another  without  crossing  a  pole  of  Tl\. 
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UNIQUENESS  OF  SOLUTIONS  OF 
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WITH 

IMPEDANCE  SHEETS 
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Bianisotropic  materials  are  more  general  than  either  anisotropic  or  chi¬ 
ral  materials.  We  write  down  the  frequency  domain  Maxwell  equations 
for  a  bianisotropic  material  and  develop  conditions  on  tensors  appearing 
in  these  equations  which  guarantee  uniqueness  of  the  solution  cf  the  elec¬ 
tromagnetic  interaction  problem.  The  primary  tools  here  are  the  the  use 
of  Silver  Mueller  radiation  conditions  identities  involving  integrals  of  field 
quantities  over  the  interior  and  surface  of  the  scattering  body  derived  from 
impedance  sheet  boundary  conditions,  and  some  theorems  of  Gauss.  The 
integral  equation  formulation  of  the  electromagnetic  interaction  problem  i3 
provided  in  three  and  seven  dimensional  sp?.ce. 


1  INTRODUCTION 
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Bianisotropic  materials(Kong  [7]),  because  of  their  greater  complexity, 
have  greater  potential  for  reliably  modeling  physical  materials  which  re¬ 
spond  linearly  to  stimulating  electromagnetic  radiation.  Chiral  properties 
are  a  special  case  of  bianisotropic  materials.  With  chiral  materials  there  is 
a  special  scalar  (Jaggard  and  Engetta  [6])  such  that 

D  =  cE  +  i{cB  (1.1) 

and 

B  =  /sH  —  i£efiE  (1.2) 

With  the  more  general  bianisotropic  materials  there  are  tensors  a  and  (3 
with  the  property  that 

D  =  eE  +  aH/(iu)  (1.3) 

and 

B  =  HH  +  (3E/{iu)  (1.4) 

where  e  and  jj.  are  tensors.  Here  Maxwell’s  equations  have  the  form 

curl(E)  =  -iuB  (1.5) 

and 

curl(H)  =  iwD  +  (1.6) 

Using  these  notions  we  make  Maxwell’s  equations  look  like  the  standard 
Maxwell  equations  with  complex  sources  by  introducing  the  generalized 
electric  and  magnetic  current  densities  by  the  relations, 


curl(E)  =  iwfiqH  -  Jm 

(1.7) 

and 

curl(H)  =  tw£o£  +  Je 

(1.8) 

where 

Je  =  iueE  +  cxH  - 

(1.9) 

and 

Jm  —  iu>pH  +  fiE  —  iu>n0H 

(1.10) 

We  also  assume 

that  there  i3  an  impedance  sheet  current  density  given  by 

J,  —  a,{E  —  {n-E)n) 

(1.11) 
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The  formulation  of  integral  equations  for  bianisotropic  materials,  therefore, 
is  carried  out  by  the  analysis  of  the  following  coupled  system  of  integral 
equations  based  on  the  notion  of  electric  and  magnetic  charges  defined  by 
the  two  continuity  equations 

*v(/e)+fr  (i.i2) 

and 

*»(/»)  +  (U3) 

Having  developed  this  the  coupled  system  of  integral  equations  de¬ 
scribing  the  interaction  of  electromagnetic  radiation  with  a  bounded  bian¬ 
isotropic  body  Q.  is  given  by  the  following  relations.  The  electric  field 
integral  equation  is  given  by 

E  —  E  —  -grad  (  f  G(r,  3)^(3)^ 

wfl  W£o  I 

\ 

+  (*o (J,)G(r,s)  +  div{J,)grad(G(r,s))}  da(s)j 

-iu>n o  /  JeG(r,s)dv(s)+ 

Ja 

-  curl  Qf  JmG(r,s)dv(s)j 

and  the  magnetic  field  integral  equation  may  be  expressed  as 


(1.14) 


H  —  H'  =  -grad  (  f  —  -G(r,  s)du(.s)^ 

^,/n  y 

- —grad  (  f  (Jm  ■  n)G(r,3)da(s)i. 

\JS o  J 

-  (JgJtZ  *  (srod(G(rts)))da(a)j 

-iuto  j  JmG(r,s)dv(3)+ 

J  o 

+  curl  JeG(r,3)dv(s)\  (1.15) 

where  G(r,s)  is  the  rotation  invariant,  temperate  fundamental  solution  of 
the  Helmholtz  equation, 

(A  +  k20)G  =  6  (1.16) 


given  by 


G(r,s)  - 


czp(-iko  |  r  —  3  1) 
4ir  |  r  —  s  | 


(1.17) 


Substituting  (1.9)  through  (1.11)  into  equations  (1.14)  and  (1.15)  we 
obtain,  the  coupled  integral  equations  for  bianisotropic  materials.  The 
electric  field  integral  equation  for  a  bianisotrcpic  material  is  given  by, 


E  —  E  =  — grad 


div(ujje£  +  all  —  iu  eo£) 


weo 


G(r,s)dr(s)j 


d - grad  (  [  ( iueE  +  aH  —  lue^E  •  n)G(r, s)da(s)) 

UJfO  \Jd 0  J 

div(c,(E  —  (n  •  E)n))grad(G(r,3 ))}  cfa(s)^ 

— uupo  f  (iojeE  d-  aE  —  MtoE)G(r,3)dv(s)d- 

Jn 

-  curl  ( +  j5E  —  iu!j.ioH)G(r,3)dv(3 )^ 


(1.18) 
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The  magnetic  field  integral  equation  for  a  bianisotropic  material  covered 
by  an  impedance  sheet  is  given  by 


H  —  H  =  —grad 


div(iu)fiH  -f  flE  —  iupoH) 


G(r,  a)dv(s) 


- —grad  f  (iupH  +  (3E  -  ■  n)G(r,s)dc(s ) 

(jJfiQ  Jd  Q 

-  -  (n  •  E)n)  x  ( grad(G{r ,  s)))da(j)j 

—iuie0  J  (iuipH  +  0E  —  iuif.!0H)G(r,3)dv(s)+ 

+  curl  (/  (iu>eE  +  aH  —  iueaE)G(r,  s)dv(s)J 


(1.18) 


While  we  have  obtained  exact  solutions  for  layered  materials,  most  of  the 
problems  are  so  complex  that  one  must  formulate  the  interaction  problems 
using  integral  equations.  The  primary  focus  of  this  paper  is  to  demonstrate 
the  equivalence  of  integral  equation  and  Maxwell  equation  formulations 
of  the  problem  for  suitable  function  spaces  by  demonstrating  uniqueness. 
Then  we  can  carry  out  the  design  of  complex  materials  using  an  improve¬ 
ment  of  classical  spline  methods  (Tsai,  Massoudi,  Durney,  and  Iskander 
[9],  pp  1131-1139)  and  (Li  [8]).  The  Tsai,  Massoudi,  Durney,  and  Islan¬ 
der  paper  is  unusual  in  that  comparisons  are  marie  between  internal  fields 
predicted  from  moment  method  computations  and  Mie  solution  computa¬ 
tions.  In  Li  [8]  this  verification  was  carried  out  analytically.  There  sxe 
several  methods  of  solving  coupled  integral  equations  of  the  form  (1.18) 
and  (1.19)  by  approximate  methods.  However,  as  the  scattering  bodies 
become  more  complex  the  computational  requirements  become  larger  and 
larger.  With  exact, 'finite  rank  integral  equation  theory’  ([3]),  if  one  has  a 
discretization  that  enables  one  to  closely  approximate  the  solution,  then 
refinements  cam  be  made  by  a  process  based  on  the  concept  that  the  norm 
cf  the  difference  between  an  approximate  integral  operator  and  the  actual 
integral  operator  is  simply  smaller  than  one,  not  necessarily  close  enough 
to  give  answers  of  acceptable  accuracy.  Then  the  answer  i3  improved  by 
an  iterative  process  to  any  desired  precision  without  the  use  of  additional 
computer  memory. 


1  O 


4  I-U  i'mj  '  J 


When  solving  electromagnetic  scattering  problems  for  isotropic  bodies, 
one  can  proceed  in  a  fairly  direct  way  with  the  discretization  of  specializa¬ 
tions  of  the  integral  equations  (1.18)  and  (1.19),  but  in  modeling  classes 
of  the  more  complex  materials  such  as  liquid  crystals  for  electron  camera 
shutters  or  piezoelectric  materials  for  micromotors,  greater  care  has  to  be 
taken  that  the  model  of  the  interaction  has  only  one  solution. 

2  UNIQUENESS 


If  E  and  H  are  electric  and  magnetic-field  n  a  bianisotropic  materiel, 
then  there  exist  tensors  p,  e,  a,  and  /3  such  that 

curl0)  =  -:wp/I  -  0$  (2.1) 

and 

curi(H)  =  (*w«  +  er)E  +  aH  (2.2) 

We  assume  that  if  a  is  a  complex  tensor  that  a*  denotes  its  complex 
conjugate.  We  assume  that  a  bounded  bianisotropic  body  ft  with  a  smooth 
normal  is  embedded  in  three  dimensional  free  space  and  is  subjected  to  a 
remote  source  of  radiation  whose  electric  field  is  E  and  whose  magnetic 
field  is  H\  If  E  denotes  the  difference  between  two  solutions  of  the  form 

""*1  ~*f  ~*9 

E  +  E  ,  where  E  denotes  the  scattered  radiation,  in  the  exterior  of  ft,  or 
simply  the  difference  of  two  solutions  in  the  interior  of  ft,  then  the  solution 
is  unique  if  we  can  prove  that  $  is  identically  zero  in  the  exterior  of  ft  or 
everywhere  inside  ft. 

The  starting  point  for  proofs  of  uniqueness  of  solutions  of  electromag¬ 
netic  scattering  problems  is  the  Silver  Mueller  radiation  conditions  which 
demand  that  if  Cr  is  a  sphere  of  radius  R  centered  at  a  point  in  the  scat¬ 
tering  body,  that  then 

jfIM  j  (n  x  curl(E)  -  ik0E )  ■  (n  x  cnrl(E’)  +  ik<,E")da  =  0  (2.3) 
It  ^  OO  J  Cs  n 

Thus,  we  note  that. 


m 


p 

f, 


m 


U  l 


£,  y*  V**V*nrj 


f  |  n  x  curi(E)  —  :'.t0J5  j2  da  = 
JcR 

/  (|  n  x  curl(E)  j2  +*2  |  £  |2)da+ 
JcR 

ik0  f  ((n  x  cur/(£?))  •  £*)da 
-  iJto  /  £  •  (n  x  curl(E'))da 

JCh 


(2.4) 


Focusing  our  attention  cn  the  last  two  terms  in  this  equation,  we  see 


that 


iko  I  (n  x  cnrl(E))  •  E’da  — 

JCr 

Ocq  f  n  ■  (curl(E)  x  E')dv 

JCR 

~  ik o  ^  div(curl(E)  X  E") dv+ 
+  (ik0)  f  fi  •  (curl(E)  x  E')da 

‘'•Sb 


(2.5) 


In  the  previous  equation  S i  is  the  surface  bounding  the  bianisotropic  body 
and  V\  is  the  region  between  the  bounded  bianisotropic  body  and  the  sphere 
Cr  centered  at  a  point  in  the  bianisotropic  material.  We  will  assume  that 
Vj  represents  the  bounded  bianisotropic  body  covered  by  an  impedance 
sheet.  Continuing  our  analysis,  and  replacing  curl(E)  by  we  find 

that 

i*o  /  (»  X  curl(S))  •  E'da  — 

JCr 


ike  I  div(curl(E )  x  E*)dv+ 

jCr 

kQu>fi0  J  n-(H  x  Er)da. 


(2.6) 


Thus,  making  use  cf  the  impedance  sheet  boundary  condition  which  states 
that 

n  x  H  —  n  x  Hi  - f  c,(Ej  —  (n  •  Ej)n)  (2.7) 

we  find  that 
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ikQ  I  (n  x  curl(E))  •  E'da  ■■= 

Jcr 

ik0  f  div(curl(E )  x  E‘)dv+ 

JcK 

kcpjfio  f  n-  (i?2  x  E^)da+ 

JSj 

koUfio  f  —  (n  ■  Ei)n)  •  i£|}  dr,  (2.8) 

where  Hi  and  Ei  are  the  electric  and  magnetic  fields  just  inside  of  the 
impedance  sheet  on  the  surface  Si.  First  using  the  Gauss  divergence  theo¬ 
rem  we  dad  that 

ike  I  (n  x  curl(E))  •  E'da  = 

JCr 

ike  j  div(curl(E)  x  E')dv+ 

JcR 

k&jjno  jv  div(Hi  x  E^)dv+ 

Wo  fs  {*,(£*  -  (n  •  Eh)n)  ■£;}  da  (2.9) 

We  now  make  use  of  the  vector  calculus  identity, 

div(A  x  3)  =  B  •  ( curl(A ))  -  A  •  ( curl(B ))  (2.10) 

We  find  that 

ike  I  (n  X  cnrl(Ej)  ■  E’da  = 

Jcn 

ike  J  {&'  ‘  ( curl(curl(E )))  -  curl(E)  •  curl(E’))dv+ 
k&m. j  /  (E;  ■  cvrl(Hi)  -  Hi  ■  curl{E;))dv+ 

JYj 

Wo/  <7,  {{El  •  £?)  -  (ij  .  ri)(f;  •  n)}  da  (2.11) 

«/Sj 

Substituting  in  the  constitutive  relations  we  find  that 
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iko  I  (n  x  cur/(£?))  •  E'da  =  -ik0  [  \E'  •  A E+  |  curl(E)  |3}  dv 
JCR  JVy  > 

+iowpo  ^  •  {O'we  +  (?)E2  +  ai?2 }  dv 

~ktfJn0  f  H2  •  (iup’Hl  -  (3"El)dv+ 

Jv? 

Wo  /  {l  (£  -  (i3  •  n)  •  n)  |2}  da  (2.12) 

J$2 

Considering  the  conjugate  term  of  this  form  we  observe  that 

—iko  J  (n  x  curl(E'))  •  Eda  =  ik0  J  { E  ■  A E'-\-  |  curl(E)  ]2}  dv 

+k&jfi0  J  Ei  ■  {(  — :wc’  +  cr*)J?j  +  a  J  dv 

—koU)fi0  /  ■  (—iupiHi  —  pE?)dv+ 

JV3 

W 0  j r  *:  {|  &  -  (£  •  n)  •  n)  I2}  da  (2.13) 

Adding  these  equations  v/e  find  that  the  solution  i3  unique  provided 
that  either  a  quadratic  form  is  positive  definite  or  another  form  is  either 
negative  or  positive  definite.  Indeed  it  may  be  easier  to  prove  uniqueness 
for  the  more  complex  material  them  when  the  scatterer  has  a  simpler  form. 
We  find  that 
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2 Re  (^ik0  j  (n  X  curl(E))  •  E'daj  = 
f  {(-Ej  •  (lwe  +  &)E?)  +  (£2  •  (— iuea  +  <y*)£?j)J  dv+ 

■'Vi  *• 

Wo  J  {(£2  •  («)&)  +  (£  •  (a*)tf2*)}  dv+ 
-k0uno  Jv  {Hi  •  (iuijjSHl)  +  ffj  •  (— iufxHi)}  dv+ 
Wo  j  {(#2  •  /3*4')  +  (J?2*  ■  (3 Ei)}  dv+ 

W 0  /  (<7,*  +  a.)  {(£  •  £j)  -  (E3  •  ri)(E;  •  n)}  da 


(2.14) 


Note  that  i*  the  permeability,  fx,  the  permittivity,  e,  and  the  tensors  a 
and  (3  are  scalars  times  the  identity  matrix  then  sufficient  conditions  for 
uniqueness  are  tha‘.  the  real  part  of  <j  is  positive  and  the  imaginary  parts 
of  e  and  /x  are  negative  and  that  the  real  part  of  a,  is  positive  and  that  the 
quadratic  form  associated  with  the  matrix  Q  defined  by 

Q  = 


(2.15) 


where 

(2.16) 

is  positive  definite.  Thus,  in  pardcular,  if  there  is  enough  domination  of 
the  a  and  0  terms  by  the  positive  diagonal  terms,  then  this  form  is  positive 
definite  and  we  do  indeed  have  a  unique  solution  of  the  electromagnetic 
interaction  problem  in  a  variety  of  naturally  arising  function  spaces  if  the 
impedance  sheet  conductivity  <7,  has  a  positive  real  part. 


/  A. 

0 

0 

Re(a ) 

0 

0  \ 

0 

A 

0 

0 

Re(a) 

0 

0 

0 

A, 

0 

0 

Re(a) 

0 

0 

ulm{pi) 

0 

0 

0 

Re(8) 

0 

0 

w/m(/i) 

0 

V  0 

0 

R<0) 

0 

0 

Mlm(n)  J 

Af  — 

w/m(e)  +  Re(<r), 
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The  general  uniqueness  result  is  therefore  derived  by  observing  that 
Jc  (n  x  curl{E)  -  ik0E)  •  (n  x  curl(Em)  +  ik0E‘)da  = 

/i'L  X„(| " x  e“r'(£)  |J  i £  iv«+ 

k(pjfiQ  J  {{Hi  •  (tine  +  ^ )£2)  4"  (Ej  •  ( — iwc*  4"  <T*)ff2)^  du4" 

Wo  J  {(£,*  •  (a)ff3)  +  (Sj  ■  (a*)^)}  dv+ 

-kcpjnQ  ^  {{Hi  ■  (iun’Hi)  4-  (j?j  •  (— iojuHi)}  dv+ 

Wo  Jv  {{Hi  •  (3'E;)  +  {H;  ■  f3Ei )}  dv4- 

W 0  K  +  <r.)  {(£  •  E;)  -  {El  •  n)(£J  •  n)}  da  (2.17) 

The  uniqueness  is  established  by  observing  that  upon  taking  the  limit 
of  all  terms  as  the  radius  R  of  Cr  becomes  infinite  that  if  the  difference  E 
between  two  solutions  were  a  nonzero  function,  then  we  would  get  effectively 
two  equations  by  taking  the  real  a_id  imaginary  parts  of  both  sides  of  the 
relationship 

0  =  c3+ 

k(jujnQ  ^  {{Ej  •  (toe  4-  <r)£?2)  4-  {Ei  •  (-ta>e*  4-  dv 4- 

k<pJHo  Jv  {{Ei  ■  (ct)Hi)  4-  {&i  •  (ot*)ifj)  j  dv 4- 
-kcu^o  Jv  {{H2  ■  {iuffHZ)  +  {Hi  ■  (-*w/iJT2)|  du4- 
W o  {(^3  •  0'E^)  +  (tf3*  •  ££3)}  dv4- 

Wo  ^(cr,*  4-  cr.)  {{E,  ■  E’)  -  (J,  •  n){E‘  ■  n)}  da  (2.18) 
where  C 2  is  the  real  number  given  by 

°2  ~  R^oo  fcJ\  H  X  cur!(E)  i3  +kl  i  E  1 *)da 


1  do 


(2.19) 


Since  this  is  not  possible  if  the  electromagnetic  parameters  are  such  that 
the  body  is  dissipative  in  the  sense  that  the  bilinear  form  acting  on  the 
function  ( E,H )  that  is  defined  by 

b(E,H)  = 

k(pjjiQ  (iue  +  <t)Ei )  +  (£3  •  (-iwe*  +  c*).^)}  dv-f 

Wo  J  {{E;  ■  (a)H7)  +  {E7  ■  (*’)H;)}  dv+ 

—kou^Q  Jv  {(h7  ■  +  (h;  •  (  —  iupiHi)}  dv+ 

Wo  J  {(H2  ■  (3' El)  +  {HI  •  /3E,)}  dv+ 

Wo  j  (*;  +  ot)  {(£  ■  El)  -  {E7  •  n)(El  ■  n)}  da  (2.20) 
is  positive  definite. 

The  proof  of  uniqueness  can  now  be  completed  in  a  variety  of  natur  ally 
arising  function  spaces  where  the  integrals  are  defined.  We  see  that  for 
an  isotropic  material  that  the  Silver  Mueller  radiation  conditions,  equation 
(2.3),  and  our  final  relation,  which  is  embodied  in  equations  (2.18)  and 
(2.19),  imply  that  if  E  and  H  denote  the  difference  between  two  solutions 
of  the  electromagnetic  interaction  problem  that  we  have  the  relationship 

0  =  C3  +  2fcoW/io  Jn  {(we")  +  J?e(<r)}  I  E  |3  dv 

+2fcotupo  J  (wp")  j  H  j3  dv+ 

2  Wo  J  Re(ot)  \{E-{E-  n)n)  |3  da 
Since  we  usually  write  the  permeability  in  the  form 

/  •  ft 

f*  =  A*  ~ 

where  fi"  is  positive  and  write  the  permittivity  in  the  form 

e  =  e'  -  it" 


(2.21) 

(2.22) 

(2.23) 
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where  e"  is  positive,  and  assume  that  the  real  parts  of  a  and  a,  are  not  neg¬ 
ative,  we  see  that  for  normal  isotropic  physical  materials,  there  is  only  one 
solution  of  the  electromagnetic  interaction  problem,  but  that,  while  there 
are  many  interesting  situations  in  which  uniqueness  can  be  established  for 
bianisotropic  materials,  there  is  no  such  simple  separate  condition  on  each 
individual  tensor  by  itself  which  would  guarantee  uniqueness  of  the  inter¬ 
action  problem  for  bianisotropic  materials,  in  the  sense  that,  for  isotropic 
materials,  (2.21)  tells  us  immediately  that  the  difference  between  the  elec¬ 
tric  vectors  of  the  two  solutions  is  identically  zero. 


3  SEVEN  DIMENSIONS 


We  suggest,  here,  7  dimensional  theory  as  a  method  of  solving  electro¬ 
magnetic  interaction  problems.  It  is  clear  that  any  electromagnetic  interac¬ 
tion  problem  in  7  dimensional  space  translates  into  a  scattering  problem  in 
three  dimensional  space.  Also,  problems  which  are  simple  in  7  dimensional 
space  often  translate  into  electromagnetic  scattering  problems  in  three  di¬ 
mensional  space  which  are  seemingly  very  complex.  What  remains  open  is 
a  systematic  method  of  going  from  problems  in  3  dimensional  space  that 
we  really  want  to  solve  into  solvable  problems  in  7  dimensional  space.  If 
we  consider  a  seven  dimensional  vector  field 

E  =  E  (3.1) 

3=  1 

where  the  components  are  smooth  functions  of  the  spatial  variables 

*  =  (*i,*a,  •>•>•,  x7)  (3.2) 


then  we  have 


curl(E)  = 


(dEi+ a 
\  dx,+2 


)  l  dii+s  J 


(3.3) 
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where  e*;  is  the  unit  vector  in  the  direction  of  the  ith  coordinate  axis  in  7 
dimensional  space  and 


Ej+7  —  Ei 

(3.4) 

xi+ r  =  xi 

(3.5) 

for  all  :  in  {1,2, 3, 4, 5,6, 7}.  The  main  body  of  the  theory  which  shows 
that  every  vector  field  in  7  dimensional  space  is  a  curl  plus  a  gradient  is 
the  relation 

curl(curl(E))  —  grad(div(E ))  —  A  E  (3.6) 

This  follows  from  the  fact  that  all  nonempty  open  subsets  Q  of  R7  are 
A  —  convex  in  the  sense  of  Hormander  ([5],  Corollary  3.5.2,  page  82)  and 
that  consequently  if  F  is  a  vector  field  in  C°°(fl,C7),  it  follows  that  there 
is  another  vector  field  G  such  that 

AG  =  F  (3.7) 

Using  the  previous  identity  we  see  that 

F  =  grad(div(G))  +  curlfcurl(-G))  (3.8) 

Some  work  will  show  that  the  uniqueness  theory  also  carries  over  in  a 
natural  way  to  7  dimensional  space  without  the  use  of  exterior  differentials 
to  represent  curl  operations.  The  self  adjointness  of  the  3  and  7  dimensional 
curl  on  Gj0(fi,Cn)  for  n  =  3  and  n  =  7,  respectively,  permits  variational 
formulations  of  the  problems  and  the  study  of  wealc  solutions  of  interaction 
problems. 

4  SUMMARY 


Both  complex  analysis  and  embedding  of  problems  in  algebras,  such 
as  the  Cartan  algebra  mentioned  above,  have  the  potential  of  helping  us 
understand  the  interaction  of  electromagnetic  waves  with  new  man  made 
materials  such  as  liquid  crystals,  and  the  birefringent  and  piezoelectric  ma¬ 
terials  that  have  been  a  source  of  fascination  for  centuries.  The  uniqueness 
theorem  that  we  proved  brings  with  it  the  formula  for  energy  density  within 


a  bianisotropic  material,  including  the  term  involving  the  product  of  the 
electric  and  magnetic  vector;  this  provides  us  with  a  means  of  checking  com¬ 
puter  algorithms  whoso  objective  is  to  describe  the  interaction  of  radiation 
with  complex  materials. 
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Let  P(D)  denote  a  linear  partial  differential  operator  with  constant 
coefficients  in  n  variables,  where  presumably  n  >  2.  Let  N{1),  N{2),...,  and 
pjin-i)  denote  a  collection  of  n  —  1  linearly  independent  vectors  in  R".  Any 
prism  with  a  bounded  cross  section  whose  axis  of  symmetry  lies  along  the 
direction  orthogonal  to  Na),  Ni2),...,  iV("-1>  can  be  embedded  in  a  tube  of  the 
form 

T(Na\  N{2\...,  iV'"-1',  R)  =  {x  e  R»  :  |<*.  <  R 

for  k  —  1,  2,...,  n  —  1}. 

Conversely,  any  open  prism  with  bounded  cross  section  whose  axis  of 
symmetry  lies  along  the  direction  N  orthogonal  to  N{1),  N{2),...,  fV,n~1) 
contains  some  translate  of  a  tube  T(Na),  Ni2\...,  Nin~v,  t)  for  some  r  >•  0. 

If  any  factor  of  P(D)  has  the  property  of  admitting  a  C®  solution  with 
support  in  a  tube,  then  P(D )  also  has  this  property.  Thus,  we  may  without  loss 
of  generality  assume  that  P(D)  is  irreducible  in  the  following  sense. 

Definition  1.  A  partial  differential  operator  P(D)  is  irreducible  if  P{D) 
cannot  be  written  as 

P(D)  =  P^D)  P 2{D), 

where  both  P^D)  and  P2(D)  have  degrees  which  are  strictly  less  than  the 
degree  of  P(D). 

Thus,  it  is  sufficient  to  characterize  the  linear  partial  differential  operators 
P(D)  corresponding  to  which  there  exists  a  nontrivial  u  in  C®(R")  such  that 
P{D)  u(x)  —  0  for  all  .r  in  Rn,  and  such  that  the  support  of  u  is  contained  in 
T{Na\...,  N{n~u,  R).  Thus,  let  N  a  nonzero  vector  which  is  perpendicular  to 
N^'iock  =  1,2, 1. 
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COMMON 


Let  U3  transform  coordinates  according  to  the  rules 

n 

y*  =  Yj  XjNj*'*  for  k  —  I,  2,...,  n  —  1 

i-i 


and 

yn  —  X  • 

s-i 

Thus,  we  have  that  |<jr,  iVa>>|  <  R  if ,  and  only  if,  j  yk  |  <  R  for  k  —  1,  2,..., 
and  n  —  1.  Thus,  if  we  assume  that  the  transformed  operator,  the  representa¬ 
tion  of  P(D)  in  they  coordinates,  is  2(D),  we  ask  when  there  exists  a  nontrivial 
v{y)  in  C^R”)  such  that  0(D)  v(y)  —  0  for  all  y  in  R"  and  such  that  the 
support  of.  v(y)  is  contained  in  {y  s  R”  :  |  yt  |  <  R  for  k  =  1,  2,...,  and 
n  —  1}.  We  give  the  complete  answer  to  this  question  with  the  following 
theorem. 


Theorem  1.  Suppose  0(D)  is  an  irreducible  linear  partial  differential 
operator  of  positive  degree.  Then  there  exists  a  nontrivial  v(y)  in  such 

that  (i)  Q(D)  v(y)  —  0  for  all  y  in  R"  and  (ii)  such  that  the  support  of  v{y)  is 
contained  in  [y  e  R”  :  |  yk  |  <  R  for  k  —  1,  2,...,  and  n  —  1}  if,  and  only  if 
Q(D)  is  up  to  multiplication  by  a  nonzero  scalar  of  the  form 


Q(D)  =  D„ 


I 

!<s|  <m 


(3) 


Proof.  First,  suppose  that  Q(D)  ha3  the  form  (3).  By  Theorem  3.11  of 
Treves  [3],  there  is  a  function  £/(£',*„)  which  is  an  entire  function  of  £'  in 
Cn_1  and  ,rn  which  satisfies 


and 


Q(l’,Dn)U(V,yn)=  0, 

DknU(tf,  0)  =  0  for  k  —  0,  1,...,  m- 2, 

DT'Uig,  0)  =  1, 

I  ^(C'.  v»)!  <  J—TJJ;  exP  (i  1  <^')!1/s I  Jn  l) 

for  all  £'  in  Cn_1  and  all  y„  in  R,  where 

o(c',Dn)  =  2>t(n£r*  +  AT. 


(4) 

(5) 

(6) 


(7) 


(8) 
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For  all  £'  =  (£,  ,  £s  ;...,  £,-i)  in  C”~\  let  us  define 

Re  V  —  (^e  £1 »  Re  £2  >•••«  R£  ^-1).  (9) 

Im  T  =  (Im  Ci .  Ira  ?2  Im  tn-i),  (10) 

and 

K'i,  =  (!  Si  l# -H  k  i*  +  -  +  I  IT*  oi) 

for  all  numbers  q  ^  1.  Notice  that  our  hypothesis  tell  us  that  the  degree  of 
Ok(C')  regarded  as  a  polynomial  in  ,  £2 and  £„..j  is  necessarily  of  degree 
k  —  1  or  smaller.  But  this  means  that  there  is  a  constant  B  >  0  depending 
only  on  Q(D)  such  that 

in 

X  !  ff*( 0Vk  <  £(i  -f  1  S'  I ,)*«-»/«.  (12) 

>-i 

We  have  also  that  for  any  Bx  ^  nl  and  any  B{  ^  1  jn,  where  n  is  a  positive 
integer  and  b  is  a  positive  number,  that 

M”£i<u*)«(iM*  03) 

i-1  '  'i-i  ' 

and 

(i  -Hrix)6  <5,(1  -"f  if*  1*). 

*-1 

We  will  suppose  that  4>  is  a  member  of  of  class  yl41(Rn_1)  (see 

Hormander  [2],  p.  146)  whose  support  is  contained  in 

{(>i»-».V«-i)6R!'1  :  I  7*  I  <  A/2  for  k  —  1,2,...,  and  n  -  1}. 

From  the  Paley-Wiener  Theorem,  we  deduce  that  for  every  C  >  0  there  is  a 
Kc  >  0  such  that 

l&m  <  Acex p  {(Rj2)  \  Im  V  I  Re  !1/a).  (14) 

'  t-i  ; 

Using  (13)  with  b  —  1/8,  we  deduce  that 


/  C  \  •"-!  ,1/d 

-C  X  !  P-e  r  <  -  (^-  1 1  !  Re  ;  -  c.  (15) 

*-l  '  "1  L-l 

Substituting  (15)  into  (14),  we  deduce  that  for  every  C  >  0  there  exists  a 
constant  Kc'  =  exp^C)  KiB  C)  such  that 

1^(0:  <  AV  exp((/?/2)  |  Im  S'  |j  -  C  |  Re  S'  i*/a).  (16) 
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We  introduce  the  constant  K"c  =  K[c/S) ^  .  We  deduce  that,  conversely, 
if  (16)  is  satisfied,  then  from  (13)  it  follows  that  (14)  is  satisfied  with  Kc 
replaced  by  K"c.  Thus,  (16)  is  a  necessary  and  sufficient  condition  that 
${l')  be  the  Fourier  transform  of  a  O  function  of  Gevry  class  S  with  support 
in  {y  eRr-1  :  \yk  <  i?/2  for  k  =  1,  2,...,  and  n  —  1}.  Now  we  consider 
H(Z’,yn)  =  Vg.yM).  We  have  that 

0{U,Dn)u{Z,yr)  =0,  (17) 

Dlnu{l\  0)  =0,  K  =  0,  1,...  m  -  2,  (18) 

Z)™-^(r,0)  =  £(?).  (19) 


Combining  (7)  and  (13)  we  deduce  that  for  some  B2  >  0 


I  U(C,yn)\ 


B,\yn\m~l 

(m  -  1)! 


x  exp(iyn!i?2!  ReC'iim'I,/m 


\yn\*t 


Im  r  !'m- 


There  is  a  constant  =  K'zc(B2j(m  —  1)1)  such  that 

|  ck-jM  <  x- 1,.  r-V(r.y»U(r.  v„),  (2o> 

where 

exp(52 !  vn  i  !  Re  ?  | -  2C  |  Re  C  |J«)  =  /«',  *„)  (21) 

and 

exp(|  y„  i  52 1  Im  f  (R!2)  |  Im  £'  -  g(C,  *„).  (22) 

Choose  S  so  that  1  >  I/S  >  (m  —  l)/v2.  Then  there  is  a  2?3  >  0  depending 
on  yn  such  that 

exp(52 1  yn  |  |  Re  £'  -  C  !  Re  ?  \{'1)  <  B ,  (23) 

for  all  £'  in  C"-1.  Also,  there  is  a  constant  54  >  0  depending  on  yn  such  that 
exp(;  yn  B, :  Im  £'  -  (/?/2)  |  Im  |2)  <  Bx  .  .. 


Thus,  we  conclude  that  for  every  C  >  0  there  is  a  >  0  and  a  constant  Bs 
depending  on  yn  such  that 

|  d(C',yn):  ^  K”CB.  cx?(R  !  Im  c  !,  -  Cl  Re  r  \\'»)  (24) 

for  all  £'  in  C’’-1.  Using  (24)  and  the  Paley- Weiner  Theorem  (Lemma  5.7,2 
of  Hormander  [!]),  it  follows  that  «(<j',yn)  is  for  each_yn  the  Fourier  transform 


ICC 


LINEAR  PARTIAL  DIFFERENTIAL  OPERATORS 


199 


of  an  element  ,...,yn~i)  =  a(ji  ,-,yn-i  >yn)  of  OfR""1)  whose 

support  is  contained  in  {(>’1  >•••.  yn-\)  e  Hn_1  "•  i  v*  I  ^  B-  for  k  —  1,2,..., 
and  n  —  1},  For  we  use  the  fact  that  £/(£',_>’„)  i3  an  entire  function  of  £'  and 
yn  and  the  Cauchy  integral  theorem  to  deduce  that 


8kU(t’,y„) 

tynk 


<  k\ 


{\y.\~\r-1 

{m  -  1)1 


exp(B  |  yn\(l  -FI  £' |1)<w-1,/m)*  (25) 


Repeating  the  argument  using  (25),  we  easily  deduce  that  all  derivatives  of 
“(£\.}'n)  with  respect  to  yn  satisfy  an  inequality  of  the  form  (24).  This 
completes  the  proof  that  if  0(D)  is  of  the  form  (3)  then  (i)  and  (ii)  are  satisfied. 

Now  we  want  to  show  that  if  (i)  and  (ii)  are  satisfied,  then  0(D)  is  necessarily 
of  the  form  (3). 


Lemma  1.  Let  0(D)  be  an  irreducible  linear  partial  differential  operator  of 
degree  m  >  0  with  constant  coefficients.  Suppose  that  there  is  a  nontrivial  function 
u  in  0(Rn)  satisfying  0(D)  u(y)  —  0  for  ally  in  Rn  and  u(y)  —  0  if  \  yk  |  ^  R 
for  k  —  1,  2,...,  or  n  —  !.  Then  Qm(D)  is  hyperbolic  in  the  direction  N for  every 
N  in  Rn  which  :j  not  orthogonal  to  (0,...,  0,  1). 

Proof.  We  consider  the  plane  I’(N)  =  (xeRfl:  <x,  JV)  =  0},  where  N  is 
a  vector  in  Rn  that  is  net  orthogonal  to  (0,...,  0,  1).  Let 

B  —  {x  e  R"  :  |  xk  |  ^  R  for  k  =  3 ,  2,...,  n  —  1 }. 

Since  Nn  ffz  0,  it  is  obvious  that  S(N)  n  B  is  compact.  We  now  need  only  an 
application  of  Theorem  5.7.2  of  Hormander  [2]  to  deduce  that  unless  N  is  a 
hyperbolic  direction,  u  vanishes  identically  in  D(N),  and  by  translations  we 
deduce  that  u  vansishes  identically,  which  contradicts  the  hypothesis  of  the 
lemma.  This  completes  the  proof  of  Lemma  1. 


Lemma  2.  Suppose  Om(D)  is  a  homogeneous  differential  operator  of  degree 
m  which  is  hyperbolic  in  the  direction  N  =  (N1  Nn)  whenever  Nn  xL  0.  Then 
there  does  not  exist  any  (<f,  in  Rn_1  such  that  for  some  nonzero  complex 

number  £,  we  have  0„(^i  -  £Arx  ,...,  £,_x  -f  £.Vn_x  ,  &VB)  —  0  where 
(A'l  .....  IVn-i  -  -Vn)  6  Rn  and  Xn  #  0. 

Suppose  that  for  some  (  f: jn_x)  e  R"-1  we  could  find  a  nonzero  complex 
number  £  such  that 


QM  i  +  t*i 


C 

b 2 


fcV2 ,...,  £_x  -  CiV„_x ,  £V„)  =  0. 


(26) 


But  Theorem  5.3.3  of  Hormander  [2]  tells  us  that  £  must  have  been  real.  But 
then  we  conclude  from  the  hypothesis  of  the  lemma  that 
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is  a  hyperbolic  direction  of  QJJD)  and,  consequently,  that 

QMl  +  Wl  .&  +  £#,  fn— 1  +  ,  W  ^  0.  (27) 

This  is  a  contradiction,  and  the  proof  of  Lemma  2  is  complete. 

We  suppose  hypothesis  (i)  and  (ii)  are  satisfied.  Since  (0,...,  0,  1)  is  a 
noncharacteristic  direction  of  Qm{D),  it  follows  that 


QMx i .  0 


m— 1  / 

c  I  (  I 


2L 

i-0 


e®— A 

=  n-l  I 


-  Ci)  ?  +  «" 


where  b  ff:  0.  Since  Lemma  1  and  Lemma  2  tell  us  that  <2m(£i  »•••»  £b-i  »  £)> 
regarded  as  a  polynomial  in  4,  has  only  £  =  0  as  a  root  for  all  (fj £n_j)  in 
RB_1,  we  conclude  that  >fc)  =  0  for  all  ji  in  N”-1  with  ]  /?  |  »  m  —  A  for  all 
A  in  {0,  1,...,  m  —  1}.  Thus,  Om(D)  —  bDnm.  This  completes  the  proof  of 
Theorem  1. 

The  author  was  able  to  prove  the  following  result  about  systems  admitting 
a  nontrivial  vector  valued  C *  solution  with  support  in  an  open  prism  with 
bounded  cross  section. 


THEOERM  2.  Let  L  be  a  p  X  p  matrix,  each  entry  of  which  is  a  linear  partial 
differential  operator  with  constant  coefficients.  Suppose  that  det(Z-)  is  a  partial 
differential  operator  of  positive  degree.  Then  (i)  there  is  a  nontrivial  u  in 
|<cr(L)  D  Cx(Rn,  Cr),  and  ii  varnishes  outside  of  an  open  prism  with  bounded  cross  section 
if,  and  only  if,  (ii)  there  is  a  nontrivial  v  in  Cx(Rn)  such  that  det(Z-)  v(x)  =  0 
for  all  x  in  R”  and  such  that  v  vansishes  outside  the  same  open  prism  with  bounded 
cross  section. 

Proof.  That  (i)  implies  (ii)  is  trivial.  Now  suppose  (ii)  holds.  In  light  of 
Theorem  1  there  is  no  loss  of  generality  in  assuming  that  T  =  det(£)  is  of  the 
form  (3). 

Let  r(L)  and  f  denote  the  Fourier  transforms  with  respect  to  Xj  ,  xt 
and  xn-l  of  F{L)  and  T,  respectively.  Let  Y(x„)  L’(£\  xn)  denote  the 
fundamental  solution  of  T  described  by  Theorem  3.1 1  of  Treves  [3].  We  can 
use  techniques  similar  to  those  used  in  proving  Theorem  2  of  Cohoon  [1]  to 
show'  that  the  (j,  A)-th  entry  of  T(t)  rails  to  annihilate  L’(£',  xn)  for'  some  j 

and  k  in  (1,  2 . p).  Thus,  if  <£(£')  is  an  entire  function  satisfying  (16),  the 

function  u  —  P(L)  v  satisfies  condition  (i)  of  Theorem  2,  where  vT  —  0  for 
r  xt  k,  and  vt:  is  the  inverse  Fourier  transform  with  respect  to  £'  of 
<£(£')  £/(£',  xn).  This  completes  the  proof  of  Theorem  2. 

In  this  theorem,  I  consider  p  x  p  matrices,  L,  each  entry  of  which  is  a 
linear  partial  differential  operator  with  constant  coefficients  in  n  independent 
variables.  In  addition,  I  assume  that  detL  was  a  nontrivial  partial  differentia! 
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operator  of  positive  degree.  I  remark  that  if  det(L)  —  C,  a  nonzero  complex 
number,  then  the  equation 

Lp  —  0 

has  no  nontrivial  solutions  in  C*(Rn,  Cp).  On  the  other  hand,  it  can  be  shown 
by  induction  on  p  that  if  det  L  —  0,  the  equation  L<j>  =  0  has  a  nontrivial 
solution  6  in  C0ac(Rn,  Cp)  with  support  in  an  arbitrarily  small  neighborhood 
of  0. 
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Bodies  of  revolution  are  structures,  including  aerosol  particles  which  are  fibers  and 
flakes,  or  larger  bodies  of  electromagnetic  material  which  have  an  axis  of  symmetry  with 
the  property  that  if  an  electromagnetic  wave  interrogates  the  scattering  body  before  and 
after  any  partial  rotation  about  this  axis,  this  impinging  electromagnetic  wave  can  see 
no  difference.  The  electromagnetic  interaction  problem  is  complicated  by  the  fact  that 
every  portion  of  this  body  of  revolution  as  it  i3  stimulated  by  the  impinging  radiation  com¬ 
municates  with  every  other  portion  of  the  body  of  revolution.  Because  of  the  rotational 
symmetry,  it  seems  prudent  to  represent  the  components  of  the  induced  electric  and  mag¬ 
netic  fields  as  a  Fourier  series  and  solve  an  integral  equation  formulation  of  the  scattering 
problem  by  solving  for  Fourier  components  of  piecewise  polynomial  approximations  of  the 
field  components  within  each  cell  of  the  body.  This  Fourier  analysis  involves  trigonometric 
integrals  which  when  transformed  to  the  complex  plane  would  involve  analysis  of  functions 
defined  on  a  Riemann  surface.  We  provide  in  this  paper  a  new  way  of  evaluating  these 
integrals  using  only  information  around  an  essential  singularity. 

Bodies  of  revolution  also  include  bodies  that  have  spheres,  cylinders,  oblate  or  prolate 
spheroids,  or  a  torus  as  boundaries  of  a  material  that  responds  to  the  radiation.  Analyzing 
the  latter  may  have  some  benefit  in  the  controlled  thermonuclear  fusion  problem  ( [l] )  as 
we  could  then  by  computer  analysis  design  a  material  with  ultra  high  absorption  efficiency. 
The  low  cost  of  computer  experimentation  may  also  permit  one  to  design  an  ultraviolet 
light  absorbing  aerosol  that  will  protect  man  and  animals  from  the  high  levels  of  ultra  violet 
B  radiation  that  they  may  soon  be  experiencing  as  a  result  of  the  ozone  depletion.  The 
material  within  a  body  of  revolution  may  have  tensor  properties,  but  the  body,  together 
with  its  properties  is  still  unchanged  by  any  partial  rotation  about  the  axis  of  symmetry. 
This  could  include,  for  example,  a  tensor  material  which  has  one  property  in  the  direction  of 
the  axis  of  rotation  and  another  property  in  ail  directions  going  radially  outward  from  this 
axis  of  symmetry.  Here,  one  might  think  of  cutting  a  sphere  out  of  a  cylinder  comprised  of 
closely  packed  dielectric  needles.  Externally  using  visible  light  this  sphere  might  look  to  our 
eye  like  any  other  round  belli,  but  to  electromagnetic  waves  polarized  in  the  direction  of  the 
axis  (and  consequently  parallel  to  these  soft  dielectric  needles)  and  to  those  electromagnetic 
waves  polarized  in  a  direction  perpendicular  to  the  axis  of  revolution,  the  two  responses 
would  be  completely  different.  Materials  such  as  these  are  used  in  current  liquid  crystal 
devices,  and  the  full  development  of  the  theory  may  in  the  future  result  in  a  more  healthful 
replacement  for  the  present  radiating  video  displays.  The  details  of  the  connection  between 
the  integrals  discussed  in  this  paper  and  electromagnetic  interaction  problems  are  found 
in  many  sources  ([21])  but  is  lucidly  explained  in  Glisson  and  Wilton  ([13]). 

We  also  in  this  paper  describe  a  method  of  finding  zeros  of  analytic  functions  using 
homotopy  methods.  This  method  has  a  variety  of  design  applications,  including  those  for 
optical  computers. 

In  addition  we  introduce  a  type  of  three  dimensional  complex  analysis  that  permits  one 
at  low  cost  to  develop  a  realistic  mode!  of  the  man  in  an  electromagnetic  field.  This  will 
make  possible  the  design  of  a  safe  and  effective  system  for  killing  localized  cancer  tumors 
with  microwaves  by  raising  the  temperature  of  the  tumor  by  4  degrees  Centigrade  without 
raising  the  temperature  of  the  normal  tissue  to  this  level. 


1  Exact  Evaluation  of  Integrals 


We  introduce  a  function  £  which  represents  the  distance  between  two  points,  represented 
in  cylindrical  coordinates  as  (p,9,z)  and  (p,  6,z)  so  that 

£  =  \Jp2  +  p2  +  z2 +  z2  -  2  ■  p  •  p  •  cos(i>)  (1.1) 

where  if)  is  the  difference  between  B  and  9.  The  integral  under  consideration  is 

7(?m)  =  l  •  cos(mif))dif>  (1.2) 

where 

£J  =  (A  -  2 Bcos(ij>))  (1.3) 

where 

A3  >  4 B3  (1.4) 

where  A  is  positive  and  m  is  a  nonnegative  integer.  The  function  £  defined  by  equation  (1.3) 
is  an  algebraic  function  defined  by  a  Riemann  surface  if  you  make  the  normal  extension  to 
the  complex  plane  by  rewriting  equation  (1.3)  in  the  form, 

e  =  (A  -B-( C  +  l/C)  (1.5) 

where  if  C  is  equal  to  exp(iif;),  then 

2  -costy)  =  (C  +  l/C)  (1-6) 

The  rational  function  £2  has  a  simple  pole  at  the  origin  and  one  zero  inside  the  unit  circle 

and  another  zero  outside  the  unit  circle.  The  algebraic  function  £  is  defined  by  a  Riemann 

surface  with  a  Branch  cut  from  the  orgin  to  a  zero, 


A 

A  -  VA3  -  4 BP  23 

(1.7) 

si 

2  -B  A  +  {A2  -  4 B2 

of  the  function  £J  that 

is  inside  the  unit  circle 

ICI  =  1 

(1.8) 

and  a  branch  cut  from 

oc  to  the  zero, 

„  A  +  y/A2  -  4 B2 

^  2  •  B 

(1.9) 

that  is  outside  the  unit  circle.  If  we  use  the  argument  function  defined  by 


yiry(r  +  :y)  =  $  (1-10) 

where  if  _ 

r  =  \jx2  +  y3  (1.11) 
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then,  #,  the  value  of  the  argument  function  defined  by  equation  (1-10)  is  such  that 

rcos(O)  -f  :rs:n(^)  =  z  +  iy  0  >  6  <  2jt  (1.12) 

We  can  use  a  Riemann  surface  to  define  the  square  root  of  the  meromorphic  function 
defined  by  equation  (1.9)  to  define  the  algebraic  function  £  or  use  the  argument  function 
Arg  defined  by  equations  (1.10)  and  (1.12) 


c  _ 
*»  — 


B  |  C  -  Cl  II  C  -  Cj 


11/2 


c 


cxp(i(l/2)(Arg{C  -  G)  +  Ary((  -  Ca)  ~  Arg( ())  (1.13) 


Thus,  an  integral  of  a  holomorphic  function  of  £  around  the  unit  circle  will  be  equal  to  the 
integral  of  the  same  function  around  a  rectangle  inside  the  unit  circle  which  contains  the 
slit  from  the  origin  to  G*  We  show  how’  information  around  the  essential  singularity  will 
give  us  an  exact  formula;  our  formula  will  be  checked  by  direct  Fourier  analysis  observing 
that 

1  /^)sp"-2‘ww 


(A  -  2  •  B  ■  cos(tl>)y/- 


(1.14) 


where 


3(1) 


-(f)* 


U(2i 

Li*  i 


2  •; 


(1.15) 


which  means  that  we  can  think  in  terms  of  representing  powers  of  cos(t/>)  as  a  Fourier 
series. 


2  Reactive  Integrals 


An  exact  formula  for  the  values  of  the  reactive  integrals  ha3  been  obtained,  and  fur¬ 
thermore,  the  cost  of  finding  the  value  of  the  reactive  Integrals,  which  were  in  all  other 
works  (e.g.  [21]  and  [13])  carried  out  by  a  numerical  integration  scheme  whose  compu¬ 
tation  time  increases  directly  with  the  m  appearing  in  equation  (1.2),  i3  with  this  exact 
formula  independent  of  m.  Furthermore,  this  exact  formula  depends  only  on  values  at 
the  essential  singularity  expansion  at  £  equals  0.  These  formulas  have  been  validated  by 
Fourier  expansion  and  by  numerical  comparison  to  12  or  more  decimal  places  with  the 
straightforward  numerical  integration  scheme  described  in  the  previous  section.  The  first 
essential  singularity  expansion  has  the  form, 


1_ 
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AW 


s^H)’ 


(2.1) 


We  can  expand  the  function  cos(£)  by  the  series 

'(-W*' 


“  r 

*«(0  =  £ 
h=0 


(2k)l 


-  s  c-H)' 


(2.2) 


We  now  use  ths  Cauchy  product  and  equations  (2.1)  and  (2.2)  to  write 


{^1  ^[s(sc‘-'p‘''>)(c+?)' 


If  we  define 


D?  =  VcHpM 


then  equation  (2.3)  implies  that 


i2?}  ■ 


There  are  two  expansions  of  even  and  odd  powers  cf  cos(ip)  which  enable  us  to  evaluate 
these  contour  integrals.  The  even  powers  of  cos  are  given  ([17],  p  24-26)  by 


cos7'1  (ip)  = 


jn  2{2(Y  +  (YJj  (2e> 

ana  the  Fourier  expansion  of  an  odd  power  of  the  cosine  ([17],  pp  24-26)  is 

cos7q~1(xp)  = 

»  ^  , 

22  ?- 1  Xj  ^  ^  *  cos((2  •  q  —  2  •  k  —  1)0)1  (2.7) 

If  we  assume  thi  i  £  is  equal  to  exp(iip ),  then  we  can  use  equations  (2.6)  and  (2.7)  and  the 
relationship 

(c  +  cos(nvJ>)dip  =  J*  (2j  ■  co^)co3(mip))  d-p  (2.SJ 

to  evaluate  the  reactive  integrals.  We  consider  first  the  case  where  j  is  equal  to  2  •  i  and 
use  equation  (2.8)  and  equation  (2.6)  to  obtain  for  positive  even  integers  m  not  exceeding 
2  •  l  the  relationship, 


2  •  l 

i  —  m/2 


to  evaluate  the  reactive  integrals.  In  the  case  where  j  is  equal  to  2  -l  and 


we  observe  that 


2t  -  2k 


j  —  m 


(2.10) 


(2.11) 
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In  considering  the  case  where  j  is  equal  to  2  •  q  -  1  we  use  the  fact  that  in  the  case  where 
m  is  an  odd  integer  and  j  is  equal  to  2  •  q  —  1  that 

£Hr,©(r+^)f "  2i((2.52T-!n)/2)  <2-12> 


We  conclude  that  equation  (2.5)  implies  that 


£{^1 


cos(mij))<hl>  = 


^7 ;  ECSU-*" 


m  +  2  •  ; 

j 


(2.13) 


We  next  develop  an  expression  for  integrals  involving  sin(()/£  by  first  observing  that 
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j=0 


iv 


(2.14) 


fit  then  make  use  of  the  fact  that 

■«n(0 


A  (<-»)/3 


■  (£)  pf)  ■ 


Multiplying  the  series  given  by  equations  (2.14)  and  (2.2-5)  we  see  that 

»m(0 - —  feWc  +  "n 


u=° 


(2.15) 


(2.16) 


where 


Thus,  we  conclude  that 


=  ifr-rpry 

k=0 


£( 


«*»(£) 
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cos(my)dip  = 
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By  making  use  of  the  identity 


Li=o 


m  4-  2  •  g 
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(2.17) 


(2.18) 


U  -  m )/2 


0'  +  m)/2 


(2.19) 
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the  formula  (2.18)  and  the  formula  (2.13)  can  be  given  a  different  look,  but  several  different 
numerical  checks  all  agreed  to  machine  precision.  These  formulas  were  checked  by  numer¬ 
ical  computation  using  Gaussian  quadrature.  In  the  case  where  the  observation  point  is 
close  to  the  variable  of  integration  or  said  differently  when  2 B  is  very  nearly  as  large  as  A, 
then  the  series  can  converge  slowly,  but  they  can  still  be  evaluated  accurately  if  one  uses 
Euler’s  method  of  accelerating  convergence  of  sums  ([14],  pp  201  -  207).  The  following 
table  shows  a  weakness  in  the  method  without  the  use  of  accelerated  convergence.  When 
p  and  p  are  both  equal  to  1  and  when  z  and  z  are  both  equal  to  1.1  as  in  equation  (1.1) 
and  we  just  use  139  terms  for  the  geometric  series  and  we  make  use  of  the  fact  that  cos(£) 
divided  by  £2  is  meromorphic  and  use  the  contribution  to  the  reactive  integral  from  the 
simple  pole  at  the  zero  ztta x  inside  the  unit  circle  given  by  equation  (1.7)  versus  using  the 
Riemann  surface  concept  with  just  a  small  number  of  terms 


Essential 

Gaussian 

Pole  and 

M  ode 

Singularity 

Quadrature 

C  =  o 

Index 

Contribution 

Integration 

Contribution 

139  terms 
3.724 

3.726 

3.726 

1 

2.842 

2.844 

2.844 

2 

2.110 

2.112 

2.112 

3 

.472 

.4739 

.4739 

8 

cases  described 

in  the  above  t 

able  over  6000 

thousand 

along  with  accelerated  convergence  and  15  decimal  place  agreement  between  the  three 
methods  was  achieved.  The  following  table  ^kows  the  capabilities  of  the  formulae  when 
augmented  by  Euler’s  method  for  accelerated  convergence  for  the  case  where  p  is  equal  to 
1,  p  is  equal  to  1  +  0.2,  z  is  equal  to  1,  and  z  is  equal  to  1  +  0.2.  Using  the  Riemann  surface 
concept  and  carrying  out  am  expansion  about  the  essential  singularity  we  have 


r 

cos(mrp) 

d\J> 

SINGULARITY 

ENHANCED 

exp(irmp ) 

EXPANSION 

GAUSSIAN 

MODE 

METHOD 

QUADRATURE 

INDEX 

3.75346548 -(1.5112968)* 

3.75346548  -(1.5112968)*' 

1 

.382950948  -  (.0520636761)* 

.332950948  —  (.0520635761)i 

10 

,0291669710  -  (.00235093482)* 

.0291669710  -  (.00235093483)i 

20 

Also,  the  terms  of  the  expansions  of  sin(()  and  cos(£)  can  be  determined  by  exact  formulas 
by  making  use  of  the  Jensen  Voller’s  formula,  a  variant  of  the  Faa  Di  Bruno  formula  ([9]). 
For  example  the  term  C0  appearing  in  equation  (2.2)  is  given  by 


C0  -  cos{y/A) 


(2.20) 


An  alternative  representation  of  these  integrals  in  terms  cf  known  special  Junctions  is 
found  in  a  much  more  general  setting  in  Chapter  7  of  (Carlson,  [5]),  where  rhe  integral 


/(r,  m) 


rl-r 

J ^  (A  —  2  •  Bcos(rp))r'2  •  cos{mip)d‘ib 


(2.21) 
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arises  as  a  special  case,  and  Carlson’s  condition  for  rapid  ordinary  convergence  of  the  series 
which  states  that  the  ratio  ,  „ 

*  -  tM  (2'22) 

stay  away  from  zero  is  equivalent  to  ours. 

3  Riemann  Surfaces  and  Electromagnetic  Pulses 

In  this  section  we  treat  the  interaction  of  electromagnetic  pulses  with  Lorent2  media  ([4]) 
and  Debye  Media  layered  materials  exactly  using  a  Riemann  surface  to  define  the  complex 
propagation  constant  of  the  dispersive  material  as  a  function  of  complex  frequency.  We 
show  in  an  elementary  way  how  one  could  with  nonmagnetic  human  tissue  estimate  how 
harmful,  in  terms  of  X  ray  or  Gamma  ray  component  contribution,  it  would  be  for  humans 
to  be  exposed  to  radar  pulses  or  laser  pulses. 

3.1  Lorentz  Medium 


The  propagation  constant  for  a  Lorentz  medium  is  defined  by  the  square  root  of 


A2  =  *o2  1  +  — TT-^— 7-1 

V  -u -f  tufffj  -f  u>J 


where 


k  -  - 
Ko  — 

c 


with  c  being  the  vacuum  speed  of  light.  If  we  follow  Brillouin  ([4])  and  introduce  the 
variables, 

Pi  =  f  ’  (3-3) 


5=  yju]  ~  P 2  +  ip;, 

=  ~  'M  ~  P 1 

UQ  =  \/w2  +  Qj  -  p]  +  ip;, 


«o  =  “  Vw;  +  a)  -  p)  +  iPj  (3.7) 

We  define  branch  cuts  in  the  upper  half  plane  from  to  u>~  in  the  second  quadrant  and 
from  to  Uq  in  quadrant  I  of  the  upper  half  plane.  The  algebraic  function  k/k0,  where 


is  defined  in  terms  of  the  argument  function 


Arg(x  +  iy)  =  9 


(3.9) 


where  0  is  between  0  and  2  •  ir  and 


by  the  relation 


(x,y)  =  six'3  +  y2(cos(9),sin(9)) 


(wh  = 

[j(o;-w+)|i(w-w-)|_; 
exp( i  [Arg(ui  -u>q)  +  Arg(u  -  Uq  )}  /2) 
exp(i  {Arg(u  -  u+)  +  Arg(u  -  w"  )}  /2) 


(3.10) 


(3.11) 


If  we  have  a  sinusoidal  electromagnetic  pulse  with  central  frequency  ojq  of  duration  T 
seconds  with  field  strength  Eq  volts  per  meter,  then  the  value  of  the  electric  vector  of  the 
incoming  electromagnetic  radiation  is  haa  a  Fourier  transform  that  is  equal  to 


=  E, 


q>o(l  -  exp(-iwT)) 


(3.12) 


We  can  also  define,  in  terms  of  equation  (3.12),  the  coefficients  defining  the  Fourier  trans¬ 
form  of  the  electromagnetic  pulse  returned  from  the  half  space  and  the  electromagnetic 
pulse  transmitted  into  the  half  space  by  the  rule, 


c,( U)  =  ne\ ( W..~ 

'  '  ■  1  UoM  +  i(w) 

c,M  =  r(g') 

V*o(w)  +  *(w) 


(3.13) 


(3.14) 


so  that  the  Fourier  transformed  electric  field  vector  component  inside  the  half  space  is 

•F(J5*)( w,x)  =  ?(&)  ■  Ct(u)  •  e*p(-i*(w)*)  (3.15) 

where  x  is  the  distance  into  the  half  space.  The  conductivity  times  the  square  of  the 
absolute  value  of  E(E')  defined  by  equation  (3.15)  would  give  us  the  energy  density  at 
frequency  w  at  a  depth  x  into  the  nonmagnetic  half  space. 

3.2  Debye  Medium 


A  slight  modification  of  the  analysis  of  the  previous  section  will  permit  one  the  carry 
out  the  analysis  for  a  Debye  medium(DanieI,  [11]),  an  appropriate  model  for  human  tissue 
exposed  to  radar  pulses.  We  define  the  propagation  constant  k  in  terms  of  its  square 


k2  = 


u>  /io«  —  iwp;0cr 


so  that  previous  analysis  would  be  applicable  except  that  the  propagation  constant  for  a 
Debye  medium  is  completely  determined  by  expressing  the  permittivity  a3 


e  =  e0 


(e*  -  <») 

1  4-  (wr)J 
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where  e*  and  are  constants  and  r  represents  a  characteristic  relaxation  time,  and  where, 
using  these  constants,  the  human  tissue  propagation  constant  (3.1)  is  denned  in  terms  of 
(3.1)  and  the  Debye  medium  conductivity  u  which  is  defined  by  the  relation, 


<7  = 


((*  ~  O 

[l  -f  (ur)J 


OJ^Tio 


(3.3) 


The  only  difference  here  is  that  the  branch  cuts  used  to  represent  the  propagation  constant 
on  a  Riemann  surface  for  a  pure  Debye  medium  materiad  are  all  along  the  imaginary  axis. 


4  Surface  Integral  Equation  Methods 


In  this  section  we  shall  show  how  in  the  case  where  the  irradiated  structure  consists 
of  homogneous  regions  which  are  delimited  by  diffeomorphisms  of  the  interior  of  a  sphere 
or  a  torus  in  three  dimensional  space  (in  the  body  of  revolution  case)  to  represent  the 
solution  of  the  scattering  problem  as  the  solution  of  two  combined  field  integral  equations 
with  integral  operators  formed  from  from  the  Green’s  functions  defined  on  opposite  sides  of 
the  separating  surfaces.  The  surface  integral  equation  methods  reduce  the  computational 
complexity  in  the  sense  that  they  require  discretization  electric  and  magnetic  fields  defined 
on  a  surface  rather  than  on  a  region  of  three  dimensional  space.  In  a  general  nonrotationally 
symmetric  setting  the  development  which  follows  is  valid  for  regions  which  are  the  interior 
of  diffeomorphisms  of  N  handled  spheres. 

4.1  Combined  Field  Integral  Equations 

Consider  a  set  in  R3  with  boundary  surface  dQ,  on  which  are  induced  electric  and 
magnetic  surface  currents  Jj  and  Mj .  If  we  have  a  simple  N  +  1  region  problem,  where  we 
have  N  inside  and  a  region  outs,  de  all  N  bounded  homogenous  aerosol  particles  corresponds 
to  the  region  index  j  being  equal  to  1  and  the  region  inside  corresponds  to  j  values  ranging 
from  2  to  N  + 1,  then  if  the  propagation  constant  kj  in  region  j  is  defined  also  by  a  function 
kj,  naturally  defined  on  a  Riemann  surface  as  the  square  root  of, 

kj  =  u2ise  —  iuijcr  (4-1) 

For  a  Debye  medium  (Daniel,  [11])  the  branch  cut3  are  along  the  imaginary  u  axis.  For  a 
Lorentz  medium  particle  (Brillouin,  [4],  [23])  the  branch  cuts  are  in  the  upper  half  of  the 
complex  ui  plane  parallel  to  the  real  axi3,  where  p,  e,  and  a  are  functions  of  frequency 
that  assure  causality  and  that  the  radiation  doe3  not  travel  faster  than  the  speed  of  light 
in  vacuum.  There  are  two  Helmholtz  equations,  one  for  the  interior  of  the  particle  and  the 
other  for  the  exterior,  defined  by 


(A  +  k])Gr  =  4x5 


(4.2) 
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where  Gj  is  the  temparate,  rotationally  invariant,  fundamental  solution  ([18])  of  the 
Helmholtz  operate-.  We  let 

Ji  =  J  =  ~h  (4-3) 

and 

Mi  =  M  =  -Mi  (4.4) 

where  we  assume  that  the  surface  S(i^)  separates  region  1  and  region  2.  We  generalize 
equations  (4.3)  and  (4.4)  inductively  by  saying  that  for  any  surface  %>  separating  region 

j  from  region  j  where 

j  <  J  (4-5) 

we  have 

Jj  =  J  =  -J-  (4.6) 

and 

Mj  =  M  =  (4.7) 

We  define 

2  =  {(jJ)-  S(jj)  is  a  separating  surface}.  (4-8) 

where  j  is  less  than  j.  We  get  a  single  coupled,  combined  field  integral  equation  which 
describes  the  interaction  of  radiation  with  the  conglomerate  aerosol  particle  or  cluster  given 
by 

n  x  E'nc  =  n  x  J2  {(ji)  /  //(r)  (^-^(r.f)  +  jij  •  Gj(r,r))  da(f) 
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4iru> 


grad 


J ) 


Gj(r,r )  +  g;(r,r) 


du(r)>  + 


} 


(^r) curl  {l  J  +  (4-9) 

In  addition  to  equation  (4  9)  we  need  equation  involving  the  magnetic  vector  ff xnc  of  the 
stimulating  electromagnetic  field  which  is  given  by 

ri  x  Hine  =  n  x  Y,  ffS)  L  /M(r)(ei  ■  Gj(r,f)  +  e2  ■  G-{r,f))  da{f) 

(ij)ex  ^  JSuA 


+  f— 

\47nu, 


)9rad{JSuJ(div>-ti) 


G,(r,r)  +  G-{r,f ) 
Pj  A*J 


dc(f)>  + 


} 


I;cur!  {js  .  J  J(r)(Gj(r,r)  +  <?;(r,  f))  dc(f)j  |  (4.10) 

Once  the  coupled  combined  field  system  (4.9)  end  (4.10)  is  solved  for  J  and  M,  the  surface 
electric  and  magnetic  currents  respectively  and  we  define  the  surface  electric  charge  density 
by  ([13],  p  7) 

Pe(r)  =  ^  [d:v,  -/(f)]  (4.11) 


i't*  lfr-'i»wA«,;ti*iiiVllr'-’ii4..,i*J  -s 


and  the  surface  magnetic  charge  density 

Pm(r)  =  J  [div.  •  Af(f  )j  (4.12) 

where  div,  is  the  surface  divergence.  Now  for  each  region  index  j  we  define 

JU)  =  {]  :  UJ)  e  1}  (4.13) 

where  I  is  the  set  of  all  indices  of  separating  surfaces  defined  by  (4.8).  We  now  need  to 
be  able  to  express  the  electric  and  magnetic  fields  inside  and  outside  the  scattering  body. 
We  first  define  the  vector  potentials  A:  and  Fj  by  the  rules,  ([13]  [21]) 


=  £  \j zL  I  Ji(r)-Gj(r,r)da(r) 

hJU)  S^>’ J  J 

*>  =  E  [(£)// 

itJ 0)  L  (JJ) 


(4.14) 

(4.15) 


The  scalar  potentials  are  defined  in  terms  of  the  electric  charge  density  (4.11)  and  magnetic 
charge  density  (4.12)  by  the  rules, 

*;(?)=  Z  \(-A-)  f  f  p‘(r)Gj(r,f)da(r)  (4-16) 

and 

=  E  [fzM  L  f 1  (4.17) 


We  now  can  define  the  electric  and  magnetic  vectors  inside  the  region  j  in  terms  of  these 
potentials  (4.14),  (4.15),  (4.16),  and  (4.17)  by  the  rules, 


Ej  =  -  iu;Aj(r)  -  grad($}(r)  +  —  curl(Fj)(r) 


Hj  =  -  iu>Fj(r)  -  grad(^j(r )  +  —curi(Aj)(r) 

Pi 


(4.18) 

(4.19) 


Similar  equations  apply  outside  the  body,  by  there  the  fields  represented  are  the  differences 
E[  and  II {  between  the  total  electric  e.nd  magnetic  vectors  and  the  electric  vector  E'nc  and 
the  magnetic  vector  H'nc  of  the  incoming  wave  that  is  providing  the  stimulation.  Thus 
([13])  we  see  that  outside  the  body, 


j-curliFJir) 

(4.20) 

1  - 

— cur/(J41)(r) 

P\ 

(4-21) 

These  equations  generalize  the  formulation  of  Glisson  ([13])  to  a  three  dimensional  struc¬ 
ture  whose  regions  of  homogeneity  are  diffeomorphism3  of  the  interior  of  the  sphere  or  a 
torus  in  R3.  If  the  scattering  structure  is  not  a  body  of  revolution,  then  the  region  may  be 
a  diffeomorph  of  an  N  handled  sphere. 


5  Zeros  o?  Functions  of  a  Complex  Variable 


Important  design  problems  can  be  solved  with  good  algorithms  for  finding  zeros  of  entire 
or  meromorphic  functions  of  a  complex  variable.  One  of  the  most  important  problems 
attached  to  Riemann’s  name  was  the  Riemann  hypothesis.  In  this  section  we  discuss  some 
novel  homotopy  methods  ([6])  for  finding  zeros  of  analytic  functions.  The  problem  of 
finding  modes  of  propagation  in  an  anisotropic,  magnetically  lossy  coating  on  a  perfect 
conductor  ( [10])  is  related  to  the  problem  of  finding  complex  numbers  z  such  that 

cosh(^)  -  =  0  (5-1) 

by  moving  this  problem  up  to  a  higher  algebra  where  the  solution  becomes  transparent 
and  then  following  a  homotopy  path  down  to  the  solutions  in  the  space  of  interest;  this 
permitted  the  authors  to  track  propagation  constants  as  magnetic  properties  went  through 
regions  of  anomalous  dispersion  and  the  material  thickness  changed. 

We  consider  here  the  problem  of  finding  complex  members  z  such  that  sin(z)  is  equal 
to  z.  Since  there  are  no  polynomial  functions  P(z )  and  entire  functions  h(z)  such  that 

-  '~tTP(iz)  4-  '-exp(-iz)  -  z  =  P(z)exp(h(z))  (5.2) 

it  is  clear  from  the  theorem  of  Picard  that  there  are  an  infinite  number  of  solutions  of  the 
equation 

.s:n(z)  —  z  =  0  (5.3) 

We  transform  the  equation, 

sin(z)  =  z  (5.4) 

to  an  equation  in  another  space  by  using  auxiliary  functions  so  th  .t  the  transformed 
equation  ha3  the  form, 

sm(X(s)z(s))  =  (z(s)  +  £(s))  (5.5) 

where 

B(s )  =  (n  •  7r;)(l  -  s)  (5.6) 

and 

z(0)  =  -  mti  (5.7) 

and 

A(s)  —  i(l  -  s)  4.  3  (5.8) 

so  that  when  3  is  equal  to  zero,  equation  (5.5)  has  the  form, 

sin(i(—mri))  —  sin(nrr)  ~  (—niti  -f  nm)  (5.9) 

which  is  true,  and  when  s  is  equal  to  1,  then  an  the  trivial  equation  (5.9)  holds  at  one  end 
of  the  homotopy  path  and  if  equation  (5.5)  is  preserved  all  the  way  along  the  path,  and  as 
this  equation  has  the  form 

rin(v4(l)-z)  =  z  +  B{  1) 
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(5.10) 


at  s  equal  to  one,  since 
and 


A(  1)  =  1 

5(1)  =  0 


(5.11) 

(5.12) 


we  see  that  we  obtain  a  solution  of  equation  (5.4)  at  the  other  end  of  the  path. 

Thus,  the  problem  is  finding  a  scheme  for  assuring  that  the  equation  (5.5)  is  preserved 
all  the  way  along  the  path.  Differentiating  bct-h  sides  of  equation  (5.5)  we  see  that 


z'(s)  +  B'(s)  = 


cos(A(s)z(a))  {j4'(s)  •  r(s)  -fi  .A(s)  •  r'(s)}  (5.13) 

Collecting  terms  involving  z‘(s)  we  find  that 

{^i(s)coe(.4(s)z(s))  —  1}  z'(s)  = 

B'(s)  —  z(s).4'(s'lc0.s(J4(s).r(s))  (5.14) 

which  leads,  after  solving  equation  (5.14),  to  a  coupled  system  of  differential  equations  in 
i(s)  and  y(s)  with  known  values  at  s  —  0.  Thus, 


*'(*) 


R  ■  j  B'(s)  -  2(s),4/(.<;)co.s(y4(slz(s))'( 
(  A(s)eos(.4(s)z(s'))  —  1  J 


(5.15) 


and 


where 


y'(s)  =  /may 


B'yS )  —  z(s)A'(s)c03(A(s)s(s))  ) 
j4(s)cos(^4(s)2(s))  -  1  J 


(5.16) 

(5.17) 


These  equations  have  been  computer  tested  and  orbit3  starting  af  z(0)  -f  ty(0)  equal  to 


for  example,  end  up  at 


i(0)  +  iy  (0)  =  0  +  2rri, 
z  ~  7.4976  ••  •  —  i2.7536-” 


(5.18) 


(5.19) 


6  Applications 

The  homctopy  method  described  in  the  last  section  provides  us  with  a  powerful  design 
tool.  By  designing  parameters  in  an  irradiated  toroidal  plasma  that  will  increase  its  effi¬ 
ciency  of  energy  absorption  by  a  factor  of  i,00C,0C0  one  could  in  the  fight  of  the  already 
successful  Fusion  reaction  in  England  design  practical,  commercial  fusion  reactors  which 
would  replace  all  other  means  of  generating  power,  abate  the  globs',  warming,  and  give  us 
a  means  of  having  safe  drinking  water  10  years  from  now. 
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With  the  careful  design  of  irradiating  microwave  systems,  one  could  focus  microwave 
energy  in  the  interior  of  the  body  on  a  cancer  tumor;  if  one  could  highly  locally  raise  the 
temperature  of  the  cancer  tumor  by  just  4°  C  one  would  kill  the  tumor  without  harming 
nearby  normal  tissue.  With  the  surface  integral  equation  approach  described  in  the  previ¬ 
ous  section,  one  could  make  detailed  models  of  the  lungs,  spleen,  liver,  kidneys  et  cetera 
and  have  the  first  realistic  model  which  predicts  the  internal  detail  of  the  response  of  a  man 
to  a  complex  electromagnetic  field.  The  only  exact  solutions  that  have  previously  been 
used  to  attempt  to  validate  electromagnetic  interaction  codes  have  been  those  for  spherical 
scatterers.  Since  half  of  the  effort  in  solving  integral  equations  of  electromagnetic  scattering 
involves  finding  entries  in  a  matrix  operator  representing  the  discretization  of  the  integral 
equations  (4.9)  and  (4.10),  the  exact  formulas  (2.13)  and  (2.18)  for  integrals  of  functions 
defined  on  Riemann  surfaces  have  made  it  easier  to  accurately  determine  the  interaction 
of  electromagnetic  radiation  with  penetrable  bodies  having  rotational  symmetry;  this  will 
permit  a  more  rigorous  validation  of  the  computer  code  predicting  the  detailed  internal 
response  of  the  human  body  to  a  complex  radiation  field. 

References 

[1]  Anderson,  Dale  A.  Computational  Fluid  Mechr--es  and  Heat  Transfer  N ew  "York:  McGraw  Hill  (1984). 

[2]  Barton,  J.  P.,  D.  R.  Alexander,  and  S.  A.  Schaub.  "Internal  fields  of  a  spherical  particle  illuminated  by 
a  tightly  focused  laser  beam:  focal  point  positioning  effects  at  resonance  ”  Journal  of  Applied  Fhijs.cs. 
Volume  65  No.  8  (April  15,  1989)  pp  2900-2906 

[3]  Barton,  J.  P.,  D.  R.  Alexander,  and  S.  A.  Schaub.  "Internal  and  near  surface  electromagnetic  fields  for 
a  spherical  particle  irradiated  by  a  focused  laser  beam”  Journal  of  Applied  Physics.  Volume  6f,  no  J 
(1988)  pp  1632-1639. 

[4]  Brillouin,  Leon.  K’nie  Propagation  and  Group  Velocity.  New  York:  Academic  Press  (I960). 

[5]  Carlson,  B.  C.  Special  Functions  of  Applied  Mathematics  New  York:  Academic  Press  (1977) 

[6]  Chow,  S.  N.,  J.  Mallet-Paret,  and  J.  A.  Yorke.  Finding  zercs  of  maps:  homotopy  methods  that  are 
constructive  with  probability  one.  Math.  Comp.  Volume  32  (1978)  pp  837-889. 

[7]  Chevaillier,  Jean  Phillipe,  Jean  Fabre,  and  Fatrice  Hamelin.  "Forward  scattered  light  intensities  by 
a  sphere  located  anywhere  in  a  Gaussian  beam”  Appl-ed  Optics,  Vol.  25,  No.  7  (April  1,  1986)  pp 
1222-1225. 

[8]  Chevaillier,  Jean  Phillippe,  Jean  Fabre,  Gerard  Grehan,  and  Gerard  Gousbet.  "Comparison  of  diffrac¬ 
tion  theory  and  generalized  Lorenz-Mie  theory  for  a  sphere  located  on  the  axis  of  a  laser  beam.”  Applied 
Optics,  Vol  29,  No.  9  (March  20,  1990)  pp  1293-1298. 

[9]  Cohoon,  D.  K.  "On  the  nonpropagation  of  zero  sets  of  solutions  of  certain  homogeneous  linear  partial 
differential  equations  across  noncharacteristic  hyperplanes",  543/  -  TR  -  81  -  fO  San  Antonio,  Texas: 
USAF  School  of  Aerospace  Medicine,  Brooks  AF3,  Tx  78235  (December,  1981) 

[10]  Cohoon,  D.  K.  and  R.  M.  Purcell.  "Homotcpy  as  an  electromagnetic  design  method.”  Journal  of  Wave 
Material  Interaction,  Volume  J,  No.  1  (January/April/July)  19S9  pp  123  -  147 

[11]  Daniel,  Vera  V.  Dielectric  Relaxation  New  York:  Academic  Press  (1967). 


[12]  Garcia,  C.  B.  and  VV.  I.  Zangwill.  Pathways  to  Solutions,  Fixed  Points,  and  Equilibria.  Englewood 
Cliffs,  NJ:  Prentice  Hall(1981) 

[13]  GJisson,  A.  K.  and  D.  R.  Wilton.  "Simple  and  Efficient  Numerical  Techniques  for  Treating  Bodies  of 
Revolution”  University  of  Mississippi:  University,  Mississippi  USA  38677  RADC-TR-79-22 

[14]  Hamming,  R.  W.  Numtrical  Methods  for  Scientists  and  Engineers  New  York:  McGraw  Hill  (1962) 

[15]  Hocbstadt,  Harry.  The  Functions  of  Mathematical  Physics.  New  York:  Dover(1986). 

[16]  Hormander,  Lars.  Linear  Pcriial  Differential  Operators  New  York:  Academic  Press  (1963) 

[17]  Jeffrey,  Alan.  Table  of  Integrals,  Series,  and  Products  New  York:  Academic  Press  (1965) 

[18]  Kozaki,  Shogo.  "Scattering  of  a  Gaussian  Beam  by  a  Homogeneous  Dielectric  Cylinder”  Journal  of 
Applied  Physics.  Volume  53.  No.  11  (November,  1982)  pp  7195-7200 

[19]  Liou,  K.  N.,  S.  C.  Ou  Takano,  A.  Heymsfield,  and  W.  Kreiss.  "Infrared  transmission  through  cirrus 
clouds:  a  radiative  model  for  target  detection”  Applied  Optics.  Volume  29,  Number  13  (May  1,  1990) 
pp  1886-1896 

[20]  Mackowski,  D.  W.,  R.  A.  Altenkirch,  and  M.  P.  Menguc.  "Internal  absorption  cro&s  sections  in  a 
stratified  sphere”  Applied  Optics,  Volume  29,  Number  10  (April  1,  1990)  pp  1551-1559 

[21]  Mautz,  J.  R.  and  R.  F.  Harrington.  "Radiation  and  Scattering  from  bodies  of  revolution"  Applied 
Science  Research.  Volume  20  (June,  1969)  pp  405-435. 

[22]  Monson,  B.,  Yyas  Reeta,  and  R.  G:.  yta.  "pulsed  and  CW  Photothermal  Phase  Shift  Spectroscopy  in 
a  Fluid  Medium:  Theory"  Applied  Optics.  Volume  23,  No.  13  (July,  19S9)  pp  2554-2561. 

[23]  Mugnai,  Alberto  and  Warren  J.  W'scombe.  "Scattering  from  nonspherical  Chebyshev  Particles.  I.  Cross 
Sections,  Single  Scattering  Albedo,  Asymmetry  factor,  and  backscattered  fraction”  Applied  Optics, 
Volume  25,  Number  7  (April  1,  1986)  pp  1235-1244. 

[24]  Park,  Pae-Sig,  A.  Biswas,  and  R.  L.  Armstrong.  "Delay  of  explosive  vaporization  in  pulsed  laser  heated 
droplets"  Optics  Letters.  Volume  15,  No.  J  (February  15,  1990)  pp  208-208 

[25]  Pinnick,  R.  G.,  Abhijit  Biswas.  Robert  L.  Armstrong,  S.  Gerard  Jennings,  J.  David  Pendleton,  and 
Gilbert  Fernandez.  "Micron  size  droplets  irradiated  with  a  pulsed  CO3  laser:  Measurement  of  Explosion 
and  Breakdown  Thresholds”  Applied  Optics.  Volume  29,  No.  7  (Idarch  1,  1990)  pp  918-925 

[26]  Rosseland,  S.  Theoretical  Astrophysics:  Atomic  Theory  and  the  Analysis  of  Stellar  Atmospheres  and 
Envelopes  Oxford,  England:  Cla  endou  Press  (1936) 

[27]  Schauh  S.  A.,  D.  R.  Alexander,  J.  P.  Barton,  and  M.  A.  Emanuel.  "Focused  laser  beam  interactions 
with  methanol  droplet.3:  effects  of  relative  besm  diameter”  Applied  Optics.  Volume  23,  No.  9  (May  1, 
1989)  pp  1666-1669 

[28]  Schifter,  Raif.  "Perturbation  approach  for  light  scattering  by  an  ersemble  of  irregular  particles  of 
arbitrary  material"  Applied  Optics,  Volume  29,  Number  10  (April  1,  1990)  pp  1536-1550 

[29]  Sherman,  George  C.  and  Kurt  Edmund  Oughston.  "Description  of  pulse  dynamics  in  Lorer.tz  media 
in  terms  of  energy  velocity  and  attenuation  of  time  harmonic  waves."  Physical  Review  Letters,  Volume 
1 T  Number  20  (November,  1931)  pp  1451  -  1434. 

[30]  Ta.ai,  Wen  Chung  and  Ronald  J.  Pogorzelcki.  "Eigenfunction  solution  of  the  scattering  of  beam  radi¬ 
ation  fields  by  spherical  objects"  Journal  of  the  Optical  Society  of  Amertca.  Volume  65.  Number  1 2 
(December,  1975)  pp  1457-1463. 


[3 1]  Tzeng,  H.  M.,  K.  F.  Wall,  M.  B.  Long,  and  R.  K.  Chang.  "Laser  emission  from  individual  droplets  at 
wavelengths  corresponding  to  morphology  dependent  resonances”  Optics  Letters.  Volume  9,  Number 
11  (1984)  pp  499-501 

[32]  Volkovitsky,  0.  A.  "Peculiarities  of  light  scattering  by  droplet  aerosol  in  a  divergent  CO-3  laser  beam” 
Applied  Optics.  Volume  26,  Number  24  (December  15,  1987)  pp  5307-5310 

[33]  Waaow,  Wolfgang.  Asymptotic  Expansions  for  Ordinary  Differential  Equations  New  York:  John  Wiley 
(1965) 

[34]  Whittaker,  E.  T.  and  G.  N.  Watson.  A  Course  of  Modern  Analysis  London:  Cambridge  University 
Press  (1936). 


175 


A  THEORY  OF 
HEATING  OF  VOIGT  SOLIDS 
AND  FLUIDS  BY  EXTERNAL  ENERGY 

SOURCES 

D.  K.  Cohoon 
43  Skyline 

Glen  Mills,  PA  19342 
March  5,  1992 


The  purpose  of  this  paper  is  to  develop  both  (i)  a  theory  of  laser  stimulated  vaporization 
of  droplets  and  (ii)  a  theory  of  internal  heating  resulting  from  vibration  wave3  in  linearly 
responding  elastic  material.  There  are  applications  to  sending  information  through  clouds 
on  laser  beams  and  to  the  control  of  temperature  in  ultrasonic  welding. 

We  develop  a  theory  of  thermal  excursions  resulting  from  ultrasonic  welding,  and  inter¬ 
pret  it  as  an  elastic  interaction  with  damping  in  a  Voigt  solid.  It  is  hypothesized  that  with 
good  control  of  temperature,  one  could  achieve  strong  and  uniform  welds  by  this  process 
and  greatly  reduce  the  cost  of  manufacture  of  aircraft,  and  other  aluminum  structures.  We 
consider  equations  describing  the  conservation  of  ma33,  momentum,  and  energy  coupled  by 
an  equation  of  state,  mid  consider  general  mass,  momentum,  and  energy  transfer  relation¬ 
ships  in  a  compressible  body  subjected  to  external  stimuli.  For  the  Voigt  solid  theory,  a 
linear  elastic  theory  with  damping  forces,  we  show  how  some  simple  local  time  averaging 
gives  us  a  dovetailed  system  consisting  of  the  elastic  wave  equations  whose  solution  provides 
the  source  term  for  a  heat  equation.  For  the  more  general  theory  of  droplet  vaporization  we 
illustrate  a  general  nonlinear  energy  equation  which  includes  a  radiation  energy  conductivity 
term. 
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1  INTRODUCTION 


We  use  this  concept  of  a  material  derivative  and  fluxes  of  mass,  momentum,  kinetic 
energy,  internal  energy,  temperature,  and  radiation  to  express  the  conservation  of  mass, 
momentum,  and  energy  in  a  Voigt  solid  that  is  stimulated  by  an  elastic  wave  energy  source. 
Initially  there  are  more  dependent  variables  than  there  are  equations.  However,  these  equa¬ 
tions  are  coupled  by  an  equation  of  state  which  enables  one  to  develop  a  semigroup  for¬ 
mulation  which  will  predict  pressure,  density,  velocity,  and  temperature  distributions  in  the 
interior  of  the  stimulated  solid.  Local  time  averaging  gives  us  a  heat  equation  with  an  elastic 
energy  source  term. 


1.1  Vector  Analysis 


The  material  derivative  of  a  function  /  is  defined  by 

Df_  _  dj_  d£dx  dj_d y  d£ch 
Dt  dl^dzdt^dydt^dzdi 

Thus,  the  material  derivative  is,  if  we  define, 

dx  _  dy  _  dz  _ 

u  ”  Jttz  +  at' e>  +  ai' c* 


given  by 

where  v  is  the  velocity  of  a  point  in  the  fluid. 


d  d  .  _ 

-  =  -+(* ,-grad) 


(1.1.1) 

(1.1.2) 

(1.1.3) 


1.2  External  Energy  Sources 

Thermal  energy  is  transferred  by  conductivity  and  internal  radiation  as  well  aa  radiation 
from  the  surface.  We  assume  i  hat  the  elastic  material  is  clectromagnetically  polyanisotropic. 


Tf-iy 


a  material  more  general  than  a  bianisotropic  material.  The  nonlinear  Faraday  Maxwell 
equation  is  given  by 


a\‘*  reV* 


cnrl{E)^7\E,H,-,\^ j  B.fa)  H, 
while  the  nonlinear  Ampere  Maxwell  equation  has  the  form 
c»r«H)  = 


(1.2.1) 


(1.2.2) 


For  a  general  material  where  we  have  continuity  of  tangential  components  of  E  and  H  across 
the  boundary  separating  regions  of  continuity  of  electromagnetic  properties  the  radiation 
source  term  is 

(d  \ 

--JQin  =  (1/2 )Re(div{E  x  H-)  (1.2.3) 

The  radiation  source  term  which  provides  a  thermal  energy  is  for  a  linearly  responding 
material  given  by 

(I)*-- 

(1/2 )Re  | E'  ■  ( iu>t  +  W)E  +  E  ■  o' Hn— 

3  •  {wpS')  +  H  ■  (Jz-)+ 

Xan(r)cr,  I  -5«an5CT.;ia/  |3}  (1.2.4) 

where  if  8 fl  is  the  surface  containing  the  impedance  sheet,  then 


I  X i  |  Efang^ntial  J  C V  —  I  (7 H  j  frYinjrntiS,'  |  d-4 

J  a  Jan 


(1.2.5) 


defines  the  characteristic  function  X;n  °f  the  surface  supporting  the  impedance  sheet,  e  is 
the  permittivity,  /j.  L  the  permeability,  cr  denotes  conductivity,  and  a  and  0  are  coupling 
tensors  which  appear  in  the  lineal-  Faraday  and  Ampere  Maxwell  equations,  respectively. 

Another  internal  source  term  is  the  Voigt  solid  damping  term  contribution  which  will  be 
derived  in  the  sections  7/hich  follow.  Another  so’irce  of  heat  is  the  friction  of  a  mechanical 
vibrator  on  the  surface  of  the  aluminum. 


2  Mass  Transfer 


We  consider  that  through  melting  or  movement  of  a  fluid  that  matter  can  flow  across 
the  boundary  of  a  surface  or  that,  in  the  case  of  an  elant:c  medium,  that  it  cannot,  and 
examine  the  consequences  and  mathematical  representation  of  of  these  assumptions. 


2.1  Continuity  Equation 


Assuming  that  in  the  Voigt  solid  or  liquid  interior  that  the  rate  at  which  mass  is  created 
or  destroyed  is  given  by  Qm  and  that  the  flux  of  mass  across  a  surface  is  given  by  pv  we  see 
that 

—  +  div(pv)  =  Qm 


or  if  Qm  =  0  that 


div(pv)  =  — 


dp 

at 


(2.1.1) 

(2.1.2) 


3  Momentum  Equations 


The  conservation  of  momentum  is  our  most  fundamental  lav;  of  physics.  We  examine 
the  consequences  of  this  for  the  Voigt  solid  and  for  liquids. 


3.1  Voigt  Solid  Momentum  Conservation 


In  thi3  section  we  derive  the  conservation  of  momentum  by  equating  the  rate  of  change 
of  momentum  to  the  work  done  by  the  fluid  pressure  and  the  viscous  forces  and  the  body 
forces  and  the  flux  of  momentum  across  the  boundaries  of  test  volumes.  We  define  the 
velocity  as 

v  =  uex  +  vey  +  we,  (3.1.1) 

An  important  identity  involving  the  dyadic  product  of  two  vectors  A  and  B  is 

div(AB)  —  div(A)B  +  (A  ■  grad)B  (3.1.2) 

Another  important  quantity  is  the  tensor  or  dyadic  quantity  quantity  obtained  by  taking 
the  gradient  of  a  vector  field  given  by 

grad{£)  =  E  (3-L3) 


Using  equation  (3.1.3)  we  define  the  symmetric  strain  tensor  in  terms  of  the  displacement 
U  of  a  point  of  a  solid  from  its  equilibrium  position  as 


grad(U)  +  gradiU)* 


and  cubical  dilatation  9  is  given  by 


(3.1.4) 


9  =  div(U)  =  E 


i=l 


(3.1.5) 


1 


— ■'vy-T*:- 


- .-: ■--•  —  I--.’.. 


The  Voigt  solid  elastic  stress  tensor  is  denned  by 

!  = 


where 


2-/il  +  \BI  +  2-ji^  +  '& 
r  ^  di  di 


1  =  EE(^)^) 

i=i  j=i 


(3.1.6) 

(3.1.7) 


If  F  is  the  force  per  unit  mass,  and  p  is  the  mass  per  unit  volume,  then  the  generalized  equa¬ 
tions  of  elasticity  for  a  stress  tensor  5  by  Newton’s  force  is  equal  to  mass  times  acceleration 
law,  or 

PW  =  pf  +  dlV&  (3-L8) 

When  the  stress  tensor  S  is  given  by  the  Voigt  solid  relationship  (3.1.6) 

d2U 


di 2 


=  pF  + 


d  dU 

(A  +  p)grad(9)  +  pAU  +  (A  -fi  p)—grad(8)  +  /1A“ 


where  in  Cartesian  coordinates  the  Laplacian  A  is  defined  by 

AU  = 


&_  , 

dx\  dx\ 


(3.1.9) 


(3.1.10) 


When  the  material  through  which  the  elastic  wave  is  propagating  is  three  or  seven 
dimensional,  the  displacement  vector  U  is  necessarily  a  curl  plus  a  gradient  given  by 

U  =  grad(6 )  +  curl(ip)  (3.1.11) 

This  is  true  for  any  C”°  function  defined  on  an  open  set  in  R”  with  values  in  Cn  for  n  equal 
to  three  or  seven,  and  can  be  seen  from  the  following  lemma  ([19]). 

Lemma  3.1  If  n  is  three  or  seven,  then  for  every  open  set  ft  in  Rn  and  for  every  vector 
field  F  in  Cco(ft,Cn)  there  is  a  vector  field  G  in  the  same  space  such  that 


F  =  grad(div(G ))  +  curl  (cur  l(—G)) 
where  if  n  is  equal  to  seven  the  curl  is  defined  by  the  rule, 

cur  1(E)  — 


(3.1.12) 


E 


fdEi+3 

d£,-+i'\ 

[A  dr,+i 

dr,+3; 

dE{ 


+s 


dE,+7\ 
dr, -h;  ) 


dE\ 


+  5 


4- 


dE , 


+4 


(3.1.13) 


d •A'  t-f  2  dr, +<;  J  '  \dz.-M  dr, +5 

where  e,  is  the  unit  vector  in  the  direction  of  the  ith  coordinate  axis  in  7  dimensional  space 
and 


(3.1.14) 


If  we  then  substitute  equation  (3.1.11)  into  (3.1.11)  we  deduce  that 
grad  -  (A  +  2/i)Ad  -  (A  +  2/2)A^ 

=  curl  ^sAip  +  jPA^  -  (3.1.15) 

where  A  is  defined  by  (3.1.10).  If  we  take  the  dot  product  of  both  sides  of  equation  (3.1.15) 
with  the  gradient  of  any  test  function  P  with  compact  support  and  integrate  over  an  open 
set  containing  the  support  of  this  test  function,  then  the  curl  term  disappears,  since  the 
curl  of  a  gradient  is  the  zero  vector.  We  j;et  two  wave  equations  with  damping  terms  and 
different  wave  speeds  satisfied  by  <j>  and  ip.  The  <p  wave  equation  is 

^ +  2^  -  (A  +  2-/i)A^  (3.1.16) 

and 

P^f  =  +  pA^  (3.1.17) 

with  A  being  defined  by  (3.1.10).  Note  that  if  we  set  ft  and  A  equal  to  zero,  then  we  get 
exactly  the  wave  equations  for  the  two  types  of  observed  Earthquake  wave-3.  If  we  Fourier 
transform  all  terms  of  equations  (3.1.16)  and  (3.1.17)  with  respect  to  time  we  see  that  the 
Fourier  transforms  of  both  ip  and  <p  with  respect  to  time  satisfy  a  Helmholtz  equation  of  the 
form, 

AV  +  k2V  =  0  (3.1.18) 

where  A  is  the  Laplacian  defined  by  (3.1.10)  and  k  is  a  complex  constant.  Thus,  except 
for  the  rather  complex  boundary  conditions  these  equations  might  be  solved  by  standard 
theories.  The  boundary  conditions  are  highly  mixed  and  require  us  to  consider 

•  a  region  of  welded  contact  between  the  plates  where  both  the  displacement  and  the 
stress  tensor  are  continuous, 

•  a  free  surface  where  all  the  entries  of  the  stress  tensor  are  zero, 

•  a  region  of  contact  of  the  vibrator  and  the  surface  of  the  material  being  welded  where 
the  stress  tensor  is  specified, 

•  the  nonwelded  contact  region  where  the  normal  components  of  the  stress  and  displace¬ 
ment  are  continuous,  and 


•  the  ret^on  of  contact  of  the  workpiece  and  the  clamp,  where  the  normal  components 
of  the  stress  are  specified  and  the  normal  component  of  the  displacement  is  fixed  at 


3.2  Generalized  Navier  Stokes  Equations 


For  compressible  materials,  the  momentum  conservation  equations  are  nonlinear.  The 
momentum  flux  is  the  dyad  pvv  and  using  the  concept  of  conservation  of  mass  or  equation 
(2.1.2)  and  equation  (3.1.2)  we  see  that 

div(pvv)  =  div(ov)  +  p(v  ■  grad)v 

—  +  p{v-  grad)v  (3.2.1) 

If  p  is  the  pressure,  th°n  the  total  stress  tensor  II  is  given  by 

n  =  ~p{eses  +  evev  +  e-e,)  +  f  (3.2.2) 

The  dscous  stress  tensor  is  given,  using  equation  (3.1.1)  for  velocity,  by  the  rule, 


p  2—  erex  +  p  —  +  —  eyer+ 


dw  du 
dx  ^  dz 


dv  du\  _  _ 

al  +  ajj 

(  du  dv\  „  _ 

+  -)e-'‘+''U+sh'> 


(ndv\  _  _  (dw  dv\  _  _ 
(du  dw\  _  _  (dv  dw\  „  _ 

A*  aT  +  -57  e*e*  +  t*  +  57  Ke« 


<?z  dy 


(ndw\^_  2  /<9u  <3v  dw\  _ 

+p  2—  e,e,  -  -M  m-  +  ~  +  —  erex 
\  dz )  o  \dx  ay  oz ) 

2  (du  dv  dw\  _  _ 

~3^  4  dy  +  ~d~z }  **** 

2  ( du  dv  dvj  \  _  _ 

-y[al  +  a~y  +  T,)--‘' 


.  -i“\T^Ty  +  T:)'-c-  <3'23) 

We  have  seen  that  the  total  stress  tensor,  equation  (3.2.2)  is  given  in  terms  of  the  pressure 
p  and  the  viscous  stress  (3.2.3).  The  momentum  equation  is  given  by 

d 

—  (pu)  =  -div(pvv) 


pf  +  div{  II) 


(3.2.4) 


Using  equation  (3.2.1)  we  see  that  equation  (3.2.4)  and  equations  (3.2.2)  and  (3.2.3)  we  sc 
that 

8v  ,  _  „  _ . 

p—  +  p{v  ■  grac(v))  = 

A? 


1  °2 


pf-  grad(p )  +  div(f)  (3.2.5) 

Using  the  concept  of  material  derivative,  equation  (1.1.1)  and  assuming  that  /  is  the  zero 
vector,  equation  (3.2.5)  reduces  to 

=  —  -grad(p)  -f  -dtu(?)  (3.2.6) 

Di  p '  p 

4  Energy  Conservation 


There  is  internal  energy,  kinetic  energy,  work  done  by  the  viscous  forces  (equation  3.2.3), 
pressure,  and  work  done  by  the  external  body  forces.  The  energy  is  transferred  from  one 
region  of  the  heated  Voigt  solid  to  another  by  thermal  conduction,  kinetic  energy  flux,  and 
radiation  conduction  processes,  and  by  the  external  elastic  and  thermal  energy  source.  For 
boiling  liquids  we  consider  viscous  dissipation  functions  and  a  radiation  conductivity  term. 


4.1  A  Heat  Equation  for  Voigt  Solids 


We  begin  by  considering  the  Voigt  solid  stress  tensor  and  then  go  on  to  analysis  of  energy 
transfer  where  viscous  dissipations  functions  are  responsible  for  energy  transfer. 

We  now  consider  specific  energy  per  unit  mas3  e  within  a  stimulated  Voigt  solid,  and  we 
let  the  velocity  V  of  a  point  be  defined  by 


(4.1.1) 


where  U  is  the  displacement  from  equilibrium.  Then  the  total  energy  within  a  volume  ft  is 
given  by 

£n(t)  -  {p(e  +  V  -V /2)}  dv  (4.1.2) 

The  time  derivative  of  £n(t)  is  the  rate  of  energy  input  into  ft  by 


•  body  forces, 


•  the  stress  system, 

•  the  flux  of  kinetic  energy  across  the  boundaries, 

•  thermal  heat  conduction, 

•  internal  heat  generation, 

•  radiative  transport,  and 
o  internal  energy’  flux. 
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The  above  means  of  energy  transport  are  all  important  in  fluid  flow,  but  in  elastic  media, 
many  of  the  terms  may  be  ignored  because  there  :s  no  gross  motion  of  material  across 
boundaries.  With  our  periodicity  assumption,  many  of  the  terms  which  are  conceptually 
small  will  be  shown  to  vanish  exactly  when  they  are  smoothed  by  using  local  time  averages. 
This  iocal  smoothing  may  be  thought  of  as  a  transition  from  a  temporally  microscopic  to 
a  temporally  macroscopic  theory. 

To  get  to  the  final  form  of  the  equation  that  we  consider  we  shall  assume  that  the  integral 
of  the  product  of  a  slowly  varying  function  and  a  highly  oscillatory  function  is  nearly  zero. 
The  rigorous  energy  equation  may  be  expressed  in  the  form, 

5  (£«•  +  *  •*/*»*)  - 

f  (F  -V  +  div(S  ■  V)  -  ( div(p(V  ■  V /2)V)) 

Ja 

+  div(K  ■  grad{T))  +  +  div(qr  —  tpV))dv  (4.1.3) 

at 

where  the  terms  on  the  right  side  of  (4.1.3)  are  respectively 

•  power  transfer  by  body  forces 

•  rate  of  kinetic  energy  transfer  across  the  boundary 
«  the  rate  of  energy  transfer  by  thermal  conduction 

•  the  rate  at  which  energy  is  created  internally 

•  the  rate  at  which  energy  is  transferred  into  the  body  by  radiation, 

e  the  rate  at  which  internal  energy  is  transferred  across  the  boundary  by  material  mo¬ 
tion. 


From  equation  (4.1.3)  we  deduce  an  energy  transfer  equation, 


F-V  +  div(S-V)  -  div(p\^~-J  V)  +  div(K  •  grad{T)) 

rs. r\ 

+  div(qr )  -  ediv(pV)  -  pV  ■  grad(e)  (4.1.4) 

If  a  slowly  varying  time  envelope  is  riding  on  a  rapidly  varying  oscillation,  (e.g.  very 
rapid  vibrations  and  a  periodic  movement  of  the  source  of  those  vibrations  or  a  steady 
increase  in  temperature  resulting  from  these  vibrations)  then  we  can  use  the  local  time 
averaging  operator 

PT,{f)(t)  =  7(0  =  f  (4.1.3) 

then  it  is  cmar  that 


1  :  1 


Lemma  4.1  If  f  is  periodic  with  period  Tp  and  if  Pjf  is  defined  by  (4-1.5)  then  for  all  real 

t 

Pr,(f-f)  =  0  (4.1.6) 

This  follows  from  the  fact  that 

(/•/■>(<>  -  !(£)<*>  <4-u> 

and  the  fact  that  if  /  is  periodic  with  period  Tp  that  then 

f\t  +  Tp)  -  /2(t)  =  0  (4.1.8) 

We  shall  use  elementary  vector  analysis  to  reduce  the  energy  equation  (4.1.4)  to  a  place 
where  we  can  use  the  Lemma  and  the  local  time  average  operation  Pjp  defined  by  equation 
(4.1.5)  to  get  a  simplified  heat  equation. 

We  shall  use  the  identity, 

div((A-B)C)  =  (A  ■  B)div(C)  +  C-grad(A-B)  = 


(A-  B)div{C)  +  C  ■  [A  x  curl(B)  +  Bx  curl{A) 
+  (A-grad)B  +  (B  ■  grad)A^ 


(4.1.9) 


which  mean3  that  if  we  let  .4  be  equal  to  B  be  equal  to  C  be  equal  to  pV  to  deduceji 
simplification  of  the  divergence  of  p  times  half  of  the  dot  product  of  V  with  itself  times  V . 
We  see  that 


W). 


'v-v' 


2  j  div(pV)  +  V  ■  grad(V  ■  V)  = 


('HT’J  div(p^  +  p\  '  X  mrl^)  + 

V  x  curl(V)  +  ( V  ■  grad)V  +  (7  •  grad)V} 


But  since 


V  -{V  X  curl(V ))  =  0, 
we  see  that  equation  (4.1.10)  reduces  to 

-  div^p^-^jV)  =  -  pV-((V.grad)V) 

The  generalized  momentum  conservation  equation, 

P~q£  —  —  p(V  ■  grad)V  +  F  +  div(S) 


(4.1.10) 

(4.1.11) 

(4.1.12) 


(4.1.13) 


Using  the  equation  (4.1.12),  which  simplifies  the  divergence  of  the  kinetic  energy  flux,  and 
the  result 

pV  ■  —  =  ~  pV  ■  (V  ■  grcd)V  +  F-V  -f  div(S)  ■  V  (4.1.14) 

dt 

or  dotting  all  terms  generalized  momentum  equation,  (4.1.13),  we  deduce  from  (4.1.3)  that 


dp  3e 

Me  +  P9t  + 


Bp  (V-V\ 
at  \  2  ) 


+ 


{-pV  .((V  .grad)V  +  F-V  +  div(S)-V] 

=  F-V  4-  div(§  ■  V )  + 

{(^)f  •  + 

div(K  -  grad(T ))  +  ^  +  div(gr) 

—  e(div(pV ))  +  pV  ■  grad(e)  (4.1.15) 

where  the  terms  in  energy  equation  (4.1.15)  that  differ  from  the  original  energy  equation 
(4.1.3)  are  enclosed  in  curly  brackets.  We  further  simplify  equation  (4.1.15)  by  using  the 
mass  conservation  equation  (2.1.2)  and  cancelling  out  terms  that  appear  on  both  sides  of 
the  equal  sign  of  equation  (4.1.15)  to  obtain, 

j  +  div( f  )  •  V  =  div(S  ■  V )  + 

div(K  •  grad(T))  +  ~  +  div(oT )  —  •  grad(e)  (4.1.16) 

at 

We  now  make  use  of  the  dyadic  identity 

div(§  •  V)  -  div(3)-V  =  (§  •  grad)  •  V  (4.1.17) 

Substituting  equation  (4.1.17)  into  equation  (4.1.16)  we  obtain  equation 

p ^  =  ( S  •  grad)  -V  +  div(K  ■  gvad(T)) 
at 

+  ~  +  div(qr)  -  pV  ■  grad(c)  (4.1. IS) 

at 

We  assume  that  p  and  the  conductivity  tensor  K  a-c  time  independent  and  that  the  internal 
energy  source  Q  and  the  radiative  energy  source  qr  are  both  identically  zero  and  apply  the 
local  time  averaging  operator  Px  defined  by  equation  (4.1.5)  to  all  terms  of  the  simplified 
energy  equation  (4.1.13)  ([33],  p  17)  to  obtain  equation 


(S  •  grad'j  ■  V  -f  div[K  •  T )  —  pV  ■  grad(t) 


(4.1.19) 
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We  now  use  the  oscillation  theorem  which  says  that  if  a  is  smaller  than  b  and  if  /  is 
continuous  on  [n,  6]  then 

“L  f  co3(nt)f(t)dt  =  0  (4.1.20) 

n  — >  co  ja 

to  say  that  to  a  good  approximation  since  V  is  a  rapidly  varying  function  and  e  is  a  slowly 
varying  function  we  may,  in  view  of  (4.1.20),  say  that  to  a  good  approximation, 


pV  •  grad(e)  =  0 


to  obtain  the  first  approximate  heat  equation, 

p^C-  =  (5  •  grad)  •  V  +  div{K  ■  grad(T)) 
at 

We  now  are  prepared  to  exploit  equation  (4.1.6)  and  the  relation 

=  cT 


(4.1.21) 


(4.1.22) 


(4.1.23) 


where  e  and  T  are  respectively  increases  in  energy  density  and  temperature,  and  where  c  is 
the  specific  heat  to  obtain  our  final  form  of  the  heat  equation  with  an  elastic,  energy  power 
density  source  term.  We  write  for  n  equal  to  three  or  seven, 


5  = 

i=i j-i 


(4.1.24) 


where 


WUCIC 

».•>  -  "(S*8H(ScS) 

*££)'"  *  '(sS)'-’ 

We  now  take  the  dot  product  of  both  sides  of  equation  (4.1.25)  vnth  V  obtaining, 

(I-yrcd)-F  = 


(4.1.25) 


3  \  f  A  dut  _ 


t=l  ;  =  1  ,Sr=l 


k>  P,~r.  PH 


1  =  1  J  —  \  X-=  1 


(4.1.26) 


We  apply  the  local  time  average  operation  defined  by  (4.1.5)  to  all  terms  of  equation  (4.1.26) 
making  use  of  (4.1.6)  and  substitute  into  equation  (4.1.22).  Thus,  from  (4.1.4)  we  derive 
the  heat  equation, 

~  div(K  ■  grad(T))  ~ 


(4.1.27) 


£  a 

(ij)eS(n) 


c^Uj 

d.z.ci 


+ 


where  the  index  set  is  defined  by 


dx^dt  J 


2 


J(n)  ~  and  {i,j}€  {1,2,  ••  -,n}} 


(4.1.23) 


and  the  internal  energy  density  increase  e  that  appeared  in  our  original  energy  equation 
(4.1.4)  is  related  to  temperature  increase  by  the  relation  (4.1.23),  where  c  is  the  specific 
heat  and  T  is  the  temperature  increase,  which  means  that  since  the  right  side  source  term 
of  the  heat  equation  (4.1.27)  is  positive  that  heat  will  be  generated  by  vibrations  in  a  Voigt- 
solid. 


4.2  Droplet  Explosion  by  Lasers 


We  now  consider  energy  transfer  in  a  stimulated  fluid.  Using  equation  (3.2.3)  we  define 
the  viscous  dissipation  function  0?  by  tire  rule, 


n 


du  ch/A3  2  f  du  c/v  duA* 
dz  +  Ox  J  3  \c?r  ^  Oy  ^  c'z  ) 


(4.2.1) 


In  these  terms  the  energy  equation  is  given  by  (Anderson,  TannehiU,  and  Pktcher  [1],  pages 
188-1S9). 

d  ]  ov  •  v  I 

oi  r + “i  “ 

—  div(pcv)  f  ■  u  f 

<iiv(il  •  t7)  -  div{  f  ~---  |  v)+ 


d:v(K jrad{ 7)} 


to 


We  define  the  enthalpy  h  as  (sec  Anderson  [1],  p  133) 

v 


Q> 


n  ~  t  -h 


(4.2.2) 
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(4.2.3) 


To  telescope  the  terras  in  the  energy  equation  we  make  use  of  the  vector  identity 


to  observe  that 


grad(A  •  B)  =  A  x  curl(B)  -i -  B  x  curl(A)+ 
( B  ■  grcuI)A  -f  ( A  ■  grad)B 

pv-  grad  (  — r— -1  = 


(4.2.4) 


pv  •  {v  x  cur/(v)  +  v  ■  grcd(v)}  (4.2.5) 

Interchanging  the  dot  and  cross  product  in  equation  (4.2.5)  we  see  that  since  for  an  arbitrary 
vector  field  v 

v  •  (v  x  curl(v))  —  (v  x  v)  ■  ctirl(v)  ~  0  (4.2.6) 

it  follows  that 

=pv-  {(v  ■  grad)(v)}  (4.2.7) 

We  can  then  collapse  term3  in  equation  (4.2.2)  by  observing  that  the  momentum  equation 
implies  that 

v  •  p(v  •  grad)v  — 

&v  .. 

~PTt 

+  Pf  ~  <Fad{ P )  ‘  w  +  div(f)  ■  v  (4.2.S) 

Thus.,  using  equation  (1.1.1)  and  equations  (4.2.7)  and  (4.2.8)  the  energy  equation  (4.2.2) 
may  be  rewritten  in  the  form, 

Dh  Dp 
PDt  ~  Di  + 

( d\  „  .  (d\  „ 


(d\„  (d\„ 

\8t )  Qin  +  \ot  J  Q™1+ 


4?  —  div(Kgrad(T)) 


(4.2.9) 


where  (d/dt)Q is  given  by  equation  (1.2.4)  and  <5  is  the  dissipation  function  representing 
the  work  done  by  the  viscous  forces  of  the  fluid.  The  terra  representing  the  transfer  by 
radiation  from  one  part  of  the  fluid  to  another  is  given  by  (Siegel  and  Howell  [51],  page  589) 


'|)0„,,rfiv(i|p.^(r)) 


(4.2.10) 


This  equation  may  be  interpreted  as  providing  a  radiation  flux  acrosf  a  surface  defined  by 

1 


3 an  ’ 


(4.2.11) 


where  <ip  la  the  Rome!  and  mean  absorption  coefficient  (Siege!  [51]  ,  p  504  and  Rosso! and) 
and  where  a  (Siegel  [51],  page  25)  is  the  hemispherical  total  emissive  power  cf  a  black  surface 
into  vacuum  having  a  value  of 


cr  =  5.G636  x  lo~*  Watts  /  (meters3  °K  ) 


(4.2.12) 
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Using  equation  (4.2.10)  and  equation  (4.2.2)  ws  see  that 

(-paiv(v))  —  div(Kgrad(T))  +  § 

where  <5  is  the  viscous  dissipation  function  given  by  equation  (4.2.1) 

4.3  EQUATION  OF  STATS 


(4.2.13) 


In  the  energy  equation  (4.2.13)  the  perfect  fluid  assumption  ([1],  p  189)  would  yield 

e  =  c„T,  (4.3.1) 

where  Cy  is  the  specific  heat  at  constant  volume,  and  if  we  define 

7  —  ~  (4-3.2) 

Cv 


where  Cp  is  the  specific  heat  at  constant  pressure,  then  the  pressure  p,  the  internal  energy  e 
and  the  density  p  are  related  by  ([1],  p  183) 


j>  =  (7-l)pe 


(4.3.3) 


5  SUMMARY 


Using  the  definition  of  velocity  (equation  3.1.1)  and  the  equation  of  state  (4.3.3)  we  sec 
that  the  number  of  equations  33  5,  allowing  3  equations  for  the  three  components  of  the 
momentum,  and  while  the  ir.tird  variables  are  p,  u,  v,  u>,  p,  e,  and  T,  we  see  that  since 
the  temperature  T  is  related  to  e  and  since  pressure  i'J  a  function  of  p  and  s,  we  see  that 
there  axe  now  exactly  3  unknowns.  This  means  that  locally  within  the  Voigt  solid,  we  can 
describe  the  future  state  of  the  Voigt  solid  as  a  semigroup  acting  on  the  conditions  at  time 
to-  If  we  want  to  know  the  value  at  time  f  and  5  is  defined  so  that  the  solution  at  time  t  is 
given  by  S(i  —  to)  acting  on  the  values  at  t  =  !0  of  the  density  p,  the  velocity  components 
u,  v,  and  w,  and  the  temperature  T.  The  semigroup  relation, 
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1  Introduction 


There  are  at  least  two  approaches  to  spheroid  scattering.  Those  use  ordinary  spheroidal 
harmonics  and  the  more  general  spin  weighted  angular  spheroidal  harmonics.  The  hey 
to  both  methods  is  the  determination  of  the  eigenvalues  of  angular  spheroidal  harmonics. 
We  have  proposed  a  Rayleigh  Rita  functional  approach,  the  classical  method  of  estimat¬ 
ing  eigenvalues  for  elliptic  boundary  value  problems,  and  the  solution  of  a  transcendental 
equation  involving  continued  fractions.  The  latter  requires  an  efficient  method  of  evaluating 
continued  fractions. 


*} 


sign  ri. 


Hits  Procedures 


One  method  is  to  use  separation  of  variables  to  obtain  a  solution  of  the  scalar  Helmholtz 
equation  and  then  to  use  the  fact  the  if  we  multiply  the  position  vector  by  this  single  solution 
and  repeatedly  apply  the  curl  operation,  we  only  generate  a  basis  for  a  finite  dimensional 
vector  space. 

A ’I '  +  k7*f  = 
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e+v1  &a 

V  +  i)(i-r)^aJ 

+  k'jie  +  Tj')*  =  0  (2.1) 

We  now  seek  solutions  of  equation  (2.1)  of  the  form 

$  =  R(I)S(rj)cxp(im6)  (2.2) 

?-nd  substitute  equation  (2  2)  into  equation  (2.1)  and  then  divide  all  terms  of  thi3  equation 
by  the  function  '3?  defined  by  equation  (2.2)  after  making  use  of  the  relationship 

(£2  +  i)(i-r) 


and  making  the  subsitution 


we  obtain  the  relation, 


1  -  rj3  ?  +  1 

i 

c3  =  &<P/4 


i-iJ 


+  c3??3  = 


-  {Kk’  +  d-^) }/%.«  + 


£3  +  l 


+  =  -  ^(m,n) 


From  equation  (2.5)  we  obtain  a  kind  of  Rayleigh  Rita  functional  for  the  value  of 
Equation  (2.5)  tells  us  that 

A(m,n)  ~ 


+5> 


j(“cV)  +  <*»?  J  /  {y_i  S^5?}  (2.6) 


We  note  that  when  c  is  equal  to  zero,  we  are  dealing  with  a  sphere  and  that  the  angular 
functions  are  the  associated  Legendre  functions  P™{r])  so  it  makes  sense  that  we  want  S  to 
behave  like  the  function  Pft{rj)  when  c  is  zero.  We  note  that  either  n  —  m  is  even  or  odd, 
end  we  know  the  initial  conditions  exactly  in  each  case.  We  u.se  partial  derivative  notation 
for  functions  G(c,  rj)  and  note  that 


ft iG{c ,  0)  — 


LIM  8G_ 

\j  — >  0  or] 


cr icraar  t-t- •' 


■'*  a~  j  T" Vitsan'1? wwwwrt  ■ 


and  define  the  intial  conditions  for  the  second  order  ordinary  differential  equation  satisfied 
by  the  functions  S(c,  tj).  We  find  that  if  n  -  m  is  an  even  integer 

W.0)-  {(-l^(»  +  m)!}/{r(lp)!(i±=)!}  (2-8) 


DiS{m,n)(c,0)  =  0 

and  when  n  —  m  is  an  odd  number  that 


S{m,n)(c,  0)  =  0 


(2.10) 


and  that 


AW*0)  -  {<-!)« — + m  + 1^}/ {sr (-mSLmi), 

(2.11) 

With  these  initial  conditions  we  have  completely  specified  S  and  its  partial  derivative  axid 
mixed  partial  derivative  as  a  function  of  q,  c,  and  A  and  we  also  know  that 


A(0)  =  n(n  +  l) 

This  gives  us  an  initial  value  problem  and  an  ordinary  differential  equation 

A'(c)  =  F(c,  A) 


(2.12) 


(2.13) 


where  the  function  F  is  determined  by  differentiating  both  sides  of  equation  (2.6)  with 
respect  to  c  and  collecting  terms  involving  A'(c),  and  then  dividing  ell  terms  by  the  coefficient 
of  A'(c)  to  get  the  first  order  ordinary  differential  equation  (2.13).  By  the  uniqueness  of  the 
Cauchy  problem,  different  initial  valuer  cannot  lead  to  the  same  eigenvalue  at 


c  =  k  ■  - 
2 


(2.14) 


Thi3  is  effective  if  c  is  real,  but  if  k  is  complex,  then  we  think  of  c  as  being  a  function  of  a 
paramter  s  defined  by 

c(s)  =  a-k-~  (2.15) 

and  with  the  same  initial  condition  develop  an  ordinary  differential  equation  of  the  form, 


A'(s)  =  G{3,  A) 


(2.16) 


We  can  also  use  continued  fraction  relationships  to  get  the  values  of  A  Separation  of  vari¬ 
ables  applied  to  the  scalar  Helmholtz  equation  in  spheroidal  coordinates  yields  the  ordinary 
differential  equation 


lj((1“,!)^s(t',))  +(AfcV”rnp)s(c'’!)  =  0 


(2.17) 


rasters?** 


W c  seek  a  solution,  <5(c,  17)  which  is  bounded  at  17  equal  to  plu  3  and  Dinus  one  o m y  icr  a 
discrete  set  of  eigenvalues  A.  We  obtain  these  solutions  an  one  cf  two  odd  or  even  power 


senes, 


S(a,(f 7)  = 

LfccO  J 

sw(D  = 

b=.o 


(2.13) 


(2.19) 


We  take  derivatives  with  respect  to  77  of  the  power  series  defined  by  equation  (2.18)  and 
when  necessary  make  repeated  use  cf  the  tautology 


~  A-t)'  =  (+A)  •  (1  -  r?1)  -  A 


(2.20) 


we  deduce  after  collecting  terms  that 


while 


£*•(1)  =  ('  -  £  c,»  U  +  m  +  2  •  /;]  (l  -  »’)* 

a"  ka  0 

(1  -  t->"  -  2*1  (» - 1*)*'1 

4s-w  =  •?  (i  -  v)"/*  £  -  2*t  (1  -  n*)*"1 


(2.21) 


(2.22) 


If  we  substitute  in  the  power  series,  we  get  a  seemingly  infinite  set  cf  recursion  relations; 
a  closer  examination  reveals  that  v.e  can  use  continued  fractions  to  eliminate  the  a  priori 
unknown  coefficients  Cj*  and  get  a  single  parameterized  continued  fraction  expression  for  A 
of  th_  form 

ir'(A(s),n1m,c(s))  =  0  (2.23) 

where  if 

c(0)  *=  0  (2.24) 

the  equation  is  that  of  the  associated  Legendre  function  25”(q)  which  means  that 


A(0)  =  n  •  (n  +  1) 


(2.25) 


Thus,  the  eigenvalues  can  be  systematically  determined,  since  c(s)  could  be  written  as  s 
times  the  actual  value  proportional  to  the  distance  between  focal  points  of  the  spheroid,  as 
the  5oh.it.ion  to  the  initial  value  nroblem 


^  _  D^F(X,n,m,cy(s) 
3>  DiF(X,n,m,c) 


(2.25) 


We  simply  solve  the  ordinary  differentia!  equation  (2.25)  to  get  to  the  eigenvalue,  which  then, 
because  of  the  original  recursion  relationships  gives  us  all  the  values  cf  Cj*;  the  spheroidal 
harmonica  are  systematically  determined,  even  when  the  material  properties  are  Comdex. 
The  spin  weighted  angular  spheroidal  harmonics  can  be  determined  by  a  similar  method. 


A  generalization  of  (2.17)  is  the  ordinary  differential  equation  for  the  spin  weighted 
angular  spheroidal  functions  ([6])  is  given  by 

(a  +  7 ’V  -  =  0  (2.27) 

V  1  - T  1  -T  ) 

We  note  that  we  get  the  usual  differential  equation  (2,17)  simply  by  setting  s  equal  to  zero 
in  equation  (2.27).  The  method  of  using  the  spin  weighted  angular  spheroidal  harmonics 
tc  calculate  scattering  by  spheroids  i3  discussed  in  ([10]).  The  key  to  success  is  the  deter¬ 
mination  cf  the  eigenvalues.  We  attempt  to  find  solutions  of  equation  (2.17)  of  the  form  of 
equation  (2.18)  or  equation  (2.19).  It  appears  at  first  glance  that  there  would  be  a  term 
involving  the  reciprocal  of  (1  -  q2),  but  this  term  exactly  cancels  out,  which  means  that  if 
we  can  simply  solve  the  resulting  recursion  relationship  for  some  values  of  A,  we  have  cur 
bounded  solution.  The  values  of  A  for  which  we  can  find  bounded  solutions  of  equation 
(2.17)  arc  eigenvalues  and  are  determined  by  solving  a  transcendental  equation  in  A  involv¬ 
ing  a  continued  fraction.  A  similar  but  more  complex  situation  arises  in  determining  the 
eigenvalues  associated  with  the  spin  weighted  angular  spheroidal  harmonics  satisfying  the 
more  general  equation  (2.27). 

The  precise  solution  of  a  spheroid  scattering  problem  will  provide  a  convincing  bench¬ 
mark  for  the  general  surface  or  volume  integral  equation  method. 

3  Continued  Fractions 


The  following  theorems  give  us  a  practical  means  for  evaluating  continued  fractions  on 
a  digital  comouter  with  a  minimum  cf  round  off  error. 

Theorem  3.1  Let  bo,  b i,  bj,  •  •  •  and  o0,  o2,  •  •  •  be  two  sequences  of  complex  numbers. 

Assume,  that  Wo  is  equal  tc  hj  and  lei 

Wn  =  bo  +  qj _ 

h  +  g3 
bi  + 


bj  +  ••• 

(3.1) 


+ 


for  ail  integers  n  greater  then  zero.  Define  initial  values  of  a  recursion 


(A-!,  B.  i,  ,4o,  Bo)  —  (1,0,  ftj.l) 


(3.2) 


Then  define  ,4n  and  Bn  for  intsje;  s  n  larger 


than  aero  by  the  recursion 


An  —  A  \  "I”  0, i/In* 


and  the  relation 

Bn  =  bnBn-  i  +  anBn-2  (3.4) 

Assume  that  bn  is  nonzero  and  that  for  every  positive  integer  n  that 

bn- 1  •  bn  +  an  -fi  0  (3.5) 

for  all  positive  integers  n.  Then  for  all  positive  integers  n  we  have 

%  =  (3.6) 

Bn 

Proof:  We  proceed  by  induction  on  n.  The  statement  (3.6)  which  we  shall  call  proposition 
V{n)  is  true  trivially  if  n  i:;  equal  to  zero  and  also  fet  n  equal  to  1,  since  the  initial  conditions 
(3.2)  and  the  recursion  relations  (3.3)  and  (3.4)  imply  that 


A]  b\  '  by  d~  Oj  •  1 

Bx  bx  •  1  +  «i  •  0 


bo  +  r~  =  Wi 


Thus,  assume  that  n  is  larger  than'  one  and  that  if  m  is  a  positive  integer  that  in  strictly 
smaller  than  rn,  then  propositon  P(m)  or  the  statement, 

Wm  =  (3.8) 

Urn 

is  true.  We  no*.v  define  a  shorter  continued  fraction  related  to  tbs  Wn,  which  is  defined  by 
equation  (3.1)  by  the  rule, 

wn  =  w: 


w;  =  b',+  Oi___ 

+  «L. 

b\  4 


+  <rJL 

bn-\ 


•’t-I  —  bn  —  l  *  bn 


nn~\  •  e.,, 


(3.10) 

(3.11) 


and 

for  all  j  satisfying 
Defining,  a3  before, 
and  the  relation 
and  realizing  that 


5;  =  bi 

j  £  {0,  •  *,n  —  2} 

~  l  *  j4.(— 3  4**  On _ 3  * 

BU  =  K-bu  +  an.n:_, 

•dn_2  ~  ■dn-3( 

^n-3  “  -dn-3> 

^-3  = 


and 


K~* 


we  sec  that  by  the  inductive  hypothesis 


w.  «  w:.\ 


K-y 


(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 


•  d„_3  4-  c;_,  •  A,_s 


(3.21) 


K-\  ‘  #>*-?  +  °n-  1  ’  Hn-S 

Substituting  (3.10)  nnd(3.11)  into  equation  (3.21)  and  collecting  coefficients  of  0.,  and  b,.  we 
see  that 

\y  —  fl'r.-i  ‘  0-' d- gn )  1  -f  (un-i  •  Pn)  • 

(in-i  •  +  on)  •  i?n-j  -f  (m,_t  •  6nj  •  Z?n„ j 

(^n-1  ‘  4-  fln-1  •  4-  n„  • 

In  •  (in-1  ■  0*-l  +  an_t  •  Bn .,)  4-  o,  •  V  '  W 

Using  the  recursion  relations  (3.3)  and  (3.4)  for  /!,,  and  Bn  and  substituting  these  into 
equation  (3.22)  we  see  that 

ttr  id  ■  '4n-l  4-  (1,  •  A n  ,  . 

lr«  -  JTTp - 777); —  T~  l3--’) 

In  view  of  equation  (3.23)  and  our  original  definition  (3.1)  the  theorem  is  proven  bv  induction 
on  n. 

With  any  fric t:onnl  representation,  one  is  always  concerned  about  division  by  zero.  If 


w  •_■  re; 

**ud  th'*  ground  field  t 

0  b?* 

the  quotient  ivdd 

Of  thf: 

1  v  r» 

***  •  ’>*  ' 

1  domain  cf  font 

;tk 

)1’S 

1  whir. 

h 

are  he 

)!orroro?i)C  on 

y»  rv 

p'sU  0 

ct  a  of  the  field 

of  ro.'.r. 

plex 

•  <*  > 

b^T  ft  1 

E:.  then  1 

if  e 

•:X 

K  a.,  i 

is 

a  ccn; 

it;mt  function,  an 

'J  if 

oach 

h,  ■  L, _ i  and  th-)  i 

1  none 

"O, 

th. 

”2J  kk  .*1 

■d  h,_ t  • 

K 

+ 

.J.,  nr 

V* 

nonce 

ro  mernrr.iupbic  u 

;nc* 

inns 

fer  5.11  notmegntsv 

»■*  \  /*<> 

res, 

wi: 

ich  mr: 

sns  that 

Uti 

d,C 

r  th  re¬ 

. 

}tyrj 

herns,  all  ov.vrriti*. 

*;;.s  < 

yf  th- 

•  partial  cen'-inue 

d.  feKCt 

•OR  '• 

1  u 

arc  d 

efined  fc 

;r  1: 

.» 

but  <; 

i-t 

rnortt  • 

►v  uc *' » ; I : ‘ x c ' 

1 

O;  C'. 

uos  S*1  ■{ 

t; 

>  *;  t'iC/.*  t?:/TT?‘in  S 

ifJfV.V 

s  ns 

how  to  ch:rd'i.st« 

4  f* 

of 

the 

vnxiab! 

r.-u  in  th 

r»  y 

'fb  r 

itinue 

d 

-:i  1 


fractions. 


Theorem  3.3  Lei  mj  suppose  that  «  continued  fraction 


17  =  ^ 

JS„ 


w  defined  by  the  initial  conditions 


and  the  tccut’im ,*  rdoiians 


{A-i,Aq,B-\,Bq)  —  (l,&o,0, 1) 


d,,  “  b,x  •  4"  -4n— 3 


(3.26) 


Bn  —  in  •  Bn^\  -j* 


(3.27) 


where  ft,  and  f/„  •  +  1  are  nonzero  /or  el!  nonnegative  integers  n.  Then  if  for  all  non- 

negative  n  vac  introduce  a  symbolic  representation  of  a  continued  fraction  by  the  relation 

1 

D o  +  rr — ; - rr  -- 

Pl»  f-*3i  •  •  •)  M 

«  vrn  (3.23) 

then  the.  d.„  and  IJn  may  be  represented  in  terms  of  these  continued  fractions  by  the  relations, 

dn  —  [^oj  •  [6j, '*o]  •  [o-j,  6j, /-ol  •  •  •  (6»,  Jn_j. •  •  •, &o]  (3.23) 

for  all  nonnegetive  integers  n  and 

B,  =  [&.]  •  [&,, 6,)-  M--*  *j, h]  (3.30) 

/or  all  positive  integers  n 


Proof  of  Theorem.  We  proceed!  by  double  induction  on  n.  Let  P(n)  be  tbs  assertion  that 
equation  (3.20)  is  valid  and  lei  Q(n)  be  the  assertion  that  equation  (3.30)  5a  valid,  where  n 
i.5  a  positive  integer.  No'-v  if  we  set 

4_j  =  0  (3.31) 

then  P(0)  13  the  statement 

do 


do  —  [■■','] 


Bo  1 


follows  simply  from  the  ini*ial  condi  tic  ns  (3.25)  and  is  also  consistent  with  the  recursion 
relation  (3.26)  "'Inch  has  the  form. 


4  _ *  «  t  4 

Ao  —  (  )  ^  '  .j-i  *r  A.)-? 


(3.33) 


r } v  q  £  * htCbrj-’T  ,t  ’P \  ;  )  J V?\ ] }  t  j  •?  1 1 \ C b 


«  b-(b,  +  ~) 


--  Is  j  •  6-,  -f  1  —  k\  ■  do  -f  A. 


(3.34) 


/,j  1 


in  view  of  the  initial  conditions  (3.25)  and  the  recursion  relation  (3.26).  This  proves  the 
validity  of  V{1).  Now  assume  that  V(m)  is  valid  for  *n  not  exceeding  n  and  attempt  to 
prove  V(n  +  1).  We  use  the  recursion  relations  (3.25)  to  define 


din+l  =  bn+l  ‘  An  +  A-i-l 


(3.35) 


It  follows  from  the  inductive  hypothesis  and  substituting  the  symbol  product  representation 
(3.29)  of  An  and  A.n-\  into  equation  (3.35)  that 


—  Jn+1  •  ([&o]  •  (ill  Jo]  •  [Jji  Jl.  Jo]  •  '  •  [Jni  J  -1 1  ‘  *  *>  Jl .  Jo]) 

+  ((Jo]  •  [&i,6c]  1  Jl,  Jo]  •  •  •  [Jn-1,  Jn-3,  ‘  1  Jl,  S]) 
Dividing  both  sides  of  equation  (3.36)  by  the  fame  quantity,  An- x,  we  see  that 

( _ An±X _ \ 

\N  •  [Jl»  Jo]  •  (Jj)  Jl(  Jcj  •  ♦  *  [Jn-li  Jn-2»  1  ’  ",  Jl,  M  / 

[Jn>  Jn-1,  *  '  *>  Jl,  Jo]  '  f  Jn-rl  T  J7  ",  7  T  i  j 

\  ;o„,  on_x,'  •  •,  o1,  bo\j 

But  by  the  definition  of  continued  fraction 

[Jn  +  l,  J»»,  Jn-1)  1  1  ’)  Jl>  Jo]  = 


(3.36) 


(3.37) 


Jn+l  + 


_i _ ) 

<v-li  1  ‘  ’>  &1,  Jo)/ 


(3.38) 


Substituting  equation  (3.38)  into  equation  (3.37)  and  multiplying  both  sides  of  this  rewritten 
equation  by  the  symbol  product  in  the  denominator  of  (3.37)  wg  see  that 

An- M  — 

{[Jo]  •  [Jx,Jo]  •  R>J,  Jx,  Jo]  •  •  •  (Jn-l,  Jn-1,-  *  *,  Jl,  Jo]}  1  (&n,  Jn-1,  '  *  *,  Jl .  Jo]((J-»  |-X ,  K,  *  1  U  Jl,  «)]) 

(3.39) 

This  shows  that  V(n  +  1)  is  a  consequence  of  T’(»i). 

We  now  proceed  to  prove  the  validity  of  £■(»),  or  the  assertion  that  (3.30)  is  valid  for 
the  postive  integer  n.  Observe  that  even  Q(0)  is  true  if  vre  assume  that  a  product  of  an 
empty  set  of  integers  is  1  and  the  statement  Q(l)  is  true  since  the  recursion  relation  (3.27) 
says  that 

Bi  ~  Jj  •  B<)  +  B_i  (3.40) 

which  in  view  of  the  initial  conditions  (3.25)  implies  that 


3\  -  Jx  “  [Ji] 


(3.41) 


which  proves  that  <2(1)  is  true.  Now  assume  that  Q(?n)  is  true  for  all  m  not  exceeding  n 
and  attempt  to  prove  that  Q(n  f  1)  is  valid.  Note  that  the  recursive  definition  (3.27)  implies 


Bn  + 1  —  Pw+t  ’  Bn  +  Bn-X 


and  that  by  the  inductive  hypothesis  c:m  substitute  equations  (3.30)  and  into  equation 
(3.42)  obtaining 

=  btt+l  •  ([6i]  •  [c3)  &i]  •  [^3,  &3,  tj]  •  •  •  [&n_l,  tn-2.  '  •  -i  K-l ,  '  ’  ",  &2,  &1  ] ) 

+  ([&i3  •  [&2»  &i]  •  (J>3,  ht  &i]  •  •  •  [^-t,  bn-2,  •  •  •i&Ji  b\])  (3.43) 

Dividing  both  sides  of  equation  (3.43)  by  the  product  of  the  first  n  —  1  symbols  we  have 


V(M  •  [&a»&i]  ■  [63,  fca.  6l]  •  ••  [**n-lA-a,”  *,  ta,&i]y 

&n+l  ([&n,  &n-l>  *  '  &2,  &l])  t1  = 

(&rvfi  +  77 — r - 1  7-r)  i 

Using  the  interpretation  of  the  continued  fraction  in  definition  (3. 28)  which  says  that 


(3.44) 


[&n+l>  bn,  ’  •  *,  ^l]  —  &n+i  + 

Subatituting  (3.45)  into  (3.44)  we  see  that 


-1 _ ) 

• "  ■>  ^2)  bi]J 


(3.45) 


fall  ‘  (&3i  &l]  •  [kl,  ^Ii  M  '  ‘  '  fan,  K-'.t  •  •  •,  bn,  &l]fan+l>  bn,  •  •  •,  i'2,  (3.48) 

which  completes  the  proof  of  the  validity  of  Q(n)  for  all  positive  integers  n.  This  completes 
the  proof  of  the  theorem. 

We  can  use  this  to  stabilize  the  numerical  computation  of  any  continued  fraction  by 
making  transformations  wtuoh  reduce  the  continued  fraction  to  the  form  where  each  an  is 
equal  to  one  by  introducing  new  variables. 

Theorem  3.3  Under  the  hypothesis  that  each  and  cn  : 5  nonxero  and 

bn- 1  •  br.  -i-  On  ^  0  (3.47) 

if  vie  introduce  the  nceo  variable. s 

k  =  h  (3.43) 


and  if 


( rru, ««-; 

\  IlLs 


{  m,o£3i  ^  i b::±.l\ 

1  «n+J 

then  if  Wn  it  the  general  continued  friction  defined  b-j  (3.1)  it  follow  that 


*yi  --  [  “It  1  i!3,  -  ‘  i?n] 


(3.50) 


13.51) 


(3.02) 


/ 


Proof  of  Theorem.  We  proceed  by  induction  on  n.  Let  V(n)  be  the  statement  that  if 
we  define  V/n  by  (3.1)  then  (3.52)  is  valid,  where  the  bn  are  denned  by  equations  (3.33)  and 
(3.51).  The  validity  of  the  assertion  V{T)  is  simply  the  statement  that 


Wx  =  h 


,  1  .  <3i 

bo  +  r—, —  =  &o  +  t~ 

bi/ai  6i 


(3.53) 


which,  is  exactly  equation  (3.1)  for  n  equal  to  1.  The  assertion  that  P(2)  is  valid  is,  since 
the  definition,  (3.50),  implies  that 


81  -  (£)■*> 


(3.54) 


equivalent  to 


bo  +  r? - : 


(£i  d-  \fh) 


M _ 1 _ _  h  ,  ai 

ai )  {(^i/ai)  +  1/ ((<3i/ ctrj)  •  is)}  ^i  +  («a/^j) 


(3.55) 


which  in  mew  of  equation  (3.1)  is  true.  We  now  assume  that  V(m)  is  true  for  m  less  than 
or  equal  to  n  and  then  attempt  to  prove  the  validity  of  V{n ),  thereby  completing  the  proof 
of  the  theorem  by  induction.  We  introduce  the  transformed  variables  b'^l  &nd  £j2+i  that  will 
help  us  define  the  tail  of  the  continued  fraction  that  are  defined  by  the  rules, 


ill  = 


(3.56) 


fill  —  blH S  ’  al 

We  also  introduce,  for  thl3  theorem,  the  shifted  sequence  variables 


an]  ®  On+l 


(3.5T) 


(3.5S) 


=  b,+ , 

It  will  then  follow  from  the  inductive  hypothesis  that 

b\  -f  2 2 _ 

bj  +  _ 


(3.59) 


+  2’A 


Consequently,  by  T(2),  which  we  have  proven  it  follows  that 


60  +  [4fl, if, !.,&>]'  “ 

1 

+  (i/<.o-[MV •••,«>] 

To  complete  the  proof  of  the  theorem  v/s  as.\e  use  of  the  following  lemma. 
Lemma  3.1  We  let  [co,  Cj,*  •  -cn]  be  the  continued  faction  defined  by 


[0)»  Cj, - Cr»]  =  Co  + 


[Cl,  Cj,  •  • -Cn] 


Then  for  all  nonzero  constj.nt3  a  we  have 


<*  •  [co,  Cl,  •  •  -c2n]  = 

[(or  •  Co),  (c,/a),  (a  •  c2)  •  •  •  a  •  C7n] 

Q  •  [COjCl)’  •  -c2ti+i]  = 

[a  •  c0,  (ci/or),  (or  •  c2)  •  •  •  (c3n+1/ct)] 


(3.60) 


(3.61) 


(3.62) 


(3.63) 


(3.64) 


The  lemma  will  be  proven  by  induction  on  n.  We  prove  (3.63)  by  observing  that  by 
definition, 

Or  •  [cq,  Ci,  •  *  ’C2„] 


Ot-Co  +  7 - r 

[Cl, *  * 

We  can  then  use  the  inductive  hypothesis  to  shew  that 


(3.65) 


or  ■  Cq  + 


(1/cr)  ■  [ci,  -  •  *c3n] 


Q  ^  +  [d/a,  ac2,  c3/a  •  •  •  ac2n] 


[aco,  Ci/a,ac7,  c3/cr, ....  ac3n]  (3.66) 

which  completes  the  proof  cf  equation  (3.53)  by  induction  on  n. 

Next  we  use  induction  to  establish  equation  (3.64)  by  assuming  that  n  were  equal  to 
2  •  m  +  1.  Then  by  definition 

Or  '  [Co,  Ci ,  d,  *  * 


or  *  d  "  b  /  v  j  \  r  i 

(i/a)  •  [d,d,-  •  -Czn+iJ 


(3.67) 


and  by  the  inductile  hypothesis  we  conclude  that  equation  (3.57)  implies  that 


O  ‘  [C0)C15C2,-  ■  -Cjm+l]  = 


a  ■  Co  + 


_ 1 _ 

[ci/a,a-c2,---c3m+1/cr] 


Applying  the  definition  (3. 62)  to  equation  (3.68)  we  conclude  that 


Of  •  [co>  CU  C2y  *  '  ‘Cjm+l]  — 

[a  •  Co,Ci/a,a-  c2,  ■  •  -c7m+i/a] 

which  proves  equation  (3.64)  and  completes  the  proof  of  the  Lemma. 
By  applying  the  lemma  to  equation  (3.61)  we  see  that 


(3.68) 


(3.69) 


+ 


Qi 


[W 


2  ) 


to  + 


L&i.Sa,  •  •  *,  bn] 


(3.70) 


in  view  of  equations  (3.57)  and  (3.56).  From  equation  (3.70)  and  (3.43)  and  it  follows  that 
(3.52)  and  the  theorem  are  valid. 

V/e  can  use  these  theorems  to  compute  values  of  convergent  continued  fractions  by  nu¬ 
merically  3 table  algorithms. 
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1  Introduction 


Prolate  spheroids  are  cigar3  and  footballs  and  oblate  spheroids  ere  falling  raindrops  and 
doorknobs.  A  spheroid  is  an  ellipse  rotated  about  an  suds.  If  it  is  rotated  about  a  major 
axis  it  is  a  prolate  spheroid.  If  it  is  rotated  about  a  minor  sods,  it  is  an  oblate  spheroid. 


In  the  hall3  of  Congress  a  certain  young  representative  had  his  desk  in  a  most  undesirable 
location;  for  some  reason,  however,  he  was  able  to  rise  instantly  and  give  brilliant  rebuttals 
of  the  arguments  of  his  opposition.  It  turned  out  that  the  roof  was  a  spher  oid  and  his  desk 
was  at  one  of  the  focal  points  and  the  desk  of  the  opposition  was  at  the  other  focal  point. 


He  could  hear  the  whispered  planning  cf  the 
Unlike  the  wedding  guest  described  2CC0  ye.r 


oppcsiton  long  before  they 
rs  ago,  he  refused  to  move 


get  up  to  speak, 
up  to  a  place  of 


greater  honor,  and,  his  secret  remaining  with  himself, 
remain  in  his  more  humble  post. 


others  were  content  to  allow  him  to 


Spheroid  scattering  is  important  because  it  provides  challenges  for  general  purpose  codes, 
and  because  one  is  interested  in  the  propagation  cf  electromagnetic  information  through 
clouds  of  spheroids,  such  as  falling  raindrops.  The  computer  codes  developed  may  also  have 
a  bearing  on  the  design  of  liquid  crystal  devices,  such  as  liquid  crystal  television  sets  and 
computer  monitors  which  would,  as  they  use  natural  room  light,  be  fax  safer  for  the  users, 
often  young  girls,  than  cathode  ray  tube  (CRT)  devices  currently  in  use.  Young  children, 
in  poor  urban  settings,  often  spend  hours  huddled  close  to  television  sets.  If  they  are  going 
to  do  this  anyway,  let  us,  for  the  sake  of  the  children,  make  television  screens  safer  with  a 
liquid  crystal  design.  The  ability  to  remember  sight  together  with  sound,  may  provide  a 
way  to  teaxh  and  make  literate  a  larger  segment  of  human  society  all  over  the  world;  we 
have  many  serious  problems  to  solve,  and  no  one  knows  from  where  the  genius  to  create  a 
solution  may  come. 

The  Helmholtz  equation  can  be  solved  in  spheroidal  coordinates,  and  using  this  solution, 
we  can  obtain  solutions  of  the  Faraday  and  Ampere  Maxwell  equations.  Note  that  if  'I'  is  a 
solution  of  the  Helmholtz  equation,  then  if  r  is  the  radial  vector,  then 

M  =  cur/(r  •  $)  (1.1) 

and 

N  =  (l/k)curl(M)  (1.2) 

can  be  used  to  obtain  a  solution  of  Maxwell’s  equations.  We  proceed  to  define  these  com¬ 
putations  in  spheroidal  coordinates. 

2  Spheroidal  Coordinates 


Consider  an  ellipse  with  foci  at  (0,  —d/2)  and  (0 ,  d/2)  on  the  z  axis  and  if 


r3  =  x3  +  y3 


(2.1) 


and  (r,  z )  is  a  point  on  the  generating  curve  for  the  spheroid,  then  if  we  define  for  r1  being 
the  distance  between  (r,  z)  and  (0,  —d/2)  and  if  r3  is  the  distance  between  (0,  d/2)  and  (r,  z) 
then  if  we  define  £  by  the  rule, 

£  —  (ri  +  r3)/(2  •  c)  (2.2) 


and  define  r?  by  the  relation, 


1  =  (ri  -  ri)/(2  ’  c) 


(2.3) 


where  c  is  a  constant.  We  shall  actually  use  a  slightly  different  set  of  coordinates  that  are 
qualitatively  the  same  We  can  define  points  on  the  surface  of  the  spheroid  as  ail  these  points 
(if,  r],  <j>)  for  which  f  is  a  constant,  which  since  an  ellipse  i3  the  locus  c"  points  such  that  the 
sum  of  the  distances  from  fixed  foci  is  a  constant  is  embodied  in  the  definition  of  f  given 
by  equation,  (2.2).  The  other  coordinate  surface  defined  by  setting  rj  equal  to  a  constant 
and  <f>  equal  to  a  constant  is  a  hyperbola,  ae  this  says  simply  that  the  difference  of  the 
distances  between  two  foci  is  a  constant.  We  give  an  alternative  definition  of  the  spheroidal 
coordinates  and  show  that  this  definition  is  comoacible  with  the  more  intuitive  definitions 
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of  equations  (2.2)  and  (2.3)  The  relations  between  spheroidal  and  Cartesian  ccordinr; 
given  by 

x  ~r,  [d  -  r?a)(s3  + 1 )] 1/a co.*t^) 


y~i  [(1  -  V7)i?  d-  i'»j  ‘,A  >ir'U') 


Going  back  to  the  equation  for  an  oblate  .sphere bi  *,n  have  that 

(x3  +  y1)/ A7  +  x3//?1  - 


(o*/4)(l 

-W  + 

1)  ,  W^ff3 

/l3 

1  B2 

d2 

T 

fir.?:  + 

1*1., 

(4;2)aJ  ‘ 

(2.7) 

>e  defined  by 

j  d 

A  "  2  V 

^  + 1 

(2.3) 

For  the  oblate  spheroid,  we  have 


p  —  “  *  r 
c  —  «  i  C 


A  >  B 


and  the  foci  of  the  ellipse  msy  be  thought  so  be  on  the  s  eecls  located  at 

x  =  C  =••  vCF'-lP  =  d/2 


(2.9) 

(2.10) 

(2.11) 


and  the  sum  of  the  distances  from  a  fired  pciul  on  the  surface  to  the  two  foci  is  2 A  which 
happens  to  be 

2 A  =  dy/F'-  -f.  {  ~  r:  • r3  (2.12) 

If  we  compare  conation  (2.12)  with  the  earlier  equation  (2.2)  wc  can  sea  easily  the  connection 
between  .£  and  r  and  chat  setting  either  one  oi  -he-: a  equal  to  a  constant  defines  a  surface  of 
a  spheroid. 

We  now  cry  to  develop  the  unit  vector?  in  the  direction  of  the  normals  to  the  coordi¬ 
nate  surfaces  <f  =  constant  or  v  —  constant.  Note  that  if  we  had  a  general  coordinate 
transformation  rel a*. ionship 


/  3  \  /  =(*• »,  w)  \ 

I  y  J  =  I  vv 'Vv») 
Id/  \  -(v.,v.t/;)  / 


(2.13) 


and  the  unit  vector  in  the  direction  of  the  normal  to  the  coordinate  surface 

u  =  constant  ■  (2.14) 


is  given  by 


dR  dR 

=  tJ  U!^l! 


(2.15) 


where  : 

R~  xsx  +  ye.,  +  ze,  (2.16) 

If  we  imagine  an  arc  in  thre;  dimensional  space  and  try  to  describe  it  in  Cartesian  and 
spheroidal  coordinate.  Assume  that  the  arc  R(t)  i3  defined  as  an  orbit  defined  by  a  contin¬ 
uous  parameter  t.  Let  s(<2)  minus  -s^i)  denote  the  arc  length  between  JZ(i2)  and  R{t\)  on 
this  cur/e  so  that 

(l)i  =  (l),+(l)I+(l)1  <-> 

In  order  to  got  values  of  parameters  k ^  and  so  that  we  may  express  the  Laplacian 

and  curl  operations  in  spheroidal  coordinates  we  observe  that  equation  (2.4)  implies  that 


dx  d 


d£  2 

From  equation  (2.5)  we  see  that 


^  +  1)]' ~'ncasW 


(2.13) 


(2.19) 


From  equation  (2.6)  we  see  that 


dz  d 

rr  21* 


(2.20) 


Thus,  using  the  unit  vector  equation  (2.15)  and  equations  (2.13)  and  (2.19  )  and  (2.20  )  wc 
see  that  the  unit  vector  el-  is  given  by 


jCTi 

= 


?  [^\TTiC0-<m  + 


1 1  —  7]2 


(2.21) 


Thus,  wc  see  that  the  length  factors  In  an  analogous  manner  we  write  down  the  unit  vectoi 


Cr,  by  the  rule 


f  le  + 1  ,,w  , 

-  — n.J - CC  ^.i  4- 

'l/  l-nJ  U'  s  1 


111 ml 
V  €3  +  v2 


[f'l  J- 1  1 

Wc  observe  from  equations  (2.4  ),  (2.5  ),  and  (2.6  )  that 

|  =  -*[(U  ,’)«’  + if’ ,»(=>). 


(2.22) 


(2.231 


oy 

06 


and 


[n  ~  rr)iC  'f  i )] 1/1 
a-  .0 


(S-24) 


e*  -  "  <s'25> 

Finally,  again  making  use  of  the  equation  (2.15)  and  equations  (2.23)  and  (2.24  )  and  (2.25 
)  we  see  that  the  unit  vector  c \  is  given  by 

e*  =  -  3m(^)Fr  +  cos(^)ev 

It  is  clear  from  the  definition,  equation  12.15)  used  ni  creating  equations  (2.21),  (2.22), 
(2.23)  that  there  are  scalar  functions  h*,  h„,  and  hi,  of  £  and  y  that  satisfy 


in 


,  3y^  Oz^ 

~  >tCr  "r  gc’v  +  /;C'" 

C<,  KJi,  C/s 

(2.27) 

.  .  &?„  dy..  dz  _ 

hnH  =  --cs  +  c,,  -f  — c, 

oy  oi]  oy 

(2.2S) 

and 

dz  „  dy  _  dz  _ 

kie{  -  — re.  +  ~v Cy  +  —a, 

Oq  09  d'i> 

(2.20) 

Wo  notice  that 

these  vectors  eg,  cl,,  are  pairvbe  orthogonal  in  the 

sense  that 

e,  •  e(  =  cl,  •  el  -  c£  •  elj  =  0 

(2.30) 

We  can  use  the 
of  ci,  cl ,  and  ■< 

s«  relationships  to  represent  the  vector  R  defined  by  eqt 
f„.  We  sea;  that 

ration  (2.16)  in  terms 

/i  =s  (71  •  el)  cl  -f  (R  ■  el)e,7  -f  (R-e^)e^ 

(2.31) 

where 

(ft.'-.i  .  *..£  +  a.?;  +  a.2i. 

’  '•<  CC  *<  c<;  *,  fl( 

(2.32) 

//?-.*  _  _l.ll  a.  V.  ?V 

1  A,  0 7  ‘  1  i?7  n  A,  dr;’ 

(2.33) 

and 

<«.?,)  -  4-1-  +  4-'h  + 

r-i  c’:>  06  h*  06 

(2. 34) 

First,  sufcstituti 

equations  (2.13).  (2.10),  (2.20),  (2.4),  (2.5),  and  (2.6 

}  Into  equation  (2  32) 

v/e  obtain 

d  i~n' 

til -c<)  --  -.f  - - 

'  2  s  v  1  fi  yJ 

(2.35) 

’S  “  i  *  » 

• 

-  v  •  ■ '  ^  *  ‘ J '  ' '  ‘  ' "  ’  '  * 

I.  -s  ••  ;  lv 

d'.r  d  r  ,  .  1  !/'  r  ,,1  -1/1 

„  -  [(£*  d-  l;j  ('•  ~  )*)]  CO.l(c>) 

(2. 36) 

and  that 


dr} 


d  [eTi 

2  Vi 


(- Tj)3in(.j> ) 


Equations  (2.26),  (2.37),  and  (2.4),  (2.3),  and  (2.6)  tell  us  that 


,S  d  1 

(«•=,)  -  -  ni/p+? 


(2.37) 


(2.38) 


For  a  general  coordinate  transformation  from  an  (x,y,z)  frame  to  a  (u,v,w)  frame  we  have 
the  relationship, 

dxV  ,  fdyV  ,  fdzV  f\( dxV 


At 


+ 


At 


“)  =  If)  +  t  +  - 

« )  I  \ou  J  \  du  J  \au 


(Ox 

[do 


+ 


vajj+(iy 

2 


+ 


dx  8x  8y  Oy  dz  dr. 
On  dv  ^  du  dv  Ou  dv 


dx  Ox  Dy  8y  dz  dz_ 
chi  3w  du  8w  ^  du  dw 


Au  Ju> 
At  '  di 


•+ 


(2.39) 


dx  dx  dxj  dy  dz  dz  dv  Aw) i 

Ov  dw  dv  dw  dv  Ow.  At  At  j 

Making  use  of  the  orthogonality  of  the  r;,  and  d  coordinate  system  wo  see  that  with 

(u,w,w)  ~  (Z,r),4>)  ■  (2.40) 

that  all  of  the  terms  in  equation  (2.39)  with  a  {actor  of  2  vanish,  and  that 


\  dt )  \dt  J  \  At  j  1  \  At  j  1  l  di  ) 


Usj  +i 


* '  dt 


(2.41) 


Thus,  for  oblate  spheroidal  coordinate  we  obtain  upon  tucking  use  of  equation  (2.41)  the 
following  expressions  for  ht,  and  hi.  From  this  equation  and  equations  (2.18),  (2.19), 
and  (2.20)  wo  see  that 

d  If*  +  id 


n.« 


Next  observe  that 


'  2  '/  i2  f  1 

,  A  fc-  4-  fd 

'  =  i'l  i~7 


(2.43) 


Finally  equations  (2.23  ),  (2.2Vj,  and  (2.23)  imply  that 

h*  - 


>:  i 


In.  order  to  carry  cat  vector  calculus  in  oblate  spheroidal  coordinate:?  we  need  the  follo'rnng 
relations.  Equations  (2.42);  (2.43),  and  (2,41)  imply  that 


kih"h*  "  ?(e"  +  ,?J) 

Also,  equations  (2.12),  (2.43),  and  (2.44)  imply  that 

Hf  =  |({,+I' 


The  other  two  similar  relations  are 

hih. 


« _ > 

2  \{?  +  1)(1  -  r?)j 


(2.45) 


(2.461 


(2.47) 


-c-  “ 


(2.48) 


The  above  relations  are  needed  to  define  the  Helmholtz  equation  in  oblate  spheroidal  coor¬ 
dinates.  In  order  to  define  the  c-arl  operation  in  eclats  spheroidal  coordinates  wc  need  the 
product  pairs  as  well  Equations  (2.42  )  and  (2.43  )  imply  that 


d3 _ r?3 _ 


(2.49) 


Equations  (2.42)  and  (2.44)  imply  that 


hfh*  =  tVK’  +  ^XW) 


(2.50) 


Finally,  equations  (2.43)  and  (2  44)  imply  that 


hn  ■  >H  -  yy^lrjd'  fl) 


(2.51) 


The  cur!  operator  in  a  general  orthogonal  coordinate  sy  stem  of  orthogonal  a,  v,  and  to 


coordinates  is  given  by 


cur/(iv) 

1  f  d  .1  I 

I  -  -r-r;,  r.)  r 


rr-  ™(/u,r:j  -  f,  + 

[»/!>  out  j 


_I_  fi  rt.  *.  * 

n.,n,„  i  cuv 


t?  ] 

■~-(hv.Eyj)l  C.J  -f 

C/u  J 


1  I  0  ,  <9  ^  ,1  .. 

7“  !■“"('*•’ ■'•«)  -  c-m  (2.0.1) 

( -vn  ov 

■  d.~,iv*?d  from  combirdng  the  representation  of  Cartesian  frame  unit 
r,.  and  4w,  c.u  l  uu;y  th.i*  yrcdbmt  equation, 


(2-32) 


;ioj,  (2.521 


rjrnr!('l>) 


l_  £2-  I;3  4;.*  ;  _1_^- 

On  r..,  tj:i  ftw  (jtj 


(2.53) 
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Equation  (2.64)  is  the  baui3  of 'ha  Aseno  and  Yamamoto  solution  ([!])  as  -well  aa  the  classical 
Mie  solution  for  isotropic  materials.  For  example,  for  an  isotropic  material  v/e  could  let  the 
electric  vector  be  given  by 

E  —  a  •  M  +  b  •  N,  (2.65) 

where 


and  where 


M  =■■  7  •  curl(R'i’) 
k 


N  ~  •  curl(curi(R&)) 

K 1 


( 2.6S ) 


(2.67) 


with  'Jf  being  a  solution  of  tiie  scalar  Helmholtz  equation  (2x3).  Then  if  the  magnetic  vector 
E  is  defined  by 

H  «  — ; — ( k-a-N  +  k-b-M )  (2  68) 

—  JCU/U 

then  the  pair  of  vector  valued  functions  (2.65)  and  (2.63)  are  solutions  of  both  the  Faraday 
and  Ampere  Maxwell  equations  for  isotropic  spheroids. 


3  Vector  Calculus  for  Oblate  Spheroids 


The  Helmholtz  operator  in  a  general  orthogonal  (,  r/,  and  <j>  coordinate  system  may  be 
expressed  in  the  form  is 

AT  +  /ri'F  » 


_JL_/±/W*U 

l  hi  di) 


0  ( h,hx  d'V 


87]  \  hr,  01]  J 

&  (hjh*M\\ 
of>  \  d  ?) ) 


+ 


and  using  the  values  of  h(,  hv%  and  ft*  for  an  oblate  spheroidal  coordinate  system  we  have 
upon  making  the  substitutions  of  equations  (2.46),  (2.43;,  (2.47),  aud  (2.51)  into  equation 
(3.1)  we  deduce  that 

A'&  +  £3’  P  = 


0  /  ,  5-IA  6  (  .d'A 


v  +  v3 _ aw 

(v  +  w-ti*)#?*! 

b  “  0 

We  now  seek  solutions  of  equation  (3.2)  of  the  form 


=  H(.f)5(?;)crp(:mp) 


and  substitute  equation  (3.3)  into  equation  (3.2)  and  then  divide  all  terms  of  this  equation 
by  the  function  '1/  defined  by  equation  (3.3)  after  making  use  of  the  relationship 


iP  +  W-v1) 

l  l 


and  making  the  subsitution 


i  -  f?2  e  + 1 

c2  =  JbV/4 


(3.4) 

(3.5) 


we  obtain  the  relation, 


+  cV  = 


1  —  r;3 

_  ill, a  .  nggfdfU  m,r  r- 
yd?  \b  rl"  df  li^ 


nr’ 


£2  +  l 


7/ 

+ 


(3.6) 


From  equation  (3.6)  we  obtain  a  kind  cf  Rayleigh  Rits  functional  fcr  the  value  of  A{m,n). 
Equation  (3.6)  tells  us  that 


[L  [<>  -  ”’>  (f )’ + 51  {(~cV) + 7  {/-’ 


(3.7) 


We  note  that  when  c  is  equal  to  zero,  wa  are  dealing  with  a  sphere  and  that  the  angular 
functions  are  the  associated  Legendre  functions  F^{rj)  so  it  makes  sense  that  we  want  S  to 
behave  like  the  function  P™(t])  when  c  is  zero.  We  note  that  either  n  —  m  is  even  or  odd, 
ard  we  know  the  initial  conditions  exactly  in  each  case.  We  use  partial  derivative  notation 
fcr  fui  itioas  G(c,  r/)  and  note  that 


D2G{c,  0)  — 


LIM  dG 
r?  — ►  0  ovy 


(3.8) 


and  define  the  intiai  conditions  for  the  second  order  ordinary  differential  equation  satisfied 
by  the  functions  5(c,  77).  We  find  that  if  n  —  m  is  an  e>'en  integer 


\  j  f  Or' 

(n-m'  ( 

■n-f  mVl 

S'  {“ 

v  2  M 

.  2  H 

and 


d?jS(m,n)(c,0)  =  0 


and  when  n  —  m  is  an  odd  number  that 

*?(m.«)(c,0)  =  0 


(3.9) 

(3.10) 

(3.11) 
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and  that 


WmH  0)  =  {(-!)<— ^„  +  m  +  i)l}/{a-(2=f=i)l(l±f±i)l} 

(3.12) 

With  these  initial  conditions  we  have  completely  specified  S  and  its  partial  derivative  and 
mixed  partial  derivative  as  a  function  of  57,  c,  and  A  and  we  also  know  that 

A(0)  =  n(n  +  l)  (3.13) 

This  gives  us  an  initial  value  problem  and  am  ordinary  differential  equation 

A'(c)  =  F(c,  A)  (3,14) 

where  the  function  F  is  determined  by  differentiating  both  sides  of  equation  (3.7)  with 
respect  to  c  and  collecting  terms  involving  A'(c),  and  then  diriding  all  terms  by  the  coefficient 
of  A'(c)  to  get  the  first  order  ordinary  differential  equation  (3.14).  By  the  uniqueness  of  the 
Cauchy  problem,  different  initial  values  cannot  lead  to  the  same  eigenvalue  at 


c  =  Jfc-  - 
2 


(3.15) 


This  is  effective  if  c  is  real,  but  if  k  is  complex,  then  we  think  of  c  as  being  a  function  of  a 
paramter  3  defined  by 

c(s)  -  s  ■  k  •  ^  (3.16) 

and  with  the  same  initial  condition  develop  an  ordinary  differential  equation  of  the  form, 

A  '(s)  =  G(s,  A)  (3.17) 

Once  these  eigenfunctions  are  known,  the  steps  for  getting  an  exact  solution  for  N  layer 
isotropic  spheroids  is  clear.  The  vector  valued  functions  M  described  in  the  previous  section 
axe  proportional  to  the  curl  of  R'-l ',  where 


(3.18) 


R'l>  =  R^(Z)S[rTiin)(ii)exp(im4>)  l- 


I  ^  +  1  [T-rf  _ 

k’  +  i/1"'  7V  (*  + 


All  three  components  appear  in  the  M  vector  represented  in  spheroidal  coordinates  and  this 


is  given  by 


curii  it  :.1 


=  {-HlFTiWWf} 

{"’"'V  (1  -  ’!')(('  +  VJ)  ‘  /  + 


/(e*T-l)(l  -T?)  (  d 


+  r 


e 

r]-z 7  -  'k 
arjJ 


(3.19) 


This  is  k  ■  M  and  by  expressing  N  in  terms  of  the  curl  of  M,  we  obtain  the  vector  fields, 
a  combination  of  which,  can  be  used  to  represent  the  electric  end  magnetic  vectors  inside 
and  outside  the  spheroid.  The  scattering  problem  is  then  solved  by  matching  the  rj  and  the 
6  components  of  the  electric  and  magnetic  vectors  across  the  boundaries  cf  the  spheroidal 
sc*Tttorr?r. 


4  Prolate  Spheroid  Scattering  -  an  Exact  Solution 

Here  we  consider  a  tensor  material  v/ncse  regions  of  continuity  of  tensorial  electric  per¬ 
mittivity  anti  magnetic  permeability  3 ire  delimited  by  confocal  spheroids.  We  assume  that 
the  foci  are  on  the  z-axis  at  (0, 0,  d/2)  and  (0, 0,  -d/2).  We  assume  that  the  N  confocal 
spheroids  are  defined  by  equations  of  the  form, 

*  =  &  (4-1) 

where  the  relationship  between  Cartesian  and  Prolate  spheroidal  coordinates  are  given  by 
equations 

x  =  5  [(1  ~  »?3)(£a  ~  l)]!/Icos(/>)  (4.2) 


y  =  2  [(!  —  ~  l)]1/3sm(<£)  (4.3) 

and  by  equation  (2.6)  which  is  the  same  in  oblate  and  prolate  coordinates,  which  means 
that  the  equation  of  the  itk  spheroid  (4.1)  is,  in  Cartesian  coordinates  given  by 

l±t  ....  +  — a! —  =  =i  (4.4) 

(i>/4xe-i)  (<(•{)>/< 

We  use  the  curl  operator  in  a  coordinate  system  with  the  same  angle  coordinate  <f>  of  spherical 
coordinates  that  runs  from  0  to  360  degrees  so  that  in  spherical,  spheroidal,  cylindrical,  or 
toroidal  coordinates  the  Faraday  Maxwell  equation  is  defined  by 

\  \  0 

curi(E)  -  — —  \~(hj,Ej,)  -  imhvEv  et  + 

h-nht  [ 071 

1  Q 

— —  imhiEi  -  —  (hpEi)  ev  + 


1  f  9  n  *.  x  A'*  S’  0  r  _ 

a{/»,  dvVH'  °l  *  “ 

-  iutfi'H ^  -  iuiunHn?n  -  (4.5) 

We  can  solve  equation  (4.5)  for  components  of  the  magnetic  vector;  this  is  simply  a  statement 
of  Faraday’s  law  which  seys  that  if  one  integrates  the  tangential  component  of  the  electric 
vector  around  the  boundary  of  a  surface,  the  value  is  equal  to  the  negative  time  derivative 
of  the  normal  component  of  the  magnetic  flux  B  ■  n  integrated  over  the  surface. 

Ampere’s  lav,*  states  that  if  we  integrate  the  tangential  component  of  the  magnetic  vec¬ 
tor  around  the  boundary  of  a  surface  that  tills  is  equal  to  the  normal  component  of  the 
current,  which  includes  displacement  current  or  the  time  derivative  of  the  vector  D  )  a.s 
well  es  conduction  current  J,  integrated  ever  the  surface.  The  Amperu  Maxwell  equation 
is,  therefore,  in  this  coordinate  system,  given  by 


cur  1(H) 


k, ,h,i  3v 


i  T 


r  J  5  + 
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h^hl  -  |  (^1  ?»  + 


•*  ’  r\  * 

rr  fpiKEr,)  -  j-ihHi)  = 
i°\  °1 

(iucz  +  (r^E'.ez  +  (iwe,  +  crn)E^en  -f  (iwe*  +  cr^E^  (4.6) 

Solving  equation  (4.5)  for  H ^  we  see  that 

Hi  =  —  (W)  \j~(h*E*)  ~  imh*E»  (4.7) 

*K  \Khi>J  °v 

Equating  the  q  components  of  both  side3  of  the  Ampere  Maxwell  equation  (4.6)  and  sub¬ 
stituting  equation  (4.7)  into  this  equation  we  deduce  that 


+ ^  +  >k  H<  (a;) im*"}]] E"  = 


if.  d 

nr  lTnht  i  rrr !  nc  ’  ~  {h*E*)  \  -  rr 

We  can  introduce  functions  A,  and  By,  such  that  equation  (4.S)  may  be  rewritten  as 


(M4) 


E„  =  A^{h,E,)  -  B^{k4HA  (4.9) 

Similarly,  it  is  clear  that  by  equating  the  q  components  of  both  sides  of  (4.5)  and  solving 
the  Ampere  Maxwell  equation  (4.6)  for  we  see  that  we  can  find  functions  Fv  and  G.  such 
that 

Hn  =  -  Gv~(k,E*)  (4.10) 


where  if  we  define  l( e?)  by  the  role, 


(4.11) 


_  im/h-  , 

’  “  mnK^i)3  •  M  (4'12) 

We  now  solve  equation  (4.6)  for  obtaining  the  relationship 

E(  -  - - - r-T-  ~  {h+lh)  -  imk  Hn 

io;e{  -f  a?  \h,.n^  [■ oq 

We  can,  thus,  express  E>  in  terms  of  E7  and  and  can  similarly  express  Aq .  If  we 
make  all  of  these  substitutions  into  the  el,  components  of  both  sides  of  the  Faraday  and 
Ampere  Maxwell  equations  we  get  two  coupled  partial  differential  equations  in  the  and 

li.i  variables. 

Thus,  we  have  a  coupled  system  of  elliptic  equations  of  second  order  in  the  angular 
components  of  the  electric  and  magnetic  vectors,  with  all  ether  components  of  the  electric 
and  magnetic  vectors  being  simply  expressed  in  terms  of  these  components. 
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1  INTRODUCTION 


We  consider  the  problem  of  solving  linear  equations  where  the  coefficients  and  unknowns 
may  be  members  of  Q,  R,  or  C.  The  dramatic  difference  between  an  TV2+e  matrix  inversion 
method  and  the  traditional  method  which  requires  N3  steps  to  invert  an  N  by  N  matrix 
can  be  seen  by  conceiving  of  a  computer  that  could  perform  ten  billion  operations  per 
second.  Suppose  one  wanted  to  solve  an  integral  equation  describing  the  interaction  of  a 
complex  scatterer  with  a  complex  electromagnetic  radiation  field.  One  usually  divides  the 
scatterer  into  small  3ubunit3  within  which  one  can  approximate  the  induced  fields  with  a 
low  degree  polynomial.  If  one  bad  a  model  of  a  man  or  some  ether  scatterer  divided  into  a 


million  small  subunits  in  which  one  approximates  electric  and  magnetic,  fields  components 
by  polynomials  of  degree  two,  then  roughly  1C00  human  lifetimes  would  be  required  to  solve 
for  these  unknowns  once  the  matrix  was  created  using  the  traditional  method,  whereas  only 
one  hour  would  be  needed  for  the  method  requiring  N7+'  steps,  if  e  is  sufficiently  smell. 

We  describe  an  order  N2+t  algorithm  for  Inverting  a  class  cf  dense  matrices.  Part  of 
our  algorithm  is  based  on  rapid  multiplication.  The  first  algorithm  which  gave  an  order 
smaller  then  N3  for  multiplying  matrices  was  due  to  Stresses  ([5]).  Ths3  algorithm  was 
based  on  reducing  the  problem  using  2  by  2  submatrices  and  the  multiplication  scheme 


f  0(1,1)  0(1,3)  \  (  *(1,1)  &(1,2)  \  _ 

\  a(2.1)  G(3,2)  J  V  6(2,1)  6(2,2)  J 


(  ^  °ih2)  )  (1.1) 

V  C(2,l)  C(2,3)  J 
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where 

«0.i)  ~  Pi  d  p-}  ~  Pi  +  pr 

(1.2) 

c(l,3)  ~  ."3  +  Pi 

(13) 

C(2,l)  =  Pi  +  f>i 

(1.4) 

c(2,2)  —  pi  ~  P3  +  p3  +  P4 

(1.5) 

and  the  functions  p_,  for 

is  {1,2, 3, 4, 5, G, 7} 

are  defined  by  the  equations 

Pi  —  (an.l)  +  °(3,2))(0(l,l)  +  6(1,1)) 

(1.6) 

Pi  —  (G(2,l)  +  a(2,J))6(l,I) 

(1.7) 

P3  =  <3(l,l)(6(l,3)  ~  6-3,3)) 

(1.8) 

Pi  —  (~ C(U)  +  g(2,1})(6(U)  +  6(1,3)) 

(1.9; 

Pi  —  (u(l,l)  *1*  c(1,2',)6(3,2) 

(1.10) 

►o 

+ 

cT 

os 

II 

lO 

(1.11) 

P7  —  (<=(1.2)  “  g(2,2))(6(2,1)  +  6(2,3)) 

(1.12) 

For  example,  in  chccldng  equation  (1.2)  observe  that 


Pi  +  P&  ~  pi  +  p7  =  (“{1,1}  +  g(2,2))(6(1,1)  +  ^(3,2>)  T 

C(2,2)(  —  6(1,1)  -f  6(3,1))  ~  (G(l,l)  +  G'l,3))6(2,3)  + 

(0(1,3)  -  «{2,2))(6(2tl)  +  6(3,3))  =  G(l, 1)6(1, 1)  +  (l-13) 

Here  there  are  7  multiplications  and  13  ad-brico:  and  subtractions.  We  consider  a  2iV  by 
2^  matrix.  For  this  size  of  matrix  we  suppose  that  ^(iV)  is  the  number  of  additions  and 
that  M(N )  is  the  number  of  multiplications.  Then  the  number  of  multiplications  is 

At(iY  +  1)  =  7M(;V)  (1.14) 

and  the  number  of  additions  is 

A(N  +  1)  =  1S(2W)(2*)  t*  7 A(N)  (1.15) 

since  there  are 

4iV  =  (2‘v)(2-v)  (1.16) 

entries  in  a  2,v  by  2,v  matrix’.  We  now  maie  use  of  the  following  lemma. 
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Lemma  1.1  The  solution  of  the  difference  equation 

yn+l  =  +  At/n 


that  satisfies  y0  —  0  «  u-'Aen  JZ  is  distinct  from  X  given  by 


Him r)  <'■*-**> 


Solving  the  difference  eauation  we  see  that  since  a  general  solution  is 


A(N)  =  C(7V)  -  6(4*) 


(1.17) 


since  a  particular  solution  is,  upon  using  A.  —  IS  and  A  —  7  and  .R  =  4  in  the  Lemma, 
given  by 

V{N)  -  -6(4*)  (1.18) 

As  a  checks  note  that 

-  6(4)(4*)  =*  18(4‘v)  +  7 ( — S ) ( 4 lV ) .  (1.19) 


Since 


.4(0)  =  0 

as  no  additions  are  required  for  multiplying  1  by  1  matrices,  we  see  that 

C  =  6 


(1.20) 


(1.21) 


We  can  then  see  that  the  total  number  of  operations  for  multiplying  a  2*'  by  2'v  matrix  is 
estimated  by  the  inequality 


A(N)  +  M{N)  <  G  •  7*  +  7'v 


Thus,  since  the  number  of  rows  is 


we  see  an  exponent  o  such  that 


M  =  2* 


Ma  s  2*,v  <  7'v+l 


(1.22) 


(1.231 


(1.24) 


or  applying  logi  to  both  sides  of  inequality  (i.24)  we  aoe  that  the  order  a  is  estimated  by 
the  inequality, 

aN  <  logf  l)  -f  N  {lo?j(7))  (1.25) 

or  upon  dividing  all  terms  of  equation  (1.23)  by  .V  and  letting  ;V  go  to  infinity,'  w-:  see  that 
asymptotically  the  order  a  is  estimated  by 


<y  <  logfl)  «  2.807 


(1.2G) 


whrc.b  means  that  the  number  of  operations  for  multiplying  two  M  by  .Vf  matrices,  is  about 

The  number  of  steps  required  for  matrix  inversion  can  in  many  circumstances  be  shown 
to  be  qnivrilent,  except  for  multiplication  by  a  constant  independent  of  the  number  of  rows, 
to  the  number  of  operations  required  for  matrix  multiplication. 


Proposition  1.1  If  the  nonsingular  N  by  N  mains  A  con  be  expressed  in  the  form  A  — 
D  —  P,  where  D  is  an  invertible  diagonal  matrix,  and  if  D~XP  has  ta  matrix  norm  less 
than  /,  then  for  every  number  n  of  significant  digits,  there  is  a  number  Mn,  iniefeiidr.it 
of  the  number  N  of  rows  in  ihe  matrix,  such  that  the  entries  of  the  inverse  A-1  of  A  can 
be  determined  to  at  least  n  significant  digits  by  ihe  sum , 

a;'-  =  d~1  [/  +  (D~lF)  +  (. d~1p f  +  •  ■  .(/r'p)''-]  (1.27) 

which  means  that  the  number  of  operations  for  computing  the  inverse  is  equal  io 

C'A-1)  =  (.*/„  -  l)CiV  +  {-'O  +  1 }  A'2  (1.23) 


where  O/  denotes  ihe  number  of  operations  required  for  matrix  nullification. 

Proof.  Observe  that  since  if  r  is  equal  to  the  norm  of  D~XP  that  the  norm  of  the 
remainder  can  be  made  arbitrarily  small  simply  by  making  Mn  large  enough,  since  the 
remainder  terms  involve  sums  of  powers  of  D~{P  and 


(D-'P)*'"  II <  r'"'-  <  10-”  j|  D"1  || 


(1.29) 


that,  then  el"1  agrees  with  .I'1  to  n  detune1  ’aces.  Since  D  is  diagonal,  .Y3  operations  are 
required  for  the  computation  of  D~'P.  Lei.  ns  suppose  that  {7 y  operation?  are  required 
for  matrix  multiplication.  Then  bv  performing  the  calculations  in  succession  w»  see  that 
exactly  Cs  operations  are  requited  fee-  each  of  the  cc imputation.?  (/?-,P)3,  (D~i P)1,  •••,  and 
giving  a  total  of  (M.,  —  1  )C.v  operation?.  There  are  ,V3  summation  operations 
followed  by  rV3  operations  for  the  multiplication  of  the  sum  by  D"1.  This  argument  proves 
equation  (1.28). 

Proposition  1.2  If  A  is  any  endomorphism  of  R~,  then  them  is  a 


Aq  £  C  —  {0} 


such  that 


<*ry* 

ii 

(1.39; 

\.j  t  n  v  c/ri*h  l  f!  an  a 

ho  -  (-TO"1 

(1.31) 

is  known.  Then  there  ?.*  an  open. 

connected  set  1}  containing  such  that 

Rx  =  (A.f  -  To)''1 

(1.32) 

exists  and 

d.\  "" 

(1.33) 

with 

p.«  (-7;.)-’ 

(1.34) 

the  :*?.{.JV'u'  rondti’on  mr  j;  * 

•h.-.uh  -purieu  fLLf). 

Proof.  We  ure  a  classical  theory  of  resolvents  of  operators  fe.g.  Friedman  [3],  pp  19'!- 
195).  To  find  a  A0  such  that  the  !„  norm  of  the  matrix  is  smaller  th&a  1  and  use 

the  result  of  the  previous  proposition. 

Defiu.ulon  1.1  We  say  that  a  A  (1C  is  in  the  resolvent  set  of  T0  if 

RX  =  (\I-T0)-'  (1.35) 


exist). 

Note  that  wc  can  consider  the-  component  of  the  complex  plane  C  containing  A0  such 
that  the  matrix  Rx  defined  ’ey  equation  (1.35)  exists.  Wc  know  that  T0  is  invertible,  and 
that  if  A  is  in  the  resolvent  set  of  Tu,  then 

Det(\I  -  T0)  f  0  (1.3C) 

and  that  the  set  of  all  A  satisfying  equation  (1-36)  is,  since  the  determinant  function  Dot  is 
continuous,  an  open  set  U  containing  A0.  We  simply  choose  ft  to  be  a  convex  open  subset 
of  the  component  of  U  containing  Aq.  We  then  write 

Rx  -  R,  =  (A I  -  To)'1  -  (,  J  -  To)'1 


(A/  -  To)'1  [(til  -  To)  -  (AT  -  To)]  (fsl  -  To)"1 

(M_A)(A/-To)-'(,u/-To)-1 

=  W  -  (1.37) 

Dividing  both  sides  of  equation  (1.37)  by  A  —  ft  and  talcing  the  limit  vs  ft  approaches  A  we 
see  that  equation  (1.33)  is  valid  in  ft  since  for  all  choices  of  A  and  u  in  ft  the  straight  line 
joining  A  and  ft  is  also  contained  in  ft.  This  completes  the  proof  of  the  proposition. 

A  contour  integration  method  am  also  be  used  to  calculate  the  inverse  of  A.  One 
method  i3  described  by  the  fcilo-ving  theorem. 


Theorem  1.1  If  C  is  a  simple  closed  curve  in  the  complex  plan:  which  contains  Aq  but 
docs  not  cross  or  contain  within  Us  interior  any  of  the  points  A  where  R\  does  not  extol, 


then 


A'1 


=  JL  I  Jh~dx 

2rrs  Jc  A  -  A,j 


(1  38) 


A  variety  of  identities  similar  to  that  of  equation  (1-37)  are  found  in  Cohcon  ( [  1  j ).  We 
note  that  ((!])  if  introduce  the  operator, 


R*f(z)  ~  f  cxvfrJx  -  s))f(s)ds, 
Jo 


(1.39) 


where  f(x)  is  any  member  of  C^fR),  A  solution  of  the  general  aonhomogeneous  linear 
ordinary  differential  equation  ( 1 .40)  with  constant  coefficients  is  given  by 


<*)  = 


(1.41) 


where  the  latter  iterated  integral  expression  cam  be  reduced  to  a  sum  of  single  integrals  by 
realizing  that  the  identity 

RxR»  =  — ^  (1.42) 

A  —  p. 

is  identical  to  the  expansion  by  partial  fractions  relation 


where  X\  and  Xit  are  defined  by 


XxX.  ~ 


X\  — 


v  v 

va  A  —  u 


x-  A 


(1.43) 


(1.44) 


Iterative  methods  have  been  suggested  by  many  anthers  for  overcoming  computational 
complexity  in  electromagnetic  interaction  computations  and  most  cf  these  developments 
required  that  the  scattering  body  be  diaphanous  or  have  nearly  the  properties  of  free 
space.  However,  a  way  of  obtaining  discretizations  that  use  lower  order  matrices  and  use 
manipulations  of  these  matrices  to  improve  the  accuracy  of  the  solution  have  been  devel¬ 
oped  by  Cohooa  ((2j);  this  paper  describes  a  computeruabla  Suite  rank  integral  equation 
whose  solution  is  exactly  the  projection  onto  the  space  of  approximates  of  the  solution  of 
the  original  infinite  rank  integral  equation.  These  methods  of  obtaining  discretizations  of 
integral  equations  that,  upon  solution,  give  accurate  solutions  of  scattering  problems,  cou¬ 
pled  v/ith  the  potentially  rapid  methods  of  multiplying  and  inverting  matrices  give  some 
premise  of  being  able  to  develop  realistic  electromagnetic  radiation  dosimetry  models  as 
well  as  solving  much  larger  matrix  modeling  problem?  of  all  types. 

2  THE  MATRIX  INVERSION  ALGORITHM 


We  now  produce  a  method  of  finding  the  inverse  of  a  general  matrix  A  using  these 
ideas. 

Theorem  2.1  if  A  is  in  automorphism  of  C‘v  or  U*'  and  A  is  a  complex  number  sttr.h  that 

Rx  =  {XI-  To)"1 

exists,  then  we  can  find  a  connected,  convex  open  set  calcining  both  Art  and  A  =  0  such  that 
if  the.  R\  defined  by  equation  (2.1)  cxisJx,  then  we  can  obtain  A~l  by  solving  the  ordinary 
differential  equation 

dT{^  d\ 

(2.1) 


along  a  cur: 


d\  ds 


A  :  [0, Ij  -*  C 


I 


joining  A  =  0  to  A  =  \0  where 


F(0)  =  Ro  =  (-To)"1  (2.3) 

i»  ini  tie  l  condition  for  equation  (21). 

Proof  We  just  have  to  pick  a  curve  A  —  A (j)  which  does  not  pass  through  any  points 
of  the  spectrum,  where 

Det(\I  ~  T0)  =  0  (2.4) 

and  since  there  are  only  a  finite  number  of  these  points,  we  could  with  the  proper  choice 
of  Ao  find  a  straight  line 

A(.»)  =  sA0  (2.5) 

which  has  this  property.  Then  the  differential  equation  (2.1)  has  the  form, 

n*)  =  =  -Rl* 0  (2.6) 

This  completes  the  proof  of  the  theorem. 

A  variant  of  the  ideas  of  this  theorem  can  be  used  to  treat  a  class  of  infinite  matrices 
arising  in  several  areas,  including  electromagnetic  scattering  theory. 

Theorem  2.2  If  L  is  a  Fredholm  integral  operator  given  by 

LE(q)  —  J^Q(p,q)E(q)dv(q)  (2.7) 

associated  with  the  Fredholm  integral  equation 

E(p )  -  E'(p)  =  A (LE)(p)  (2.8) 


where  Ed  is  known  and  we  are  seeking  the  junction  E,  and  7l\  is  the  resolvent  kernel 
defined  by 

~  -  f^Fix(p,w)llx{v<,q)du(w)  (2.9) 

vrith  the  initial  condition  being. 

Too  =  Q{p,q)  (2.10) 

then  the  solution  of  equation  (2.3)  is  given  by 

E  =  E'  +  XRxE‘  (2.11) 


where 


Proof:  The  differentia 
operator  as  a  Born  series 
solution. 


Rx(?)E'(p)  =  jf  Rx (P,q)E<(q)du(a)  (2.12) 

.1  equation  (2.9)  is  derived  by  expressing  the  inverse  integral 
assuming  that  A  is  small  and  then  analytically  continuing  the 
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Lq  the  previous  sections  we  have  related  matrix  inversion  speed  to  matrix  multiplica¬ 
tion  speed  for  a  class  of  dense  matrices.  We  shall  use  the  lines  for  extending  the  matrix 
multiplication  speed  improvement  for  2  by  2  matrices  in  our  introductory  section. 

Assume  that  we  have  developed  a  matrix  multiplication  method  for  two  m  by  m  ma¬ 
trices  that  uses  p  multiplications  and  q  additions. 


N 


Theorem  3.1  (Fast  Matrix  Multiplication)  Suppose  that  A  is  a  matrix  with  M  —  m 
rows  and  the.  same  number  of  columns.  Suppose  that  A(N)  vs  the  number  of  additions  and 
AA ( N )  is  the  number  of  multiplications  required  for  multiplying  two  matrices  of  this  size. 
Then 

M(N  +  l)  =  pM{N)  (3.1) 


and 

A(N  +  l)  =  q(mN)(mN)  +  pA{N)  (3.2) 

and  if  a  is  an  exponent  such  that  the  matrix  multiplication  requires  Ma  steps  f 01  multiplying 
two  M  by  M  matrices,  then 

a  <  Logm(p)  (3.3) 


which  means  to  get  the  desired  result  the  number  of  multiplications  required  for  the  matrix 
multiplication  just  has  to  get  down  to 


p  -  m3+< 


(3.4) 


proof:  To  derive  the  difference  equations  for  the  number  of  multiplications  and  addi¬ 
tions,  we  simply  subdivide  two  nrN+1  by  m'v+1  matrices  into  m  submat rices  each  of  which 
are  mN  by  mN  matrices.  Treating  the  submatrices  rv  members  of  an  algebra,  we  see  that 
the  number  of  additions  required  to  carry  out  the  multiplications  is  q  times  the  the  number 
of  entries,  m3jV  plus  the  number  of  multiplications  p  of  of  submatrices  times  the  number 
A(N)  of  additions  used  in  each  of  these  multiplications.  The  number  of  multiplications  is 
simply  p  times  the  number  M(N)  of  multiplications  required  for  multiplying  two  of  the 
snbmatrices.  These  arguments  constitute  a  derivation  of  the  difference  equations  (3.1)  and 
(3-2). 

We  now  give  the  solution  of  the  difference  equations  (3.1)  and  (3.2)  and  an  estimate  of 
A(N)  +  AA(N).  Thinking  of  particular  solutions  plus  general  solutions  of  the  homogenous 
equation  associated  with  20 nation  (3.2),  we  see  that  one  solution  of  equation  (3.2)  is  Jmi,v 
and  that  substitution  into  equation  (3.2)  implies  that 


which  implies  that 
which  tells  us  that 


£m3(-V+,>  -  pOrn--' 

m A  | Dm*  —  p.D  —  g  j  =  0, 
D  *=  -X- 

m3  —  p 


(3.5) 


(3.61 


(3.7) 


Thus,  the  most  general  solution  of  equation  (3.2)  is 

AN)  =  Op"  +  (3.8) 

We  can  'solve  for  the  constant  C  by  considering  a  matrix  with  one  row  and  column,  the 
case  N  —  0,  which  would  since  no  additions  are  required,  tell  U3  that 

0  =  A(N)  =  C+  )  (3.9) 

\m  -pj 

or  that 

C  = — ~  (3.10) 

As  a  check  on  this  work,  we  also  consider  the  situation  where  the  number  of  rows  i3  M  —  m1 
which  means  that  N  =  1.  We  know  that  in  this  case 

q  =  A(l)  =  Cp+  (3.11) 

which  implies  that 

C  =  - 
P 

which  after  some  manipulation  i3  seen  to  be  identical  to  that  given  by  equation  (3.10). 
The  number  of  multiplications  is  easily  seen  to  be 

M{N)  =  pN  (3.13) 

We  now  estimate  the  total  number  of  operations  required  to  carry  out  the  matrix 
multiplication.  Observe  that 

AN)  +  -M(iV)  =  (~;)  if"  -  ™!"]  +  f  (3.14) 

From  equation  (3.14)  we  see  that 

A{N)  +  M(N)  <  —3—  +  l]  f  (3.15) 

.P  ~  m  j 

Observe  that  if  A/  —  rn‘;  is  the  number  of  rows  and  if  the  number  of  operations  for  matrix 
multiplication  is  A/a,  then  equation  (3.15)  implies  that 

' 

A fa  =  maN  <  — 7—  +  1  pN  (3.161 

p  —  m~  J 

Taking  the  logarithm  to  the  base  m  of  both  sides  of  equation  (3.13)  we  deduces  that 

aNLogn(m)  <  Logn  1  +  — +  NLcgm(v)  (3.17) 

I  p-m2  j 


(3.12) 
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Dividing  all  terms  of  equation  (3.17)  by  N  and  t airing  the  limit  a3  N  approaches  infinity 
we  see  that  asymptotically  we  need 

a  <  LoghX(p)  (3.18) 

If  we  could  carry  out  the  operations  with  p  =  to2*1,  then  we  would  have 

Ma  =  M2+{  (3.12) 

as  an  estimate  of  the  number  of  operations  required  to  multiply  two  M  by  M  matrices. 
The  number  of  additions  used  in  the  multiplication  of  the  submatrices  apparently  makes 
no  difference  the  the  asymptotic  computational  complexity  of  the  matrix  multiplication  of 
the  large  matrices.  Our  discussion  in  the  previous  section  then  gives  us  a  class  of  dense 
matrices  that  can  also  be  inverted  in  this  number  of  operations. 


4 


Fields  of  Positive  Characteristic 


For  fields  of  positive  characteristic  which  do  not  have  a  transcendental  element  the 
following  theorem  shews  that  matrix  inverses  can  be  systematically  obtained  by  repeated 
multiplication,  and  picking  the  first  two  distinct  matrix  powers  which  are  identical.  We 
characterize  the  fields  for  which  this  is  possible. 

Theorem  4.1  If  a  field  F  has  characteristic  zero,  then  there  is  an  invertible  square  matrix 
M  having  the  property  that  for  every  postive  integer  r  and  every  nannegalivs  integer  s 

W+'  W  (4.1) 

If  the  field  F  has  positive  characteristic  equal  to  a  prime  p  and  contains  one  transcendental 
element  x,  then  we  can  also  find  an  invertible  square  mzttiz  M  filled  with  elements  of 
F  suck  that  for  every  positive  integer  r  and  every  nonnegtsiive  integer  3  inequality  (f.l ) 
is  valid.  For  the  remaining  case  where  ike  (possibly  infinite)  field  F  has  characteristic  p 
and  every  element  of  F  is  algebraic  over  the  ground  field  Fp  containing  p  dementi.,  then  if 
a  square  matrix  M  over  F  contains  a  finite  number  of  rows,  then  toe  can  find  a  positive 
integer  r  and  a  r.onnegaiive  integer  s  sveh  that 

W' r>  =  ~M  (4.2) 

.Proof  of  the  theorem.  To  see  the  validity  of  inequality  (4.1)  for  the  chaxactorisitic  zero 
cast,  we  simply  consider  the  invertible  one  by  one  matrix, 

M  =  (2)  (4.3) 


and  observe  that  distinct  powers  of  2  axe  not 
the  field  contains  an  element  x  which  is  trams; 
a  p  ;  'me  number  p  elements  is  seen  by  coaside 


equal  The  validity  of  inequality  (4.1)  when 
xmdentnl  over  the  ground  field  FP  containing 
ring  the  one  by  one  matrix 


;  up 


(4.4) 


and  observing  that  if  it  were  true  that  for  some  positive  integer  r  and  some  nonnegative 
integer  s  we  had 

xT+‘  =  2*  (4.5) 

then  x  would  be  algebraic  and  not  transcendental,  a  contradiction. 

To  take  care  of  the  final  case  where  all  elements  of  the  field  are  algebraic  over  the  p 
element  ground  field  Fp  and  A/  is  a  square  matrix  with  m  rows,  we  let  K  be_the  smallest 
algebraic  extension  of  the  finite  Fp  which  contains  all  elements  of  the  matrix  M.  We  let  n 
be  the  number  of  elements  of  the  finite  field  K.  Then 

cardinality  jiV.f  :  i,  j£  (1, 2,  •  •  •,  m}j  =  nm  (4-6) 

Hence,  as  all  powers  of  the  matrix  M  belong  to  a  finite  set  of  matrices,  two  of  these  powers, 
3ay  the  sth  power  and  the  tth  power  where  t  >  s  must  be  the  same  which  means  that 

F*  =  W  (4.7) 

We  then  let  r  =  t  —  s.  obtaining  equation  (4.2). 
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An  E  xact  Solution  of  Mia  Type  for  Scattering  by 
a  Multilayer  Anisotropic  Sphere 

D.  K.  Cohooa 


Department  of  Mathematics  033- 1 5 
Temple  University 
Philadelphia,  PA  19122,  USA 

Abstract-  Tha  purpose  of  this  paper  is  to  describe  methods  of  resolving  discrepancies 
between  experimental  observations  of  scattering  by  crystalline  particles  and  attempts  to 
explain  these  observations  assuming  that  the  electrical  properties  of  these  particles  can 
be  described  by  the  use  of  scaiar  valued  functions  for  the  permittivity,  conductivity,  and 
permeability.  We  can  develop  coupled  integral  equations  describing  the  interaction  of 
electromagnetic  radiation  with  a  heterogeneous,  penetrable,  dispersive,  anisotropic  scat- 
tcrer  end  can  use  several  methods  of  solving  these  integral  equations.  The  solution  of  the 
problem  of  describing  scattering  by  an  anisotropic  sphere  can  be  substituted  Into  the  in¬ 
tegral  equation  to  check  the  integral  equation  formulation  of  the  problem.  Conditions  axe 
given  for  the  uniqueness  of  the  solution  of  the  associated  transmission  problem.  Because 
of  the  multiple  propagation  constants  in.  an  anisotropic  material,  the  trivial  uniqueness 
arguments  valid  for  isotropic  scatter  era  do  not  have  a  guaranteed  success  In  understanding 
the  more  complex  interaction  phenomena. 

An  exact  analytical  Mia- like  solution  has  been  obtained  for  fields  induced  in  and  scattered 
by  an  .V  layer  sphere,  where  each  layer  has  anisotropic  constitutive  relations,  We  show 
that  as  the  tensor  parameters  change  so  that  each  layer  becomes  isotropic,  then  the 
distinct  radial  functions  used  in  representing  the  electric  and  magnetic  fields  induced  in 
the  structure  both  converge  to  the  same  spherical  Bessel  and  Haaial  function.?  and  all  the 
propagation  constants  La  each  layer  converge  to  tbs  propagation  constant  &  given  by 

A3  =  w  ,'te  —  wpa 

and  the  solution  approaches  the  ordinary  Mie  solution  for  an  N -\xjzs  sphere.  The. 
anisotropic  sphere  computer  code,  for  the  case  of  magnetic  losses,  dielectric  losses,  and 
dissipative  Impedance  sheets,  and  perfectly  conducting  or  penetrable  inner  cores  has  been 
validated  by  energy  balance  computations  involving  balancing  the  difference  between  the 
total  energy  entering  the  sphere  minus  the  total  energy  scattered  a  way  with  tha  sum  of  the 
surface  integrals  representing  losses  due  to  dissipative  impedance  sheets  separating  the 
layers  plus  the  sum  of  the  triple  integral:  over  the  Ir/Kzs  whose  values  represent  magnetic 
and  dielectric  losses  within  the  anisotropic  penetrable  layers. 

Two  Bessel  functions  with  two  different  complex  indices  depending  on  ratios  of  tangential 
and  radial  magnetic  properties  and  ratios  of  tangential  ana  radial  electrical  properties, 
respectively,  participate  in  the  solution  Lu  the  case  of  scattering  by  tho  simplest  anisotfooic 
sphere.  The  scattering  problem  is  solved  fo?  the  case  where  tbs  scatters?  consists  of  (i) 
*V  anisotropic  dielectric  layers,  (ii)  if  of  these  layers  separated  by  sr-nete  of  charge  or 
impedances,  and  (Hi)  a  perfectly  conducting  core  surrounded  by  N  -*  i  anisotropic  layers. 
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portant  to  understand  the  nature  of  the  scattering  of  light  for  individual  aerosol 
particles,  to  determine  precisely  how  a  cloud  including  these  particles  might  im¬ 
pede  the  progress  of  the  sunlight  or  laser  communication.  These  anisotropic  scat¬ 
tered  have  many  sources  including  volcanic  eruptions  and  humanjtctivity^  The 
term  anisotropic  here  refers  to  the  constitutive  relations  between  B  and  if  and 
between  B  and  E ,  and  J  and  E  which  are  tensorial;  in  isotropic  particles  the 
Fourier  transforms  with  respect  to  time  of  these  quantities  are  related  by  scalars. 
We  will  use  1  to  denote  the  tensor  permittivity  of  the  anisotropic  particle,  and  we 
let  €q  denote  the  permittivity  of  free  space.  We  let  1  denote  the  2  by  3  identity 
matrix.  The  tensor  magnetic  permeability  is  denoted  by  Ji.  We  consider  time 
harmonic  radiation  with  frequency  cu .  By  lumping  together  the  frequency  times 
the  imaginary  part  of  the  permittivity  tensor  and  the  real  part  of  the  usual  con¬ 
ductivity  tensor  we  get  a  real  tensor  a .  The  Maxwell  equations  for  anisotropic 
materials,  therefore  have  the  form  :  ;  ~ 


V  x  if  —  iuji^E  +  iu/(e  —  cqJ)  ul  •  E 

.  J 


V  x  E  =  -  iu>(£  -  fj-cl)  •  ~H  (1.2) 

Equations  (1.1)  and  (1.2)  together  with  the  fact  that  the  divergence  of  a  curl  is 


zero  tell  us  that 


V  •  (e  --  eg  I  —  icr/u ) 


=  -V-E 


Similarly,  ‘.he  fact  that 

V-(£-i7}  =  0  (1.4) 

implies  that 

v-(p.F-M2T)  =  -/‘oV-I  (1.5) 

Thus,  thinking  in  terms  of  the  traditional  free  space  Maxwell  equations  with 
electric  and  magnetic  currents  Js  and  J m  and  electrical  and  magnetic  charge 
densities  pt  and  pm  we  see  that  (1.1)  and  (1.2)  may  be  re-expressed  in  the  form, 

V  x  if  =  iwcQ E  -f-  J 3  (1.5) 

where  Js  is  given  by, 

7e  =  iL{i~e0l)-E  +  W-E  (1.7) 

and  the  Maxwell  equation  driven  by  the  magnetic  current  source  term  is  given  by 

Vx£  =  —  iwpo  H  +  Jm  (1.8) 

where  the  magnetic  current  density  Jm  is  given  by 

Jm  -  Jw(jr~  pqI)  ■  E  (1.9) 

The  free  space  isotropic  relations  yield 

V-£=  —  (1.10) 
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V  ■  H  = 


(1.11) 


which,  respectively,  provide  us  with  ?>.n  operations!  definition  of  stimulated  electri¬ 
cal  and  magnetic  charge  density.  Using  a  pill  box  concept  and  the  fact  that  there 
is  no  current  density  in  the  exterior  of  the  scatterer,  we  can  in  addition  introduce 
the  notion  of  surface  electric  and  magnetic  charge  densities  which  we  denote  by  rje 
and  r/m  ,  respectively.  The  surface  electrical  charge  density  is  derived  through  the 
notion  of  picking  a  point  on  the  bounding  surface  of  the  scatterer  whose  normal 
is  h  and  placing  a  thin  volume  around  this  point  so  that  the  exterior  and  inte¬ 
rior  portions  of  the  boundary  have  area3  equal  to  A  except  tor  a  portion  of  the 
bounding  surface  with  a  very  small  area  whose  normal  is  nearly  perpendicular  to 
the  normal  fi  and  so  that  if  J.y  is  the  current  density  at  this  point  just  outside 
the  scatterer  and  J_  denotes  the  current  density  at  this  point  just  inside  the 
scatterer,  then  conservation  of  charge  on  the  surface  is  defined  approximately  by 
the  relation 

+A[(7+.n)-(7-.n)]  =0  (1.12) 


which  means  since 


J.U  0 


that  the  surface  charge  density,  electrical  or  magnetic,  is  given  by 


lurj  =  j  _  •  n 


(1.13) 


(1.14) 


(1.16) 


Thus,  the  electrical  surface  charge  density  is  given  by  equation 

rje  =  --(7e-r.)  (1.15) 

u 

and  the  magnetic  surface  charge  density  is  given  by 

Tj-jYi  ttv  |*(/s  Ml)  *  H  *  ^  (1*1^0 

To  fully  analyze  these  equations  and  relate  them  to  the  original  transmission 
problem  for  an  anisotropic  heterogeneous  penetrable  scatterer,  we  need  to  con¬ 
struct  equivalent  sources.  We  will  need  to  consider  potentials  due  to  volume  and 
surface  electric  and  magnetic  charges  and  potentials  due  to  volume  electric  and 
magnetic  currents.  From  the  continuity  equation,  the  electrical  charge  density 
satisfies  the  relation  ^ 

V-7e  +  ^0  (1.17) 


V  -  Je  +  -X 


where  in  our  case  Je  is  given  by  (1.7).  A  similar  relationship  for  magnetic  charge 
density  is  developed  from  a  combination,  of  equations  (1.11)  and  (1.9)  and  the  basic 
Maxwell  equation  (1.3).  The  continuity  equation  for  magnetic  charge  density  has 
exactly  the  right  form  in  the  sense  that  a  valid  equation  is  obtained  by  replacing 
c  by  m  in  (1-17).  By  defining  electric  and  magnetic  surface  charges  using  the 
relationships 


i^Tje  =  1  :w(*  —  eg/)  -j-  o'  •  E)  •  n. 
V  J  / 


(1.13) 
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iurjrr.  -  [-iu(/i  -  p-ol)  •  i/j  •  n  (1.19) 

wc  complete  all  we  need  to  derive  a  coupled  set  of  integral  equations  in  the  electric 
and  magnetic  field  vectors  involving  both  surface  and  volume  integrals.  With 
these  definitions  we  represent  the  difference  between  the  ambient  and  total  electric 
vectors  in  terms  of  gradients  of  the  potentials  of  the  electric  volume  and  surface 
charge  densities,  the  electric  vector  potential,  and  the  curl  of  the  magnetic  vector 
potential.  We  similarly  represent  the  difference  between  the  total  and  ambient 
magnetic  field  intensity  in  terms  of  the  gradients  of  the  potentials  of  the  volume 
and  surface  magnetic  charge  densities,  the  magnetic  vector  potential,  and  the  curl 
of  the  electric  vector  potential.  A  coupled  electric  vector  magnetic  vector  integral 
equation  is  immediately  derived  from  the  relationships 

E-T  =  -V$e  -  -  iJAe  -  — V  x  Am  (1.20) 

eo 

and 

H  -  TP  =  -V$m  -  VtT'm  -  iuAm  +  -VxIe  (1.21) 

MO 

For  scatterers  with  a  general  shape  the  set  of  equations  implied  by  (1.20)  and 
(1.21)  are  not  solvable  in  closed  form.  We  therefore  assume  that  the  scattering 
body  has  spherical  symmetry  and  assume  a  special  form  of  a  tensor  relationship 
between  J  t  and  E  and  between  the  magnetic  current  density  Jn  and  the  mag¬ 
netic  field  intensity  H  in  each  layer  of  the  structure.  This  will  enable  us  to  get 
an  extension  of  the  usual  Mie  solution.  Specifically  we  assume  that  the  scatter¬ 
ing  body  ft  consists  of  N  regions  delimited  by  spheres  defined  by  the  equations 
r  =  il;  for  :  =  1,2,  ...,JV  where  the  p  th  region  is  bounded  by  r  —  Rp  and 
r  =  i?p_i  if  p  is  2, 3, . . . ,  or  jY  and.  the  core  region  is  bounded  by  r  =  .  In 

the  simplest  solution  discussed  in  this  paper  we  assume  that  we  have  anisotropic 
constitutive  relation:  defined  in  terms  of  the  unit  vectors  er,e,j,  and  ,  perpen¬ 
dicular  to  the  radial,  tf ,  and  6  coordinate  planes,  respectively.  For  time  harmonic 
radiation  if  D  is  the  dielectric  displacement  and  J  is  the  ordinary  electric  field 
current  density,  then  there  are  constants  and  <??  in  the  radial  direction  and 
constants  <  and  a  for  relations  along  the  surface  so  that 


~  +  J  =  (tu>er  +  crT)ETcT  -r  (iwe  +  cr)(Ege$  -f  E^Ej) 


(1.22) 


Furthermore,  there  exist  constants  related  to  the  magnetic  properties  of  the  m  ;.- 
terial  denoted  by  fi~  and  p  so  that  if  B  is  the  magnetic  flux  density,  and  the 
impinging  radiation  is  time  harmonic,  then 


dB_ 

di 


iup.THTE  +  iup{Hee(,  + 


simply  require  that  tangential  component 


and  H 


continuous 


across  the  boundaries  r  =  Rp  then  expansion  coefficients  can  be  related  by  2 
by  2  matrices  as  in  (Bell,  Cchoon,  and  Penn  [lj).  If  we  allow  thin  impedance 
sheets  between  the  layers,  then  the  expansion  coefficients  are  also  related  by  2  by 
2  matrices. 
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thinks  of  scattering  by  a  sphere,  the  spherical  Bessel  and 


Neumann  functions  corns  to  mind.  In  our  problem  we  will  make  Use  of  tv/o 
Bessel  functions  with  a  complex  order  and  will  require  their  evaluation  at  complex 
arguments.  We  assume  that  v  is  complex  and  define  a  special  function  by 
the  rule 


'M~)  = 


7rl/2^+l/2(z) 


(1.24) 


'  2 1/2.1/2  '  y 

where  if  we  allow  W  to  denote  the  Bessel  function  with  index  equal  to  u  4-  1/2 
or  specifically 

W=J  ,(.-)  (1.25) 


this  means  that  the  function  W  satisfies  the  Bessel  differential  equation 


2d2  W  dW  f  2  (  l\2‘  w 

■V+*-3r+  "r- 


(1.26) 


and  then  the  function  'fyv  denned  by  (1.24)  through  (1.26)  satisfies  the  equation. 

1  (jj)J(s,M+ p «*  =  o  (i-2v) 

We  will  need  in  order  to  implement  c-ur  solution  on  the  computer  a  knowledge 
of  the  Wronskiaa  of  the  independent  solutions  of  the  Beestl  differential  equation 
(1.26).  It  i3  known  that 

-Y,(z)i-zMz)  +  Mz)^Y,(=)  =  “  (1.23) 

and  this  is  enough  to  enable  us  to  evaluate  the  expressions  involving-  Wrcaskians  of 
linearly  independent  solutions  of  different’-’  rq-.<  .ions  satisfied  by  radial  functions 
needed  to  represent  the  electric  and  magnetic  fields  in  the  anisotropic  materials. 
We  needed  two  types  of  differential  equations,  one  with  a  term  involving  the  ratro 
of  tangential  to  radial  magnetic  permeabilities  and  the  other  involving  a  ratio  of 
tangential  to  radial  permittivities.  The  radial  functions  associated,  with  a  ratio  of 
magnetic  properties  are  denoted  by  .  The  Wroaksua  determinant,  which 

we  denote  by  A  is  for  these  functions  given  by  the  expression 

A  =■  lA^hkRp)  (  — ~ )  I*—  (r®f0,3{(fa*))  I 

("•*>)•  P  \uj^kr/[dr\  i^PP  )  Ir=12j, 

-  'S|0,3((JfeiZ0)  (  — ~t —  )  fr*3ja,1!(ir)  j  (1.29) 

in’PP  "  \utA?)srJ  V  (Mv  V  r-p^ J  v  > 


IKJHI. 


(1.29) 


where  the  superscript  3  refers  to  a  radial  inaction  which  is  singular  at  the  origin 


and  the  suoerscrint  1  refers  to  a  radial  function  which  is  rerulai  at  ?  —  0  in  the 

»  ■»  w 

•  •  ,  •  «*  •  f (5 

latejzrahjlity  sense,  and  where,  the  radial  tancticaa  ’5;  ’ t,  arc  solutions  of  tbs 
,  .  t’vp; 

cu  n  s  r  r  y,  t ;  j  ^  y  y  c  t ;  o  n 
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where  the  complex  constant  k  is  when  r  is  in  the  pth  layer  given  by 

k 2  =  wy?MP)  - 

The  ether  radial  functions  satisfy  the  differential  equation 

ln.P) 


(1.31) 


r  \  3r 


c,) + !*J  -  (~^)j  c,  -  °  i1-32’ 


where 


iujj(p)  a.  o-fp) 

(?)  ,  (?) 

^«r  4-  cr/; 


(1.33) 


We  remark  that  the  entire  theory  could  be  made  completely  symmetric  by 
introducing  a  magnetic  charge  conductivity  so  that  the  Maxwell  equations  would 
have  the  form 


V  X  £  —  —ivpoH  —  fuu(;z  —  ji!07)  -f  c?m  •  H  (1.34) 

V  x  H  —  Juie'gX/  -r  |iw(t  —  «07)  4"  u\*  •  xs  (1.35) 

With  these  formulations  of  the  Max '.veil  equations,  we  can  use  the  potential  rep¬ 
resentation  of  the  electric  arid  magnetic  held  vectors  to  write  a  suiface  volume 
integral  e-cation  system  coupling  the  electric  and  magnetic  vectors  in  the  form, 
described  by  Graglia  and  Uidenghi  [8]  in  their  paper  on  electromagnetic  scattering 
by  anisotropic  materials  with  a  completely  general  shape. 

As  a  port  of  this  formulation  we  make  use  of  the  temperate  rotationally  in¬ 
variant  fundamental  solution  of  the  Helmholtz  operator  of  free  space  derived  in 
Treves  [33]  using  the  Haar  measure  on  the  rotation  group,  given  by 

CK»)=— --|7r7—  (1.36} 


G(r,,) 


The  coupled  electric  vector  magnetic  vector  integral  equations  describing  the 
interaction  of  radiation  with  an  anisotropic  material  are  given  by 


£  -  V 


-v/ 


iV  •  ~  cqO  +  •  E 


(s)(7(r,s)dv(s) 


+  J  ( ~  <(J  4  ’ft)  ■  E  •  nj  (j)  G(r,  ,i)  da(i 


iuJLiQ  /  t'w'(i  -  <;j/)  4-  ae  •  £(„i)  G(r ,  j)  dvh ) 


V  x  y  [^(Ji  -  j.ii q7)  4-  •  £  {  a )  Gfr,  j)</v(,i)  (1.37) 
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/tV  •  iu(jl  —  jj-rj)  -r  Jrr.  •  H 

- L - -- - (.,)G(r,  s)  do{i) 

<*>P0 

n 

-  —  V  f  (  f iu$  -  Mo7)  +  sU  -  H  •  n)(j)  G{r,  s)  da{s) 
w/i,]  J  ^  J  ' 

dQ 

£  _  ~  ■!  _ __  ^ 

~  iu fo  j  -  /V)  T  cvJ  ■  A" ( j)  0(r,  s)  dv(s) 

n 

4- V  x  J  [iu  -  ep/j  +  c/<j  •  £(j)  G(r,  j)  dv(s)  (1.33) 

n 

We  can  make  use  of  use  energy  balance  relationship  described  in  [1]  to  express 
the  total  absorbed  power  in  terms  of  coefficients  used  to  express  the  radiation 
scattered  away  from  the  sphere  and  the  expansion  coefficients  of  the  incident  ra¬ 
diation.  This  gives  us  the  extinction  and  scattering  cross  sections  of  our  spherical 
structure.  The  same  results  are  necessarily  obtained  by  integration  of  the  power 
density  distribution  over  the  interior  of  the  sphere.  This  hs-i  been  done  for  a 
variety  of  anisotropic  structures  as  a  check  on  our  computer  program.  The  triple 
integral  and  the  formula  in  Bell  et  al.  (ij  give  answers  agreeing  to  at  least  7  dec¬ 
imal  places  when  12-point  Gauss  quadrature  is  used  for  integrating  with  respect 
to  8,  d ,  and  r  in  each  layer  of  the  sphere.  The  agreement  persists  even  when 
different  ratios  of  real  and  imaginary  p»rts  of  radial  and  tangential  permittivity, 
and  conductivity  ace  used.  The  possibility  of  a  purely  anisotropic  loss  can  he 
seen  by  observing  the  energy  conservation  relation  (c.f.  Kong  (181)  for  a  general 
anisotropic  material.  For  isotropic  materials  the  situation  is  different  in  that,  for 
example,  to  have  a  magnetic  loss  in  a  linearly  responding  material  one  mart  have 
a  magnetic  permeability  with  a  nontrivial  imaginary  part. 

For  an  anisotropic  material  with  a  completely  general  shape  the  problem  of 
computing  the  interaction  at  first  glance  may  seem  formidable.  However,  by  the 
use  of  the  method  of  Cohcon  (3j  and  the  resolvent  kernel  methods  presented  by  thus 
author  at  the  Midwest  Conference  on  Differential  Equations  held  at  Vanderbilt 
University  in  Nashville.  Tennessee  on  October  23-2-4,  1587,  one  can  develop  a 
robust  method  of  -oivirg  the  coupled  system,  given  by  (1.37)  and  (1.33),  that 
does  not  require  ex  ursnvc  computer  memory. 


z.  a  e  p  a y. s r. : t a n  o  n  of  tub  fields 

We  attempt  to  develop  an  electric  vector  rep 
equations  iu  mhrricn!  coordinates  in  th:  sate? 
ccnri-’-r  its  the  pi h  layer  of  the  sphere  th.r 

J..,-  -.tr  x~.t 

'*  pi  1  ;  ■  (•».?)*  '■ 

the  electric  vector  h  of  a  solution  of  th-  Mr 


itric  vector  representing  a  solution  of  the  Maxwell 
.ter.  in  ths  interior  of  an  anisotropic  body.  A.  n't  on 
'  the  sphere  three  radial  functions  which  we  denote 
and  we  assume  furthermore  that  within  this  layer 
tion  of  t!i-  M.axv-i!  equations  has  the  form 


42S 


Ccho-on 


*  -  e  H3^  *  -  » v] 


+  H^r-'tr - P”(“s  s>-  <" 

+w>  (-£)  I NSH  [1^°^ 

,  ,  Wees*)  .  jm<J  1 

+  CT  J 


We  will  suppose  that  the  material  within  the  layers  satisfies  the  constitutive 
relations  described  in  the  Introduction,  We  define  singular  vector  fields  on  the 
sphere  by  the  rules 

a(m,„;(e,c4)  =-  i;  -  Ss>]  ‘”~i  (2-2) 

C{„M(C,i)  =  />"(«*  «)<“'%  (2.3) 

and 

3W*.  *> - [!«*(«* *> *» +  im^T-  «*]  (*•<> 

We  now  make  use  of  the  following  Lemma  to  simplify  the  computation  of  the 
curl  of  vector  fields  and  especially  V  x  if. 

Lemmci  !.l.  If  F(r)  is  a  differ enti able  function  of  ?  s  and  if 

A  -  F(r)A(„in)(<?,^) 

or,  equivalently 

*•(<•> *(„,,„)(<>, «  -  F(r)  fj„5s&9  f,  -  !*»(«* 0)  J  «W  (2.5) 

\)  Qv? 

C  =  F(r)  #)  =  F(r)  P?( CCS  <?)  c^e,  (2.6) 


-F(r)Z^n](^) 

SF(r)[if3V^)4  +  :m 
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l  ,.un^ 

(2.7) 

•  /»  '"cS 

sm  o 
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fm  _  r 

n(n  +  l)-^C7(iniB)(^)  +  ! 

^|uS 

r--4  J  tv 

F(m,n)(£ 

Vp)  (2.S) 

r/y\ 

b) 

(2.9) 

lrFlr>,)]  '4(m.»)0V?) 

(2.1G) 
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Proof.  This  follows  from  the  fact  that  in  spherical  coordinates  if 

v  =  vTe7  -r  t hy-$  + 

then 

„  _  1  f  d  .  dvg]  . 

V  X  V  —  — : - 7  —  (siT1$Va) - if 

cm  /i  I  Jlf)  '  ^  4'n*t 


(2.11) 


r  sin  8  [ 


1  f  1  dvr  d  , 


r  [siad  d<p  8r 
Iff?,  8v, 

+  r  \dr[TVd/  ~  88 


8vr]  . 


(rvj)  ‘e9 

■  H 


(2.12) 


and  the  relation 


1  d 


~IT»TS  +£FiWm>>  (2.13) 

=  n(n  -+•  l)P^*(co3  8) 

which  is  simply  the  Legendre  clilrermtia!  equation  which  is  usually  expressed  i 
the  form 

d  ,  .  d T  F  f  17*  ...  _  /  ^  . 

--(1-i2)— +  n(r-  rl)  -  - - -  W~  0 

dz  dz  [  1  —  z* 


the  form 


(2.14) 


where  z  —  cos  9  . 

We  now  use  the  definition  of  E  ,  (2.1),  the  definition  of  the  three  sections, 
(2.2)-(2.4),  in  the  tangent  and  the  normal  bundle  of  the  sphere,  and  Lemma  2.1 
to  represent  E  <u 

(m,n)€  I 

+w>  *(■*•)<'’«} 


'  (2.15) 

(2.16) 

(2.17) 

(2.13) 

2.16)  through  (2.13' 

)  are  defined  by  (1.30) 

iccptunlized  at  this 

stage  of  development 
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equations  we  have  to  compute  the  curl  of  the  vector  field  £ .  Y7e  find  that 
,  f  Z^Vr)  n  ( n  1)  ....  v 
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Z{nC)(r) 


C{m,n)  ,  2 
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+bJ^l(±Yu 

kr  \dr )  L 


»V)]  »)(«.«) 


(2.19) 


Equation  (2.19),  the  Maxwell  equation  (1.2)  and  (1.23)  therefore  imply  that  the 
magnetic  field  intensity  is  given  by 


*-  £ 


i  Z[a\r)n(n  +  1)  — 

- - U 


t  ^r\  w.ur 

(m,n)€7  ' 


+  K:w)jw».« 


+«,,  'ir2  ;  U; 


4e,w  , ,  i  /  s \2, 


rZ<‘>(r))  A^w)  1(2.21 


We  now  will  get  the  final  Maxwell  equation  relating  the  curl  of  the  magnetic 
field  intensity  to  the  electric  held  vector  through  a  tensor  relationship.  We  find 
that  (2.2)-(2.10)  and  (2.20)  and  the  Maxwell  equation  (1.1)  and  the  original 
representation,  (2.1),  of  E  imply  that 


v*H=  £ 

(m,n)£/ 


i  fC(r)n(n+l)\  ,  i  (  1  (  d  \ *(  ^  \  \  „  1X 

^m’n)  [u,^  r2  J  +  Ufl  iv  ;  (^J  \‘Zn  ^Jj 

,  »(»  +  1)  i  f  ,  ,  1  f  JL\7  7T  lax\ 

+  r  u>p  C(m'n)  A-r2  +  °(771’n)  kr  \3t  )  V Zn  ^  J)  C  ^ 
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1  i  d 


k?rufxdr  (m'n) 


Z^(kr)  , 


(m,n)  ('ll)  (rZi"}(r))  £(m,n)(*i  j 


X  ( (*we  *  ~)  a(m,n)ZnHr)  t) 

(m,n)t =1  *“ 

— 

+  (iw«r  +  gr)c(m,„)  X7h~C'(-n,n)(g»  <t>) 


+  (tw«  +  er)6(niiB)  j~~ 


|-^e;  (rZ»!(ri)l  shvo(9-'?> 


(2.21) 


The  first  differential  equation  that  we  derive  is  obtained  by  equating  coefficients 
of  the  vector  held  /•  ^  on  both  sides  of  (2.21)  and  is  given  by 


•  t~1>  ( & )  f  \  /  _,y 

*Zn  l.r)  n(n  *f  i) 


r2u/^ir 


L)  i  {EYfrzPfr 


u  u  7  r  \  Or 


M)  =  (fc,t  +  ,)2W(r)  (2.22) 
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We  can  do  thi3  because  of  the  orthogonality  relationships 

.  r2*  r  —  — 

/  a.  .fa  .  p.  ,ia  dJ.Q 


I  ^(m,n)(^>  *r)  ’  $)  3111  ^  ^9  df>  0  (2.23) 


^(m,n)  *  ^'(m,n)  ®  ^ (m,n) 

Notice  that  the  differential  equation  may  be  rewritten  in  the  form 


(2.24) 


-  ( tr4a)(r))  +jt\r)  -  k2Z{na\r)  (2.25) 

r  \&r /  \  /  r-w^r  J 


where 


&2  =  w2 


U  flC  —  Us)  fit? 


(2,26) 


We  note  that  the  ordinary  spherical.  Bessel  function  satisfies  the  relationship 

;  (£)  "  [rj„(*r)]  +  [a2  -  U(ir)  =  0  (2.27) 

which  shows  that  when  the  two  permeabilities  approach  one  another,  the  radial 
function  becomes  simply  a  spherical  Bessel  function  with  an  integer  index. 

The  next  radial  differential  equation  can  be  obtained  by  equating  coefficients 
of  ir  on  both  sides  of  (2.21)  and  by  making  use  of  the  properties  of  the  tradi¬ 
tional  scalar  spherical  harmonics  FfT'(cozQ)  (Bell,  Cohoon,  and  Perm  [2]).  These 
considerations  give  us  the  relationship 

r  ±  \  4CV) 

(iuer  -fcrr)c(m  n)— - - 

m(n+l)  f  Zn\r)  ,  t  1  f  d  \  2  (  (& )  \ 

=  +  \rZ-  Mj 

(2.23) 

The  final  radial  differential  equation  is  obtained  by  equating  coefficients  of  the 
vector  field,  B^  ^d,  <p)  defined  by  (2.4)  on  both  sides  of  (2.21).  This  differential 
equation  has  the  form 


(iut  4-  <r)  (-))  --  (rz?1  (')) 


11U 

r  Or  1  u:p, 


4°(r) 


c{rn,n)  _  ^ 


^  V/  7^)c. 

ol.  I  [rZn  (' 


(2.29) 


We  have  consistency  between  the  two  differential  equations,  (2.23)  and  (2.29), 

if 

(tWSp  -p  t7,.)c/rn  n\  d  /  fr)  \  .  ,  IB  f?a 

'r^Yiyr^  S7  (r/n  ss”,M(,we  +  ff)^r2»  W  (2'3°) 

We  find  that  we  get  a  very  simple  solution  of  these  equations  if  we  simply  let 

45)  =  4eV) 


(2.31) 
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and  assume  that 


— n(n  +  l)(iw£  -f  &) , 


(2,32) 


(iu.<r  +  <7r)  l”1'”'  '  ' 

Under  our  simple  hypothesis  we  derive  two  distinct  radial  differential  equations. 
As  in  the  traditional  Mie  solution  (Bell,  Cohoon,  and  Penn  [l])  we  have  multipliers 
of  the  A  vector  fields  which  are  of  the  same  type  that  one  gets  by  computing  the 
curl  of  the  product  of  a  solution  of  the  scalar  Helmholtz  equation  by  the  unit 
vector  ir  and  vector  fields  which  have  the  same  form  as  the  curl  of  a  vector  held 
of  this  type.  In  the  traditional  solution  [l]  the  coefficients  multiplying  the  terms 
involving  regular  and  singular  radial  functions  times  the  first  type  of  vector  field 
are  labeled  with  a  and  a  ,  respectively,  and  the  coefficients  multiplying  the  terms 
involving  the  regular  and  singular  functions  times  the  second  type  of  vector  field 
are  labeled  with  b  and  (3  ,  respectively. 

Combining  (2.28)  and  (2.29)  and  making  use  of  the  assumptions  embodied  in 
(2.30)— (2.32)  give  us  the  differential  equation 

-  (S-)\tzI? ’(r))  +  [i2-  I±L+i!  4‘)(r)  =  0  (2.33) 

r  \crr )  \  )  r*  \iuer  A  crT  J 

Making  use  of  this  second  radial  differential  equation,  and  malting  use  of  the 
relationships  between  the  coefficients,  equations  (2.30)  through  (2.32),  we  will  get 
a  new  representation  of  the  magnetic  field  intensity  H  that  was  originally  given 
by  (2.20).  Specifically,  we  need  to  first  look  at  the  term  involving  the  A  vector 
in  (2.20).  The  relevant  observation,  using  (2.28),  is  that 

f  4*’ w  ,  lmV-.M,  U 


c(m,n 


I)  H'!(r>) 


-n(7i  +  \)iiul  +  e)  [ Z{‘\r)\  1  (  3  \2/  (c) 
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-iwp(l’wfr  +  <7r) 


4c,w 

n(n  +  1) 


=  -iJ4CV)i  M  (2-34) 

Combining  these  equations  we  obtain  a  greatly  simplified  expression  for  H  of 
the  form 


V'  f  1  <7(<*)/_\n(n  +  1)  —  ta  \\ 

Z-/  j"V!Z:l  7  C(m,n)(M) 


( m,rc)(=/ 
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(2.35) 


The  simple  relationships  (2.15)  and  (2.35)  give  us  easy  matrix  relationships 
between  expansion  coefficients  used  to  represent  the  field  in  one  layer  to  those 
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used  to  represent  the  field  in  another  layer.  Details  concerning  these  intralayer 
relationships  are  discussed  in  the  next  sections  of  the  paper.  We  will  discuss 
spherical  structures  with  a  metallic  cere,  dielectric  multilayers  where  the  layers 
may  have  nen trivial  magnetic  properties,  and  structures  where  the  layers  are 
separated  by  charge  sheets  or  very  thin  layers,  referred  to  in  the  literature,  as 
impedance  sheets. 


3.  INTRALAYER  RELATIONSHIPS 


The  purpose  of  this  section  is  to  develop  matrix  equations  which  relate  the  ex¬ 
pansion  coefficients  in  one  layer  to  those  in  adjacent  layers  and  ultimately  to  be 
able  to  express  the  expansion  coefficients  of  the  field  in  any  layer  to  the  expansion 
coefficients  of  the  incident  radiation.  The  program  will  treat  both  structures  with 
metallic  core3  and  dielectric  multilayers  with  nontrivial  magnetic  properties.  We 
will  choose  four  expansion  coefficients  for  each  layer.  These  expansion  coefficients 

will  be  cf^  .  ,  6;p'  .  ,  a ^  .  and  . 

(m,n)  ’  (m,n)  ’  (m,n) 

The  electric  vector  in  layer  p  is  given  by 
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(3.1) 


It  is  uowjrery  easy  in  view  of  the  relationships  given  in  Lemma  2.1,  where 
the  vectors  A^n)  ,  £(m,n)  ,  and  C(nvl)  ,  are  giveajjy  (2.2),  (2.3),  and  (2.4), 
respectively,  to  calculate  the  magnetic  field  intensity  H  and  show  that  iu  view  of 
orthogonality  relationships  (2.23),  (2.24),  and  the  additional  relationships,  valid 
when  the  index  q  is  different  from,  n  which  state  tnat 


J  f  ^(m,n)(^,  <?)  ■  Ahi.q)(9i  4)  9  drp  =  0 


>nd  that 


<t>)  •  B{rr.,q)($>  0)  ^  9  d3  *<?  ~  0 


that  very  simple  relationships  result  warn  we  equate  tangential  comoonents  of  E 
and  u  across  the  boundaries. 


The  mavnet 


tic  intensity  vector  H  is  given,  by 
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+  (3-2) 

The  ordinary  boundary  value  problem  requires  continuity  of  tangential  com¬ 
ponents  of  E  and  if  across  the  boundary  layers 

r  =  Rp  (3.3) 

Making  use  of  this  and  the  orthogonality  relationships  we  deduce  that  if  we  let 

wja'j\{Rp)  =  (rZlaJhr))  (3.4) 

(n’P)K  PJ  kpr&r\  in’?r  V  r-Ry, 

and 
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and  if  we  let 


then  the  expansion  coefScients  are  related  by  a  matrix  equation 


prr(ad)/D  \  pT/(c-3)/ n  \]la(?)  j 

VM'  p}  in<?r?)J  YMJ 

(  ~(«,i) 


jJa’3)  V{RV) 

[n.p- rl) v  [m,7i) 


[n,p+ly  (n.jH-1)^  -^'  j  “(m,n) 

T-T/l8!3)  p  \  TT/(a'3)  /  »  \  ]  (p+1) 

(n>P+l)  ^  (n, ?+!)'■■*  -py 


The  matrix  relationship  (3.7)  may  be  abbreviated  ae 


5  4,%) 


Kn)  - 

“  VXl 


j  (vv») 

\Q(m,n) 
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We  obtained  the  matrix  relationship  (3.7)  by  equating  tangential  components 
of  E  and  H  across  the  boundary  of  the  spherical  surface  separating  the  layers, 
taking  the  inner  product  of  both  sides  of  this  equation  with  respect  to 
and  then  integrating  over  the  surface  of  this  sphere. 

A  second  matrix  relationship  is  obtained  by  equating  tangential  components 
of  E  and  H  across  the  separating  spherical  boundary,  taking  the  inner  product 
of  both  sides  of  these  equations  with  respect  to  the  vector  functions  ,  and 

then  integrating  over  the  surface  of  the  sphere;  this  second  matrix  equation  relates 

the  exoansion  coefficients  b\p ^  .  and  ¥¥  .  to  those  in  layer  p  +  1 ,  and  is  given 

(m,n)  J  ‘  ° 


z!b,1\(Zp)  Z?,3l(Rp))  Mp)  \ 

(n'P) '  [n.pp  PJ  I  (m,n)  _ 

nAb'l)(  d\  u /M/d  i  I 


raw  rawy^is.)/ 

hzln^i)W  »  z!%i)(RA  ( 


The  matrix  relationship  (3.9)  may  be  rewritten  in  abridged  form  as 

/  tSp}  ^  (  Apt1)  \ 

¥p)(r  )  (m,n)  ~¥p*1)(r  \  V-.*) 

{  P)  ¥p'>  "  *<*■« 

Define  new  matrices  by  the  rules 

=fp)  =n(p}— 1  —  ip—  i) 

Q(m,n)  =  S(m,r.)(-Rp)  ^{m,n)(^p) 


(3.10) 


(3.11) 


T{rn,n)(^jTAn,n)(Rp) 


(3.12) 


Thus,  if  region  N-*-i  is  the  region.  surrou.ndJ.nq  the  cohere,  we  jseuxcs  that 

(rr.,n) 

(  V“t*  ^ )  \  1  / 

and  b'^m  are  all  complete!.’  known.  Thus, 


,=/3f{1)  \  =  0 


(3.13) 


for  all  cormegative  integers  n  and  all  integers  m  not  smaller  than  ~n  nor  larger 
than  -fn  .  Thus,  we  see  that  as  in  the  case  of  isotropic  iY-lavsr  spherical  structures 
(Bell,  Cchccu,  and  Perm  [1])  we  have  the  relationships 


-(1)  \ 


/  (iV+l)  \ 

AM-M  (  a{n\n) 


1  a{,N¥}  } 

\  (™.*)  / 


(3.14) 


={*n  ,n) 

where  the  matrix  Q  i3  given  by 

:=(ra,n)  1 )  — ~f ?. ) 

Q  -  ^,n)(Rl)  Q(rl,n)(Z2)  •  •  •  OUjtfjr) 


(3.15) 


p:  s*:cw  j’kc’w.ttiT.  at  srTOTxy^ratrtp :  ./s:n 
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The  matrix  relationship  (3.14)  yields  t’.vo  equations  in  two  unknowns  which  in 
turn  imply  that 

(1)  „(m(n)  (jV+1)  ,  n{m,n)  (N+ 1)  fq  it\ 

“<»!..)  =  0(1,1)  <W  T  0(li2)  V.»)  (X16) 


Thus,  v.*e  see  that 


_  0(m,n)  (//+!)  0{m,n)  (N+l) 

0  “  *(2,1)  a(rn,n)  '  V(2|2)  G(m,n) 


n(m,n)  (Z^+i) 
(A'+l)  _  ^  (2,1 )  Q(m,n) 


(3.17) 


(3.13) 


-0)  _  0(m’n)  a.  n(m'n)  ,  ■  ■  ■  ,  .  a. 

a(m,n)”  ^(1,1)  1  g(l,2)  ^  Q[m,n)  J  J  "(**.») 


>  -Q 


(N+l) 


Similarly,  we  see  that 


_  »(^.n)t(W+l) 

.(iV+1)  _  ^(2,1)  °(m,n) 

Plrr,  ~  / _ 1 


pim<n) 

"(2,2) 


(3.19) 


(3.20) 


where 


4<‘>  , 

(m,n) 


>("*,»)  D(m,n) 

(1,1)  •  "(1,2) 


/  z>(m.n) 


\  "(2,2) 


n,n)\  - 

M)  )  6(A'- 


^  ’  J  =  ^(n!,n)("l)^(m,n)("2)--'-S(m,n)(^//)  (3.22) 

From  these  relationships  the  expansion  coefficients  in  all  layers  can  be  determined 
from  the  expansion  coefficients  .n  the  inner  core  of  the  multilayer  structure.  The 
basic  relationships  are 

/  „(2)  \  /  \  -l  /  m  \ 


(3.21) 


fa(rn,n)'\  _  (f$>)  ^  1  !  g}15  . 

( c|J)  J  “  [Qm)  v  (o  ’j 


(3.23) 


few  rVip)  A 

ej  =  (^>)  (<r>j 


.»>  i  (m <» 


(3.24) 


From  (3.23)  and  (3.24)  we  see  that  all  the  coefficients  in  layer  2  are  novr  com¬ 
pletely  known.  By  iterating  these  results  we  can  get  all  the  coefficients  in  layers 
3  through  N  .  Since  we  already  knew  the  expansion  coefficients  in  layers  1  and  2 
and  in  the  region  of  free  space  surrounding  the  jV-laycr  structure  we  see  that  by 
making  use  of  the  formulas  (3.1)  and  (3.2)  we  get  the  components  of  the  electric 
and  magnetic  held  vectors  in  each  layer  of  the  structure  and  in  the  region  of  free 
space  surrounding  the  structure. 
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4.  INTRALAYER  RELATIONSHIPS  WT^IS  A  PERFECTLY  CONDUCTING 
CORE 

Let  U3  suppose  that  the  inner  core  of  an  fV-Iayer  structure  is  perfectly  conducting 
which  means  that  on  this  inner  layer  defined  in  spherical  coordinates  by 

r  =  Ri  (4.1) 

the  electric  vector  E  defined  by  (3.1)  is  identically  zero  -which  means,  in  view  of 
the  orthogonality  relationships  described  in  Section  3,  that 


and 


:j2)  +  a(2)  .zj^JR^  =  0 

(m,n)  (n,  2)^  w  (m,n)  (»i,2) v  u 


t(2) 


r(M) 


(4.2) 

(4.3) 


where  the  Z  function  appearing  in  (4.2)  is  denned  by  (2.16)  and  (1.30),  and 
the  \V  function  appearing  in  (4.3)  is  defined  by  (1.32),  (1.33),  (2.17),  and  (3.5). 
The  Z  and  W  functions  associated  with  layer  2  are  evaluated  at  the  boundary 
separating  the  core  from  the  first  coating. 

If  as  before  we  define  by  the  rule 


where 


?  (RP) 


and 


fzja,1!(R9)  zh3!(Rp)){  a\p)  , 

J  tr-Pr  •'  ?/  (m,n) 

w}a,1!(Rp)  V/j'^h  RP)J\  a(,p) 

v  (n,?)v  *•  (n,p)'  ?7\  (777,  n 


(4.4) 


(4.5) 


)/ 


fiLP+l) 


(RP) 


[a'r'h 

*)  j 

Jp+l)l 

V  (”W 


(  zfrln (Rp)  \ 


(w,p-M) 


(n,c-f  1)' 

(O) 


‘  (?«,«) 


\ppwi:;^p)  ppw^i*?) 


(4.6) 


We  use  these  matrices  to  form  the  product  matrix 

=/fn,n)  ?rr{2)  ~==i 3 )  r=?  N) 

?  =  ^)(^)Q(^n)(^)...Q(m,n)(^Y) 

Thus  the  coefficients  in  layer  2  are  related  to  the  expansion  coefficients  in  the 
outer  layer  by  means  of  the  relation 


(4.7) 


ri<=»  A 

(>n,n) 

=2  0 

(m,n)  j 

J2) 

J*+l)  ] 

\  (a-t,a)  J 

^  ("V*)  j 

(4,3) 


Thus,  using  (4.2)  and  (4.3)  v/e  see  that  for  each  pair  (m,n)  of  integers  where  n 
is  nonnegative  and  the  absolute  value  of  m  docs  not  exceed  n,  we  have  three 
equations  in  the  three  a  priori  unknown  coefficients,  where  only  the  expansion 
coefficients,  ,  are  assumed  to  be  known.  Thus,  if  the  determinant  of  the 
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S  matrix  is  defined  by  the  rule 


A  ( =dm>n)\  _  c{m'n)  c(^,n)  _  pfrrj.n)  c(m*n) 

j  -  ^22)  -^(U)  ^(li2)  ‘  °(2,i) 


then  the  solution  of  the  system  of  equations  is  given  by 


A  fs(m,7,)')  Z^AR.!) 

_ V  )  ^  a{N+\) 

^,(m,n)  y(n,l)  /  „  .  ,  c’frii,*!)  ~(a,3)/  p  .  (,nin) 

6(1,2)  Z(n, 2)("l)  +  5(2,2)  Z(n,2)^> 

A  (fK">)  Z^>(^)  ] 


_ \  )  “  (N+ 1) 

„  (c,l),  p  ■.  ,  „(n\,r.)  _{c,-3}  /  ,,  ■.  { rri, ,a) 

6{2,2)  2{n,2)^  ^  ^  S(2,2)  Z{n, 2}^' 


(4.10) 


(4.11) 


and  the  expansion  coefficient  of  the  scattered  wave  in  the  medium  surrounding 
the  sphere  is  given  by 


s(A'+l)  _  _  ^(1,1)  Z(n,2)^^  rJ(2,l)  Z(n,2)^lJ  (tf+1) 

(m>n)  c(nlin^  <7(ad)/  D  \  i  o(m’n)  T?  (nr,Jl) 

L3(l,2)  Z(n,2)^i'  +  5(2,2)  Z(n,2)^l). 


The  remaining  expansion  coefficients  are  derived  in  an  analogous  manner.  By 

=dm,n) 

defining  a  matrix  X"  by  the  rule 


=rim,n)  =f2)  =(3)  =z!N) 

r  =xi„,„ts2)xiJl,^R3)...x{m;„)(Krr) 


(4.13) 


where  the  R  matrices  appearing  in  (4.13)  are  defined  by  (3.9),  (3.10),  and  (3.12), 
we  see  that  we  have  the  relationship  between  the  expansion  coefSdents  in  the  first 
penetrable  layer  surrounding  the  perfectly  conducting  core  and  the  expansion  co¬ 
efficients  in  the  region  of  free  space  surrounding  the  multilayer  spherical  structure 
given  by 

\A(t n,n)J  V{m,n)  J 

For  every  pair  (m.n),  the  equation  (4.14)  and  the  relationship  (4.3)  demanded 
by  the  assertion  that  the  tangential  component  of  E  vanish  on  the  boundary  of 
the  scatter er  gives  us,  as  before,  three  equations  in  three  unknowns.  The  solution 
of  this  system  cf  aquations  is 


rpirr.j-n]  ,7,(h,')) ,  p  \  ~(iri,n)T.,(b  3) . 

T(l,2)  WMl^  +  1(2,2)  ?,(h,2)^A 


t(^l) 


(4.15) 
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j(2) 

J(m,n) 


A  W((,^j(*i) 


/T>(m,n)  ry(6 ,1)  J'J  \  ,  /r>(min) rr/l^ri)/ n  \ 

r(l,2)  PV*r~l)  +  T(2.2) 


l(‘V+1) 

(™,«) 


(4.16) 


and  the  expansion  coefficient  of  the  scattered  wave  in  the  medium  surrounds 
the  sphere  is  given  by 


,(*+!) 

\m,n) 


L(2.:)  (nt: 


(m,n)w(b,l)(  p  .  ,  r(m,n)Ty(i,3),p  , 
1/(1, 2)  ^V(n,2)^^  '  J (2,2)  * ' {n,2y' 1  ' 


Km,n) 


(4.17) 


/=r(TTJ,n)\ 

where  the  determinant  AIT  }  is  given  by 


/ 


a  PRm'n)\  --,(m,n)  /p(niin)  ^(rr»,n)  ~(m,rs)  i.  .  n\ 

j~Y(2,2)  -(1,1)  ~  2(1,2)  ((2,1)  ^-1S^ 

This  analysis  enables  us  to  ease 33  the  effectiveness  of  coatings  on  materials  in 
impeding  or  transmitting  radiation  to  a  conducting  core  surrounded  by  penetrable 
but  anisotropic  materials  wnh  both  nontrivial  electrical  and  nontrivial  magnetic 
properties.  We  can  also  calculate  the  absorbed  and  scattered  radiation  by  using 
the  expansion  coefficients  for  the  scattered  radiation  in  the  cuter  layer.  The 
electric  vector  of  the  incident  radiation  is  expressed  in  terms  of  knows  expansion 
coefficients  by  the  relation 


,  ,,(*+1)  ( _ M  1.  '  (r\) 

(m-n)  V  kQy)  dr  \  "(n,A'wl)(  V 


E 

(m,n)<=J 


..(0,1) 


“  n(n  +  (4-19) 

where  the  superscript  zero  for  the  2  functions  and  their  derivatives  means  that 
these  functions  are  solutions  of  the  ordinary  Bessel  equation  (2.27)  with  k  =  kg 
Ail  other  expansion  coefficients  are  expressed  in  terms  of  the  expansion  coefficients 
appearing  in  (4.19). 


5.  LAYERS  SEPARATED  BY  IMPEDANCE  SHEETS  CE  CHAItC-E  LAYERS 
The  impedance  sheet  relationship  states  that  at  the  surfr.cn 


i  — 


(5.1) 


separating  region  p  from  region  p  4- 1  yrs  have 

x  (td p+i  —  iip)  ~  z'f*  [i'p  —  [Ep  •  5,.)cj.j  (5.2) 

where  the  quantity  c[?)  is  the  surface  conductivity  of  a  sheet  covering  the  sphere 
bounding  the  pth  layer,  where  the  real  part  is  a  positive  quantity  that  indicates 
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the  level  of  the  loss  associated  with  moving  electrons  along  this  surface,  and  the 
imaginary  part  of  cr^  denotes  an  inductive  or  a  reactive  effect  of  the  sheet, 
depending  upon  its  sign. 

The  development  of  intralayer  relationships  through  the  use  of  equation  (5.2) 
is  enhanced  if  >ve  simply  use  the  definitions  (2.5),  (2.6),  and  (2.7)  and  observe 
that 

4)  =  0  (5.3) 

ir*B^n](e,i)  =  -AM{0,6)  (5.4) 

and 

ir  X  A(m_ „)(*,«  =  i(m, „,(*,<*)  (5.5) 

Making  use  of  the  above  relationships,  (5.3)  through  (5.5)  and  (3.2)  which  gives 
a  representation 

cr  x{Hp+i-  Hp) 

-  V'  If  m[  tkp^1  Jp-^frrdM)  ,p  \  lkP  r(p)  wK1!/)?  1 

A  [u-u^1)  (m-n)  '{’'■•?+ V'  p ^  wmp)  [m,n)  ’(*•?)'  pl 

(m,n)£l  1  ~ 

+  —  eei- nj‘-3)  ,.(/?.;  -  Jfe. >>  ,  W5(0'3?(a,,)l  X„,  „(*. « 

WMtPxl)  (m'n)  ?'  (m.n)  in,?/  ?;J 

+  fjVtl  *<».»,*> 

("*•")  {”-?)'  P- 

:^pa-l  _(6-t- 1 )  _  (6,3)  ...  .  l*p  o(p)  _  (6,  J)r  n  .  -fr  (n  nl  tr  r\ 

'  ui/jb^1)  ^(m-n)  ‘(n.P+l)''1  ~  u^v)  J{m,n)  (m‘n)^  ’  T  '  J  ^ 

If  w»  assume  a  tensor  relationship  between  the  surface  conductivity  and  the 
electric  vector  we  obtain  the  relationship 


7  _  \  '  /  __  f  Av)  er1,***1)  !  _(r)  7(a>^)l/r»  ",  J  /c  J.\ 

f  m ,  n  )  £•  / 

+  crt  —  o,  ti/  .  \  ~  P/  !  ;%  d .♦  '(tfj  ■?)  /  (5./) 

p  ^  (m.n)  jh,^)  {rrj.rtJ  ln*P;j  ‘  *  im^|\  5  ?  '  j  N  ' 

By  making  use  of  orthogonality  we  obt  ain  the  following  relationships 

'  r  (n,n)  •  !  '  *  ^rn,«)  pi  J  J  •  P< 

I -A  i  -  ' ',.)  r .  *i 

'*•/  r f.- 1 '-•*//  r>  \  i  •  TT"  ?*»  \ 

~  a(r-,n)  ' V  [~.r)  ll? '  ”  (i'.  pj'-'o 

4.  P^)r/M  -u  c*  ■)] 

v;,  f  (v.piv  [m,n)  r,,p)w-p)j 

t  ;5 

,'p-M)  -fti'  /  j-  \  ,  ,(;?■*  1)  mM)  .  T>  . 

Pp  b,  ■  Z  .{j:-,}  On  J,  ,  /„  .  , .  (  / !  r, ) 

■  1  .  .1  '  '  '  im,nj  <  n.p-i-1)' 


'•ti  (Jii  ..  •'-)  0,1) 

—  ^  -  >  •  * 1  r>  j  \  ^  .  (  f  i  "j  | 


(5.5) 
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jwti-^cq,  f,{?)  ,r/(5,l)/ 0  \  x  ,'(?)  tyC^-3)/ p  \1  (v. 

+  (~1)~T— -  lfc(Ki;n}P/(a.F)(r‘l»)  +V-»)  ?)J  ^ 

In  order  to  simplify  the  matrix  relationships  connecting  expansion  coernaents 
in  layer  p  to  these  in  layer  p  +  1  we  introduce  some  new  functions  by  the  rules 

Lm  ,  ( \  7{c,j) 


r7\a'J)  !  rjrx^ijf  ■  I  _ _ ~  J 

h».f)  =  j"W>'r  ( 1,  )  zw_ 


W 


which  arises  naturally  from  (5.3)  and 


’  (n.p) 


7(M  .  ( -;-UP{P)crb\  r „(*.» 

i;  JPV(».P) 


(■Rp) 


(5.10) 


(5.11) 


which  is  based  on  (5.9). 

Making  use  of  the  definitions  in  (5.10)  and  (5.11)  we  reproduce  a  setting  similar 
to  either  that  of  Section  3  or  Section  4  depending  on  whether  or  net  the  inner 
core  is  penetrable  or  perfectly  conducting,  respectively.  The  matrix  relationships 
ate 


and 


fzja,l\[Rp) 

j  S’ 


<>p>A °ltv  ' 

( z[:iURs 


y(a'3)  /p  \  \{c^y~ ^ 

^(n'?~rl)'  |/CK") 


\CK»V 


(5.12) 


V?>(  ^  j  W) 

r»r(hl),  p  .  o  \j |\ job"’) 

V  (n.p)l‘  p'  ’’  (r»-pr  f  7  \  (”*.«)/ 


/pp^;s,1)  ,.(/??)  M(£?j\  A:p+i!xi 

,  T3 ,r>—  1 ) v  ''  '•  ( 7i , -y-t- 1 ) v  S’  |  |m,n)  ! 

j  t>  A*)  /  p  \  !Tf(h3)  (p  \ 

\  '  (n.p+’r  'p/  J  '^^nU 


(5.13) 


We  note  that  in  case 

0  =  ca  --  ef  j,  "  (5.1-4) 

the  intralayer  relationships  (5.12)  and  (5.13)  are  exactly  those  .given  by  (3.7) 
and  (3.9),  respectively.  The  matrix  equations  are  based  on  the  impedance  sheet 
relation,  (5.2),  which  is  decomposed  through  or.hcgonaJity  to  the  relations  based 
or.  (5.3)  through  (5.11).  The  other  relation  .giving  rise  to  (5.12)  and  (5.13)  is  the 
continuity  of  tans.cntie.l  components  cf  2  acres.}  the  surface  separating  regions  of 
continuity  of  electrical  properties,  namely,  Urcse  dumccl  by 


r  -  /?„ 


(5:15) 
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The  continuity  of  tangential  components  of  E  Across  the  surface  defined  by  (5.15) 
may  be  expressed  as 

er  x  Ep  =  e?  x  Ep-i. j  (5.1t>) 

Equation  (5.16)  which  holds  at  the  separating  surface  defined  by  (5.15)  is  reduced 
through  the  use  of  orthogonality  to  the  relations 


Jp)  \  ^  A?)  \ 

C(m,n)Z(n,?)(‘  P>  '  (m,a)  (n;?R  P> 

=  zlaA)  (Rp)  +  zfa>3)  v{Rp) 

(m,n)  {n.p-rl)v  P>  (m,n)  (n.p-rl;'' 

bf  .Hfi(iJ!(^)-u/3;p)  .W.(MJ(Jip) 

(n,n)  (n,;?)'*  r  '  * 


(5.17) 


=  wfbA).  V(RV)  +  P^1)  V/}iA)  .ARP)  (5.18) 

(m,n)  (n,p-rl)v  '  (m,n)  yy  v  y 

In  the  computer  program  we  check  the  boundary  conditions  after  the  system  of 
equations  involving  the  expansion  coefficients  is  solved.  Another  check  that  is 
made  is  the  energy  balance  relationship.  This  is  described  in  the  next  section. 

The  solution  of  the  system  of  equations  relating  the  expansion  coefficients  is 
therefore  the  same  as  the  solutions  given  in  Section  3  and  Section  4  and  that  the 
Wronskian  relationship  shows  that  the  determinant  of  the  new  coefficient  matrices 
on  the  left  sides  of  (5.12)  and  (5.13)  are  respectively  equal  to  the  determinant  of 
the  coefficient  matrices  of  the  left  sides  of  (3.7)  and  (3.S).  The  inverses  needed  to 
define  the  analogue  of  the  matrices  defined  by  (3.11)  and  (3.12)  have  to  ercist. 


6.  ENERGY  BALANCE  RELATIONSHIP 

In  this  section  of  our  paper  we  demonstrate  a  powerful  means  of  validating 
computer  codes  for  describing  the  interaction  of  electromagnetic  radiation  with 
anisotropic  structures  wnose  regions  of  continuity  of  censorial  electromagnetic 
properties  are  delimited  by  spherical  reactive  and  lossy  impedance  sheets  with  a 
common  center.  This  was  important  since  no  previous  workers  have  published 
any  data  regarding  scattering  by  anisotropic  spheres.  We  have  found  data  con¬ 
cerning  scattering  by  isotropic  spheres  with  either  a  penetrable  or  a  perfectly  con¬ 
ducting  core,  but  the  standard  references  do  not  include  calculations  of  bistatic 
cross  sections  of  magnetically  lossy  spherical  structures  even  when  the  layers  are 
isotropic,  and  no  energy  balance  computations  for  these  magnetically  lossy  struc¬ 
tures  stems  to  have  been  published.  This  section  provides  data  for  magnetically 
lossy  anisotropic  structures.  We  keep  track  of  the  energy  going  into  our  structure 
and  the  radiation  scattered  away  from  our  spherically  symmetric  multilayer  struc¬ 
ture.  This  can  be  carried  out  by  a  poynting  vector  analysis  over  the  outermost 
surface  of  the  sc&tterer  or  by  integrating  the  power  density  over  the  interior  of 
the  layers  or  the  surfaces  of  lossy  impedance  sheets.  We  discuss  here  a  simple 
calculation  when  impedance  sheets  are  present.  The  sphere  considered,  also  may 
have  both  magnetic  and  electrical  losses.  The  constitutive  relations  are  tensor: al. 
In  what  follows  if  a  is  a  tensor-,  then  Refa)  is  the  tensor  formed  by  computir. 
the  real  part  of  each  entry  and  Imfra)  is  the  tensor  formed  by  computing  th 
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imaginary  part  of  each  entry.  When  there  are  off-diagonal  elements  it  is  possible 
to  have  losses,  for  example,  from  a  permittivity  tensor  which  has  only  real  entries. 
If  <r,  c,  and  p. ,  are  respectively  the  conductivity,  permittivity,  and  permeability 
tenson,  then  losses  arise,  for  diagonal  tensors,  from  the  real  part  of  the  conduc¬ 
tivity  tensor,  the  imaginary  part  of  the  permittivity  tensor,  and  the  imaginary 
part,  Ira(jr) ,  of  the  permeability  tensor. 

The  sum  of  the  surface  integrals  of  the  energy  per  unit  area  per  unit  time 
deposited  in  the  impedance  sheets  separating  the  regions  of  continuity  of  the 
tensorial  electromagnetic  properties  of  the  material  plus  the  triple  integral  of  the 
power  density  over  the  interior  of  an  anisotropic  multilayer  spherical  structure 
is  related  to  the  expansion  coefficients  a^n  and  8^ scattered 

radiation  by  the  equation  [l], 

ZUJX  N'*4’)  (ieW’  +  lJVl’)^.'.*)]  ^sm9do\ 

h  ~  1 

+  T  f  f  [w  (\Hg\-1  +  !^!2  j  +  W  Im(tif)!i?r|2]  r2  sin  6  dt  d$  dr 
Jo  Jo  Jo  '  '  '  J 

-r  J  X  pm(e)  (ji^|2  +  !^|2)  +  w  Im(<r)|£r|2J  /*3  sin  6  dj>  d9  dr 


10  Jo  JO  1 
tR  r *  e2r  , 


do  d9  dr 


+  J  [R*(*)  (l^!2  +  !^i2)  +  Re('-xr)|£H2]  JsxtxBdtMdr 

i  t?7\  /  \  I  |  00 

~TT  (“J  Re  l_J2n  +  1 )  (a(n,.V  +  l)  +  0{n,X+l)) 


n\El\(<0\\^  ,  ,,  .j3 
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The  constitutive  relations  between  dD/dt  -r  J  and  E,  for  the  case  of  time 
harmonic  radiation  are  given  by  (1.22),  and  the  constitutive  relations  between 
83/ 5t  and  the  magnetic  field  H  are  defined  by  (1.23). 

The  above  computations  have  enabled  us  to  provide  a  reliable  act  of  equations 
for  the  expansion  coefficients  of  both  the  scattered  and  induced  electromagnetic 
fields.  If  there  were  an  error  in  the  formulas  that  produced  incorrect  electromag¬ 
netic  fields,  one  could  be  confident  that  integrating  cm  incorrect  power  density 
over  one  of  the  layers  or  over  one  of  the  delimiting  impedance  sheets  would  not 
have  given  a  7  to  10  digit  agreement  between  the  computations  of  the  total  ab¬ 
sorbed  power  using  an  energy  balance  computation  by  numerically  integrating 
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iistvibutioa  over  the  havers  and  over  the  surfaces  of  the  !c 


impedance  sheets  and  mala  tig  a  comparison  between  the  Poynting  vector  calcula¬ 
tion  on  the  outer  surface  of  the  sphere  of  the  total  electromagnetic  energy  minus 
the  total  energy  scattered  away  from  the  spherical  structure.  Three  computations 
should  enable  one  to  quickly  identify  any  errors  in  algebra  or  transcription  of  the 
formulas  to  the  computer  algorithm. 

One  of  the  unique  features  of  our  anisotropic  structure  war  the  peculiar  bchav- 
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ior  of  the  fields  near  the  center  of  the  sphere.  It  turns  out  that  if  we  have  only 
an  anisotropy  in  the  read  part  of  the  permittivity  and  if  the  radial  component  ex¬ 
ceeds  the  angular  component,  then  there  is  an  integrable  singularity  in  the  power 
de  ;ity  at  the  center  and  if  the  radial  permittivity  is  smaller  than  the  angular 
I'cxmittivity,  then  the  electric  field  vector  goes  to  zero  at  the  origin.  Furthermore, 
:f  the  radial  permittivity  is  larger  than  the  angular  permittivity,  no  combination 
of  ibe  two  linearly  independent  solutions  will  yield  a  solution  which  is  bounded 
at  the  origin. 

In  ■pite  of  the  complexities  of  the  interaction  of  radiation  with  anisotropic  struc¬ 
tures  we  found  that  we  could  achieve  the  9  digit  agreement  in  the  two  methods  of 
compu.ing  the  total  absorbed  power  with  a  tensor  product  of  Gaussian  quadra¬ 
ture  .chemes  and  for  the  most  part  making  use  of  only  1723  function  evaluations 
per  layer.  We  checked  the  Gaussian  quadrature  by  using  in  addition  scheme  which 
used  4035  function  evaluations  per  layer.  We  checked  the  Gaussian  quadrature 
by  using  in  addition  a  scheme  which  used  4096  function  evaluations  per  layer  and 
mane  sure  that  the  two  methods  gave  the  same  answer.  We  also  checked  the 
computations  by  artificially  adding  extra  layers.  In  making  the  computations  we 
also  made  certain  that  the  exact  formula  for  the  incoming  radiation  end  our  series 
expansion  in  spherical  harmonics  gave  numerically  identical  answers  on  the  sur¬ 
face  of  the  sphere,  and  had  checking  subroutines  which  calculated  the  tangential 
components  of  the  electric  and  magnetic  vectors  on  both  sides  of  the  delimiting 
surface.  When  the  delimiting  surface  happened  to  be  an  impedance  sheet  we  not 
only  made  sure  'hat  the  impedance  sheet  boundary  condition  was  satisfied,  we 
also  checked  to  make  sure  that  the  spherical  harmonic  expansion  of  the  internal 
fields  had  converged. 
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Figure  1(a). 
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APPENDIX 

The  absorption  of  electromagnetic  radiation  by  anisotropic  spherical  structures  is 
strikingly  different  from  that  of  isotropic  structures.  To  illustrate  this  we  consider 
the  computer  calculations  carried  out  for  a  single  layer  nonmagnetic  spherical 
structure  with  a  relative  radial  permittivity  of  40  and  a  relative  tangential  per¬ 
mittivity  of  20  and  a  slight  loss  of  .005  mhos  per  meter  subjected  to  1  Gigahertz 
radiation  and  with  a  radius  of  3  centimeters;  the  structure  was  exposed  to  plane 
wave  radiation  with  a  strength  of  1  volt  per  meter,  and  the  radiation  was  travel¬ 
ing  in  the  direction  of  the  positive  z  -axis.  Figure  1  shows  an  absorption  peak  in 
the  center  of  the  spherical  structure;  the  three  dimension^,  plot  was  smoothed  by 
allowing  the  power  density  to  gradually  go  to  zero  on  the  edge  of  a  circle  with  a 
radius  of  3.3  centimeters  using  linear  interpolation  from  the  value  at  3  centimeters. 
The  values  in  the  interior  of  the  3  centimeter  sphere  are  exact.  Figure  2  shows  the 
same  power  density  distribution  when  the  relative  radial  permittivity  is  20  and 
the  relative  tangential  permittivity  is  40;  in  this  case  there  i3  a  null  in  the  power 
density  distribution  in  the  center  of  the  spherical  structure;  the  anisotropy  acts 
as  a  type  of  energy  shield  for  the  point  at  the  center  of  this  structure,  while  in  the 
situation  depicted  in  Fig.  1,  it  serves  to  focus  the  electromagnetic  energy.  These 
computations  were  validated  by  the  energy  balance  computations  suggested  by 
equation  (6.1).  In  this  equation  the  R  shewn  in  the  integral  is  actually  Rtf  , 
the  radius  of  the  N  th  and  last  spherical  shell,  the  radial  permittivity  is  er  and 
the  tangential  permittivity  is  e;  the  tangential  permeability  is  /i,  and  the  radial 
permeability  is  fj,r  .  We  also  make  use  of  a  complex  conductivity  whose  radial  and 
tangential  values  are  <rr  and  cr ,  respectively.  The  impedance  sheet  conductivity 
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Figure  1(b). 
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is  defined  on  the  k  fa  spherical  surface  by  a  single  complex  numbe: 
computer  code  was  validated  using  Equation  (8.1)  by  making  runs  v 
formed  by  imoedanca  sheets;  we  considered,  both  reactive  and  less; 
sheets  and  situations  where  there  were  concentric  spherical  hr  pedant 
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arated.  by  regions  of  free  space.  An  area  of  future  research  includes  the  investi¬ 
gation  of  radiative  beating  of  anisotropic  spherical  structures  when  the  thermal 
conductivity  is  different  in  radial  and  tangential  directions.  Another  application 
of  the  code  is  the  investigation  of  the  range  of  validity  of  impedance  boundary 
conditions  by  making  plots  of  the  ratio  of  the  norm  c:  the  tangential  component 
of  the  electric  vector  to  the  norm  of  the  tangential  component  of  the  magnetic 
vector  along  curves  on  the  outer  surface  of  the  sphere. 
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We  consider  in  this  paper  powerful  general  methods  for  solving  electromagnetic  scat¬ 
tering  problems  that  would  with  presently  used  methods  require  1000  human  life  times  of 
time  on  an  advanced  computer.  After  implementation  of  the  advanced  methods  proposed 
in  thi3  paper  only  one  hour  would  be  required  on  the  same  computer. 

We  consider  first  demonstrc.ee  the  capability  of  modeling  the  interaction  of  radiation 
with  a  bounded  three  dimensional  body,  covered  with  impedance  sheets  and  having  full 
tensor  bianisotropy  (e.g.  a  moving  astronaut  wearing  a  protective  device)  using  a  volume 
integral  equation  approach  tha'  will  permit  model? ng  of  tissue  heterogeneities.  The  2FPJE, 
exact  finite  rank  integral  equation,  approach  is  used  which  will  permit  machine  precision 
results  once  a  reasonably  close  approximation  is  obtained. 

As  a  specific  and  <  isily  understood  example,  (to  illustrate  the  new  EFRIS  method) 
we  consider  the  discretization  of  the  integral  equation  cx  electromagnetic  scattering  for  a 
magnetic,  but  penetrable  structure  delimited  by  parallel  planes. 

The  volume  integral  equation  approach  would  still  tax  even  the  most  advanced  com¬ 


puters  if  a  classical  method  of  moments  (weak  topology  convergence!  approach  were  used, 
and  neither  the  sponsor  or  the  performer  of  the  research  would  know  the  accuracy  of  the 
internal  fields,  and  consequently  we  propose  the  use  of  a  surface  integral  equation  approach 
by  using  a  combined  field  integral  equation  approach  to  calculate  electrical  and  magnetic 
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currents  and  electrical  and  magnetic  charges  on  the  surfaces  bounding  the  exterior  of  the 
human  body  and  the  interned  organa,  the  heart,  lungs,  liver,  spleen,  kidneys  and  their 
cavities  under  the  assumption  that  these  individual  organs  have  homogeneous  permittiv¬ 
ity,  conductivity,  end  permeability.  Since  we  are  carrying  out  a  discretization  of  a  surface 
rather  than  a  volume  this  should  greatly  reduce  the  computational  complexity  and  give  us 
the  potential,  when  implemented  with  the  EFRIE  approach,  for  obtaining  highly  accurate 
results.  We  could  model  a  complex  of  tissue  components  or  open  spaces  with  the  property 
that  each  region  of  homogeneity  of  tissue  components  may  be  as  general  as  a  diffeemorphm 
of  the  interior  of  an  N  handled  sphere. 
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1  INTRODUCTION 


We  shall  in  this  paper  consider  powerful  new  methods  for  formulating  and  solving 
integral  equations  describing  the  interaction  of  electromagnetic  radiation  with  complex 
materials.  Such  interaction  problems,  for  currently  used  methods,  such  an  the  method  of 
moments,  are  beyond  the  capability  of  existing  computers. 

1.1  Integral  Equations  and  Bianisotropy 


Bianisotrcpic  materials,  because  of  their  greater  complexity,  have  greater  potential 
for  creating  materials  with  prescribed  or  desired  absorption,  transmission,  and  reflection 
properties.  Chiral  properties  axe  a  special  case  of  bianisotrcpic  materials.  With  chiral 
materials  there  is  a  special  scalar  £.  (laggard  and  Ecgheta,  p  173)  euch  that 


D  —  ci?  -j- 


(1.1.1) 


and 

B  —  fiH  —  t£ef. iE  (1.1.2) 

With  the  more  general  bianisotrcpic  materials  there  are  tensors  a  scud  ,5 .with  the  property 
that 

D  ~  sE  +  a H /(ho)  (1.1.3) 

and 


B  =  ft H  -f  J5E/( (iw) 


(1.1.4) 
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where  e  and  u  ?re  tensors.  Here  Maxwell’s  equations  have  the  form 


cvrl(JS)  =  —iu>B 


(1.1.5) 


and 

curl(H)  =  iuD  +  (rE  (1.1.6) 

Using  these  notions  we  rnahe  Maxwell’s  equations  look  like  the  standard  Maxwell  equations 
with  complex  sources  by  introducing  the  generalized  electric  and  magnetic  current  densities 
by  the  relations, 

Ctirl(E)  =  iujioH  —  Jrn  (1.1.7) 

and 

curl(H)  —  vmCq.E  +  3  e  (1.1. S) 

where 

Jc  =  iuf.E  +  all  -  i:oe0B  (1.1.9) 

and 

Jn  =  iwfiH  +  £E  —  iu;ioH  (1.1.10) 


The  formulation  of  integral  equations  for  bianisotrcpic  materials,  therefore,  is  carried  out 
by  the  analysis  of  the  following  coupled  system  of  integral  equations  based  on  the  notion 
of  electric  and  magnetic  charges  defined  by  the  two  continuity  equations 


div(Je ) 


dpt 

at 


(1.1.11) 


and 


(1.1.12) 


Having  developed  this  the  coupled  system  of  integral  equations  describing  the  inter¬ 
action  of  electromagnetic  radiation  with  a  bounded  bianisotrcpic  body  0  is  given  by  the 
following  relations.  The  electric  field  integral  equation  is  given  by 


ad  ( L  ^r-G(r^)dv(s)) 

\J  n  uf-o  j 


\jQ  U’&o 

+  —grad  f  j  (J-  •  n)G{r,j)'dx(3)  1 
tv’  £n  \  J  SO  / 


—  iupa  f  JeG(r,3)d r{,->) 

JO 

-  cur!  ^  JmG(r,s)dv(s)Sj 

ind  the  magnetic  field  integral  equation  may  be  expressed  as 

H  -  H'  —  -grad  (  f  ----  -  G(r,  ujdvfs)') 

\J o  W/tr,  ) 

-■—grad  (  !  (Jm  •  n)C(r,3)da(s)\ 

W/io  \J(A)  J 

f  JnG(r,s)dv(s)  + 

Jo 

curl  Qf  J.G(r,3)dv(s)j 


(1.1.13) 


(1.1.14) 


where  G(r,s)  is  the  rotation  invariant,  temperate  fundamental  solution  of  the  Helmholtz 
equation, 

(. A  +  kl)G  =  5  (1.1.15) 

given  by 


G(r,3)- 


exp(-ikQ  |  r-s  ;) 


(1.1.16) 


4x  |  r  —  3  j 

Substituting  (1.1.9)  and  (1.1.10)  into  equations  (1.1. .13)  and  (1.1.14)  we  obtain,  the 
coupled  integral  equations  for  bianisotropic  materials.  The  electric  field  integral  equation 
for  a  bianisotropic  material  is  given  by, 

E-  £T  = 

j  {  (  d:v(iuic3  +  aU  -  iu>c03  ,  \ 

-grad - — - — - C{r,s)dv{s) 

\->0  UICq  J 

+  --grad  ^  f  (i'ueE  -r  atl  —  :w£ oJ3  ■  n)G(r, s)da(j)J 
—  J  iijjsE  4-  a  cl  —  s)dt;(s)4- 

-  curt  (J  +  0E  -  G{r,  s)dv(s)j  (1.1.17) 

ard  the  magnetic  field  integral  equation  for  a  b*" anisotropic  material  is  given  by 


/  ;  div( iuj -!-  6.3 


:rci't 


d  I  j  - 

\Jo 


1  (Oil.-). -i 


v.’Uo 


?(r,,s)Gv(s)l 
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—  -~^-  grad  /  (uviiH  +  pE  —  *  n)G(r ,  3)cfo(s) 

cj  pc  -tea ' 

—  {wen  j  (iu}sH  +  /3U  —  iuu0H)G(r^  s)dv(s)  + 
cur/  yj  iutzE  f  aH  -  L/toEG(r,s)dv(s)^  (1.1.18) 

In  tbc  subsequent  sections  we  shall  explcm:  methods  of  resolving  these  integral  equations 
on  existing  computers  using  novel,  powerful  analytical  methods  cf  solution. 


2  EFRIS  Methods 


While  ve  ha'.  e  .t/,nir.r.d  exact  solutions  for  layered  materials,  meat  of  the  problems 
are  so  complex  that  roust  formulate  the  interaction  problems  using  integral  equations. 
The  primary  F'-.'n  of  this  report  is  to  describe  the  design  of  complex  materials  using 
an  improvement  of  classical  spline  methods  (Tsai,  Massoudi,  Durney,  and  Iskander,  pp 
1131-1139).  This  paper  is  unnsir-.l  in  that  comparisons  are  made  between  internal  fields 
predicted  from  moment  method  computations  and  MIe  solution  computations.  Successful 
comparisons  have  been  mad-:  for  linear  barer  functions  without  enhancement  by  EFRIE 
theory.  However,  as  the  scattering  bod«  :..  become  more  complex  the  computational  re¬ 
quirements  become  larger  and  larger.  V.  1th  EFRIE  theory  if  one  has  a  discretization  that 
enables  one  to  closely  approximate  the  solution,  then  refinements  can  be  made  by  a  con¬ 
vergent  iterative  process  baaed  on  the-  concept  that  the  norm  of  the  difference  betw-on  an 
approximate  integral  operator  and  the  actual  integral  operator  is  simply  'smaller  than  one, 
not  necessarily  close  enough  to  give  answers  of  acceptable  accuracy.  Then  the  answer  is 
improved  by  cm.  iterative  process  to  any  desired  precision  without  the  use  cf  additional 
computer  memory. 


?  1 


Ex.nr.pIos  of  Spacer,  of  Approximation 


Solving  the  -decb'oin  vgnetic  cnui.-m’-sicn  problem  by  finding  solutions  of  Maxwell's 
equations  inside  and  outside  a  penetrable  seal*  er  v-biieh  satisfy  boundary  conditions  and 


radiation  conditions  requires  functions  on  a  continuum,  the  problem  is  from  a  practical 
point  of  view  a  discrete  one  and  involves  estimation  of  the  values  of  induced  and  scat¬ 
tered  electric  and  magnetic  vectors  in  the  interior  and  the  exterior  of  the  scattering  body. 
Thus,  it-i3  important  to  understand  methods  of  determining  the  accuracy  with  which  a 
solution  of  a  discrete  approximation  of  an  integral  equation  formulation  '■*  an  electromag¬ 
netic  interaction  problem  can  be  obtained.  We  specifically  need  to  formulate  a  space  of 
approximates  and  a  projection  operator  onto  this  space  of  approximates  and  formulate 
a  finite  rank  approximation  of  the  original  infinite  rank  integral  equations  (1.1.17)  arid 
(1.1.13)  such  that  the  precise  solution  of  this  approximate  equation  is  exactly  the  projec¬ 
tion  onto  the  space  of  approximates  of  the  solution  of  the  original  infinite  rank  integral 
equation.  We  further  need  to  develop  a  means  of  correcting  cc"  solution  so  that  we  may 
exactly  determine  lv  iteration  the  difference  /  -  Pf  between  the  solution  /  of  the  original 
equation  and  the  projection  Pf  of  this  solution  onto  the  space  of  approximates,  possibly 
by  an  iterative  scheme  or  a  series  expansion.  In  this  section  we  illustrate  (i)  pulse  basis 
function  methods,  (ii)  linear  interpolation,  (iii)  higher  order  3pline  interpolation,  and  (iv) 
a  completetely  novel  norm  method  of  approximating  the  field  components  with  com¬ 
binations  of  trignomometrie  functions  of  the  local  spatial  variables  using  carefully  selected 
frequencies. 

We  now  explain  linear  interpolation.  A  common  example  woud  be  to  approximate  the 
space  V  of  functions  which  are  continuous  on  [o,£]  by  members  of  r,  jet 


5  -  {[xo.*l),[2l, *i),-  •  •,(Zn-t,*n]} 


(2.1.1) 


a  ~  .to  <  T]  <  •  edet  ■  <  Tn  =  b  (2.1,2) 

and  to  define  the  projection  operator  of  linear  interpolation,  for  the  partition  defined  by 
equation  (2.1.1)  by  the  rile. 


p  t( 

*  j -  ) 


■■longs  to  the  rtbir.vrval  from  x,_t  to  r,  and  we  note  that  if  this  is  the 


(2.1.3) 


case  turn 


and  since 


(2.1.5) 


(P/)(*i)  =  0+  /(*.-)■  1 

it  follows  from  equations  (2.1.3),  (2.1.4),  and  (2.1.5)  that 

P*f  =  Pf  (2.1.6) 

Another  simple  example  is  Fourier  series  or  an  eigenfunction  expansion  in  the  spatial 
variables.  Suppose  that  V  is  a  set  of  functions  defined  on  FT  which  are  square  integrable 
with  respect  to  Lebesgue  measure  v  multiplied  by  a  positive  function  p  and  valued  in  a 
Hilbert  space  X  with  norm  |  -  |,y  with  two  measurable  and  square  integrable  functions  / 
and  g  being  equivalent  on  an  open  set, 


ft  C  Rn, 


(2.1.7) 


if  and  only  if 

JQ{\(f-g)(x)\l)p(z)du(x)  =  0  (2.1.S) 

and  where  the  square  integrability  with  respect  to  the  ordinary  Lebesgue  measure  multi¬ 
plied  by  p  means  that 

Jn  (l  /(*)  I3r)  P(x)dv\x)  <  00  {2.1.9) 

We  say  that  two  Hilbert  space  valued  functions  /  and  g  are  orthogonal  if  and  only  if 


j^{f{x)- g{x)}  p{x)du{x)  =  0 

(2.1.10) 

where 

(/(*).$(*))* 

=  /(*)•$(*) 

(2.U1) 

is  the  inner  product  of  the 

norm  of  the  function  /  is 

Hilbert  space  elec 

seats  f[x)  and  g[x)  so  that  the  squ: 

are  of  the 

T  ? 

C 

1! 

)  •  /{*)}  P<z)dv{z) 

(2.1.12) 

h 

F  =  {6 

.  :  i  €  1) 

(2.1.131 

is  a  finite  set  of  pairwise  orthogonal  functions  in  the  space  V  of  functions  from  ft  into  the 
Hilbert  space  X,  then 


Pf(x) 


E 

ier 


/n/(2 1)  ■  4><{y)p{y)dv(y) 


Mx) 


(2.1.14) 


The  projection  operator  defined  by  equation  (2.1.14)  yields  a  generalized  Fourier  series 
approximat’on  of  functions;  which  is  the  basis  of  Mie  like  solutions  of  electromagnetic 
problems. 

The  next  approximation  scheme  that  is  often  used  in  electromagnetic  analysis  is  the 
pulse  basis  function  method.  The  pulse  basis  function  method  ha3  been  used  by  Guru 
and  Chen  [12],  Hagmann  and  Gandhi  [13],  Hagmann  and  Levine  [15],  and  Livesay  and 
Chen  [22]  to  predict  the  results  of  electromagnetic  radiation  with  complex  structures  by 
decomposing  the  body  into  cells  within  each  of  which  the  induced  electric  vector  is  assumed 
to  be  a  constant  and  charge  densities  are  also  assumed  to  bo  piecewise  constant.  The  pulse 
basis  function  method  makes  use  of  the  concept  of  the  partition  of  an  open  set  ft  of  Rn. 

We  have  defined  for  each  x  in  Un  and  each  positive  number  r  >  0  the  set 


B(x,r)  -  (yeir 


x  -  y  J  <  r) 


(2.1.15) 


to  be  the  ball  of  radius  r  centered  at  x.  We  let  ft  be  an  open  set  in  R*  whose  closure  is 
bounded. 


Definition  2.1  A  partition  of  ft  is  a  set  r’(ft)  of  pairs  ( V.,  jq)  where  ifiX  and  the  ball, 
B(x,,r)  Li  contained  in  V,  for  some  positive  number  r, 


and 


UY  =  ft  (2.1.16) 

t  f.l 


^(Vj  Pit/0  =  o<jrk) 


(2.1.17) 


vihen*  v*r  { Vt1  z, )  and  (V,  ,.r,!  :irs  distinct  inz'nc-'-.rt  of 
Lzhtsqiiti  r?i.-:a.<ur?  on  ;P  < r»  i* ( 


r  \  4 


/'•w 


V 

'  1 


{t;  *.  (t;,xt)s’P(n)  ;>  .v.' 


(2.1.13) 


o 


pp  =  p 


(2.1.26) 


2.2  The  Standard  but  Nonoptiinal  Discretization 

Kun  Mu  Chen  (Livesay  and  Chen  [22],  Guru  and  Chen  [12],  and  [25])  meticulously 
analyzed  the  electric  field  volume  integral  equation  in  the  work  he  directed  and  assisted 
and  correctly  formulated  the  electric  field  volume  integral  equation  for  a  nonmagnetic  body 


(E  -  P)(F,u)  =  ~Ju  p-  *?]-  ■  ia-/U)  G(p,  q)  •  E(q)dv(q) 


(2.2.1) 


where 


What  is  done  in  practice  is  to  appiy  the  projection  operator  to  the  a  priori  unknown 
field  E  that  appears  under  the  integral  and  to  also  apply  it  ?Jso  to  both  sides  of  the  integral 
equation  (2.2.1)  to  obtain  the  approximate  equation 

{PXE  -  PXE')  =  ~  j  ( 7J— -)  P*G(x,  y)  •  (PyE)dv{y)  (2.2.3) 


where  G  is  defined  by  equation  (2.2.2).  The  so  called  method  of  moments  was  developed 
in  the  early  19003  by  mathematicians  and  is  simply  the  weak  topology  approximation;  as 
currently  applied  it  is  an  attempt  to  do  a  better  job  of  getting  a  more  acceptable  solution  of 
the  cleanly  nonoptima!  approximation  represented  by  equation  (2.2.3).  With  the  method 
of  moments  one  obtains  3.V  equations  for  the  3iY  unknowns  representing  the  electric  vector 
in  the  N  cells  into  which  the  scattering  body  Q  is  decomposed  by  simply  multiplying  both 
sides  of  equation  (2.2.3)  by  a  function  of  x,  often  the  characteristic  function  of  the  cell  V,, 
where  i  ranges  from  1  to  N,  and  integrating  both  sides  of  the  new  equation  with  respect 


We  show  in  this  section  a  method  of  creating  a  computerizable  approximate  to  the 
original  infinite  rank  integral  equation.  After  multiplying  all  terms  of  the  integral  equation 
by  the  same  invertible  matrix,  if  necessary,  we  can  reduce  the  coupled  E  and  H  integral 
equation,  to  one  of  the  form  described  in  the  following  section. 


Machine  Precision  in  Integral  Equation  Methods 


We  show  in  this  section  how  to  correct  our  errors  in  an  integral  equation  method,  so 
that  we  can  obtain,  by  doing  more  processing  but  not  using  excessive  memory,  an  answer 
whose  precision  is  close  to  that  of  the  particular  computing  machine  being  used.  Letting 
/  be  a  vector  valued  function  defined  on  an  open  set  fl  of  R3  and  having  values  belonging 
to  a  Banach  space,  X,  which  represents  the  set  of  values  of  the  eh-ctric  and  magnetic  field 
vector  within  the  scattering  body  and  having  enough  regularity  that  boundary  values  are 
defined.  Siippose  that  the  functions  /  that  we  consider  all  satisfy  the  condition, 

f££(Q,X),  (3.1.1) 

that  they  belong  to  a  Banach  space  of  functions  from  Q  into  X.  We  further  suppose  that 
we  define  a  projection  operator, 

P:£(n,X)  -  S{Q,X)  (3.1.2) 


We  let  B{ X)  denote  a  Banach  space  of  operators  mapping  A'  into  itself  and  let  A'  be  a 
function, 

K  :  fi  x  0  —  B(X)  (3.1.3) 


which  in  practice  vrill  represent  the  integral  operator  anting  on  the  values  of  the  electric 
and  magnetic  field  vectors  in  the  interior  and  on  the  surface  of  the  scattering  body.  One 
way  this  can  be  handled  is  to  assume  enough  regularity  in  the  space  of  functions,  £(S1,  A”) 
in  which  we  are  seeking  the  solution  (end  in  the  3pace  of  approximations  within  which 
we  ere  attempting  to  find  a  solution  that  is  reasonably  clcse  to  actual  solution),  that  the 
required  boundary  values  are  defined.  Related  to  thl3  basic  projection  operator,  which 


jr,  , 

'  *4- 


i 


may  be  defined  in  one  of  the  wavs  described  in  the  previous  section,  or  in  other  ways,  we 
define  the  operator  Q*  on  functions  from  SI  into  X  by  the  rule, 


P  f  K(x,  y)(P. f)(y)dv{y)  =  f  Q*K(x,  y)(P f)(y)dV(y) 

*  fj  J\i 


(3.1.4) 


We  can  reduce  our  original  problem  to  that  of  solving  an  integral  equation  of  the  form, 


where 


f{x)-g{x)  =  XT f(x) 


Tf(x)  =  jK(ztV)f(y)dv(y) 


(3-1.5) 


(3.1.6) 


and  f  may  represent  a  two  tuple  consisting  of  the  electric  and  magnetic  vectors  and  g  rep¬ 
resents  the  result  of  applying  an  invertible  linear  transformation  two  a  two  tuple  consisting 
of  the  electric  and  magnetic  vectors  of  the  incoming  radiation.  We  define  the  operator  L 
by  the  rule 


L  =  PTFf(x) 


(3.1.7) 


where  P  is  a  projection  operator  onto  a  3pace  of  approximates,  and  define  the  correction 
operator  N  by  the  rule, 

Nf(x)  =  Tf(x)  —  Lf{z)  (3.1. S) 

Normally  we  require  that  P  is  a  good  enough  approximator  that  solving  the  equation 
(2.2.3)  will  give  us  a  satisfactory  solution.  However,  with  EFR'03  theory  we  need  only 
assume  that  P  is  good  enough  so  that  if  N  is  defined  by  (3.1.3)  that  then  the  operator 
norm  inequality, 

max  {1  A  ||  JV  |n  ,  |  A  ij]  (P  -  I)N  |n}  <  1  (3.1.9) 


Thus,  it  follows  that 


T  =  L  +  N 


The  usual  approximate  integral  equation  has  the  form 


/,  =  P.9  =  APT/. 


(3.1.10) 


(3.1.11) 


where  fa  satisfies  the  condition, 


/,  €  P(S(Q,X)), 


(3.1.12) 


What  is  usually  done  is  to  assume  that  fa  is  close  enough  to  /  to  accurately  represent  the 
solution  of  the  original  infinite  rani:  integral  equation  (3.1.5).  We  cam,  if  inequality  (3.1.9) 
is  satisfied,  define  the  bounded  linear  operator 

Gx  =  f^X^N*  (3.1.13) 

*= i 

so  that  it  will  fellow  that  since  formally  and  in  fact, 

(I  -  XN)  ■  (/  4-  XN  +  A5iY3  -i - )/  =  /  (3.1.14) 

that  by  combining  equations  (3.1.13)  and  (3.1.14)  that 

(/  -  XN)(I  +  A Gx)f  =  j  (3.1.15) 

in  view  of  the  the  geometric  series  relationship  and  the  identity 

(I  +  XGx)  =  (/  +  XN  4-  A2Ari  4 - )  (3.1.16) 

for  all  functions  /  satisfying  the  relationship  (3.1.1).  Thus,  we  can  in  view  of  the  relation¬ 
ship  (3.1.10)  deduce  that 

XT  =  XN  +  XL  (3.1.17) 

Equation  (3.1.17)  then  means  that  we  can  express  the  original  integral  equation  (3.1.5)  in 
the  form 

/  =  g  +  XNf  +  Xlf  (3.1.18) 

Rearranging  terms  in  equation  (3.1.18)  we  see  that 

(I  ~  XN)f  =  g  +  XLf  (3.1.19) 

Combining  equations  (3.1.19)  and  (3.1.15)  and  equation  (3.1.13)  we  deduce  that 

/  =  g  +  XLf  -f  \Gx(g  +  XLf  +)  (3.1.20) 

Now  if  y/e  simply  combine  equation  (3.1.20)  and  equation  (3.1.13)  we  deduce  that 

XN  f  =  A  Gx(g  +  XLf)  (3.1.21) 
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We  would  now  like  to  apply  the  projection  operator  P  to  both  sides  of  equation  (3.1.20) 
making  use  of  the  fact  that  P  is  idempoteut,  equalling  its  square,  and  equation  (3.1.7) 


to  obtain  the  relation 


PL  —  L 


Pf  =  Pg  +  \Lf\P(Gx(g  +  \Lf) 


Substituting  equation  (3.1.21)  into  equation  (3.1.23)  we  see  that 


Pf  =  Pg  +  A  Lf  +  A  PNf 


Thus,  if  we  define 


L{k,p)  -  PT 

then  in  view  of  equation  (3.1.7)  and  (3.1.23)  we  see  that 

Lf  =  L,,:,P)Pf 

Now  we  see  that  equations  (3.1.24)  and  (3.1.26)  imply  that 

Pf  =  Pg  +  A  PL(K,P)Pf  +  A  PNf 


(3.1.22) 


(3.1.23) 


(3.1.24) 


(3.1.25) 


(3.1.26) 


(3.1.27) 


While  equation  (3.1.27)  is  not  a  finite  rank  integral  equation,  it  suggests  that  an  approxi¬ 
mate  finite  rank  integral  equation 


Pf*  =  Pg  +  A PL{K,F)Pf*  +  A FNPf. 


(3.1.28) 


might  give  a  better  approximation  to  the  solution  than  the  traditional  approximation  given 
by  equation  (3.1.11).  We  shall  go  much  farther  than  this,  however,  and  reduce  the  equation 
(3.1.24)  to  a  true  finite  rank  integral  equation  whose  solution  will  be  the  projection  Pf  of 
the  exact  solution  /  of  the  original  infinite  r auk  integral  equation  (3.1.5)  onto  the  spree 
of  approximates.  This  will  permit  us  to  achieve  our  ultimate  objective  of  representing  the 
solution  /  exactly  in  terms  of  Pf  and  the  stimulating  fields  g  by  an  exact  formula.  Going 
back  to  equation  (3.1.19)  and  making  use  of  equation  (3.1.14)  we  obtain 


/  =  E[(-vro  +  w>] 


(3.1.29) 


( 


Op  crating  on  both  sides  of  equation  (3.1.29)  with  N  and  then  applying  AP  to  both  sides 
of  this  equation,  we  tee  that 


XPNf  =  £[(AA')*(«7  4  AX/)] 


(3.1.30) 


Now,  simply  substituting  equation  (3.1.30)  into  equation  (3.1.27)  we  get  the  finite  rank 
integral  equation, 

Pf  =  Pg  + 

XFL{K,P)Pf  4  A PN  f)(A N)k(g  4  A l{x,P)Pf)\  (3-1.31) 

St-0 

Now  collecting  terms  in  equation  (3.1.31)  involving  Pf  and  those  involving  <j  and  Pg  we 
obtain  the  relationship 


Pf  =  Pg  4  APiVp(A.Y)^J  4 

AP  (l{k,P)  4  N  [£  (AJV)*J  A L(XJJj  Pf  (3.1.32) 

Our  first  objective  is  now  achieved  since  equation  (3.1.32)  is  a  truly  finite  rank  integral 
equation  in  the  unknown  member  Pf  of  a  finite  dimensional  vector  space.  The  computer 
program  giving  a  solution  of  equation  (3.1.32)  would  provide  us  with  coefficients  of  the  basis 
vectors  of  this  finite  dimensional  vector  space  that  are  needed  to  represent  the  solution  Pf 
of  equation  (3.1.32).  In  other  words,  the  linear  combination  of  basis  vectors  of  the  vector 
space  which  is  the  image  of  the  projector  P  is  the  exact  value,  Pf,  of  the  projection  of  the 
exact  value  of  the  solution,  /,  of  the  original  infinite  rank  integral  equation,  (3.1.5).  From 
this  point  on  we  assume  that  P  f  is  known. 

To  finish  oif  this  section  we  use  our  exactly  determined  value  of  Pf  that  was  obtained 
by  solving  equation  (3.1.32)  under  the  assumption  that  I  —  XL  is  invertible  on  the  image  of 
the  projection  operator  P,  where  L  is  defined  by  equation  (3.1.7).  We  begin  by  subtracting 
the  right  sides  of  equations  (3.1. IS)  and  (3.1.24)  obtaining  the  relationship, 


(/  -  Pf)  =  (9  -  Pg)  4  a (I-P)Nf 


(3.1.33) 


Collecting  the  terms  involving  /  in  equation  (3.1.33)  ant  c-ving  the  known  function  Pf 
over  on  the  right  side,  we  obtain  the  equation, 


{I-X(I~F)y]f  =  (g  -  Pg  4  Pf) 


(3.1.34) 


The  inequality  (3.1.9)  then,  enables  u 3  to  invert  the  operator  acting  on  the  /  in  the  left 
side  cf  equation  (3.1.34)  by  applying  the  geometric  series  operator 

CO 

5  =  £(A(/  -  P)N)k  (3.1.35) 

k^O 

to  both  sides  of  equation  (3.1.34).  Thus,  ones  we  solve  equation  (3.1.32)  for  Pf  we  can 
correct  ourselves  by  expressing  the  exact  value  of  /  as 

CO 

/  =  EC KI-P)N)k{g-Pg  +  Pf}  (3.1.36) 

k-  0 

Thus,  without  using  auxiliary'  memory  we  can  with  a  good  enough  start  and  enough 
iteration  correct  our  solution  to  within  computer  accuracy. 


Lave! 
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We  have  formulated  some  one  dimensional  scattering  problems  associated  with  mag¬ 
netic  materials,  and  solutions  obtained  from  the  differential  equation  formulations  have 
been  substituted  into  the  integral  equations  and  have  been  shown  to  satisfy  them  exactly. 
For  magnetic  materials,  a  single  integral  equation  was  obtained  and  the  significance  of 
surface  values  of  the  derivative  of  the  electric  vector  were  shown  to  be  important.  For 
higher  order  splines  all  terms  arising  in  a  matrix  representation  of  the  integral  equation 
formulation  of  the  problem,  and  all  iterates  of  the  integrals  could  be  computed  exactly. 
Using  distribution  theory  concepts,  wc  nave  combined  the  electric  and  magnetic  field,  in¬ 
tegral  equations  for  the  care  of  a  plane  wave  that  b  incident  normally  on  the  magnetic 
slab. 
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so  that  the  magnetic  vector  of  the  incident  radiation  defined  by  the  Maxwell  •  quaticn, 

—iufi^IF  —  curl(E')  = 
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is  after  dividing  both  sides  of  equation  (4.1.2)  by  —iup.  is  given  by 

TtT  =  ('Mfl'j  cxp(—ik0z)ey 
\  “Po  J 


(4.1.2) 


(4.1.3) 


Within  the  magnetic  slab,  where  the  permittivity  f,  the  permeability  ft,  and  the  conduc¬ 
tivity  a  are  diagonal  tensors  in  Cartesian  coordinates,  the  first  Maxwell  equation  has  she 
form, 

cur 1(H)  =  (iues  -j-  cr_)£Le-  -j-  (iucv  +  <?v)Evev 

+  (hu,  4-  crr)E1'21  (4.1.4) 

However,  if  the  stimulating  electric  vector  has  only  an  x  component,  then  the  same  is  true 
of  the  reflected,  induced,  and  transmitted  radiation,  and,  thu3,  we  may  assume  that  within 
the  slab  that  this  is  also  true.  Hence,  we  assume  that  within  the  slab, 
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Using  (3.4)  wo  conclude  that 
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=  Cs(iu>€x  -f  £7 x)Et 

Thus,  multiplying  all  terms  of  this  last  equation  by  :hj/iy  we  see  that 
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We  are,  therefore,  seeking  an  impulse  response  of  the  equation, 
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We  introduce  the  variable 


r  =  u7jiv ex  -  iu^cr.  -  u3/i0io, 


where  we  agree  that  e,  /r,  and  <7  tab  their  free  space  values  outside  t 
that  E  —  fv’  has  the  form, 

E  —  E'  —  c  f  rExexp(—ikc ,  \  z  —  z  \)dz 
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where  we  write  the  global  magnetic  permeability  via  the  relationship 
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where 


is  the  Heaviside  function  and 
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is  the  Dirac  delta  function  end  where  we  third:  cf  /t  ?.a  the  penr.es.biij 
think  of  /}  as  the  value  of  perrneebiUty  inside  the  slab.  Thus,  v.dth 
recognizing  the  tangential  component  of  the  magnetic  Held  a3  bains 
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reciprocal  cf  the  tbs  magnetic  psrmsabuiiy  times  the  derivative  cf  the  electric  vex 
respect  to  s  in  dev,'  of  the  relationship 
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and  seel'  a  representation  of  the  form, 
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Thsorsra  4.1  7/  £L  satisfies  (4.1.17)  and  Ex  is  twice  continuously  ai  points  it 
outside  the  slab,  then  (a)  outside  the  slab  E  —  E'  has  the  representation 


side  end 


E-Ed 


O' ezp(ik0z)  for  z  <  0 


CPtzp{— ihoz)  for  z  >  L 


where  CT  is  the  reflection  coefficient,  and  CP  is  the  coefficient  defining 
radiation  (c)  if  a  function  E.  that  is  differentiable  inside  and  outside  ths  s 
integral  equation,  then  E-  is  continuous  on  the  entire  real  line,  and  farther, 
is  determined  from  (4.1.17)  via.  the  relationship 
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'  V  py(L)J  ^ 

and  E  —  H'  is  continuous  across  the  boundaries  of  the  magnetic  slab.  Furthermore,  the 
classical  solutions  of  the  integral  equation  (4-1.17)  are  solutions  of  Maxwell’s  equations 
provided  that 

b=dr  (4.1.20) 


(4.1.21) 


Proof.  Equations  (4.1.20)  and  (4.1.21),  which,  represent  the  evaluation  of  the  parame¬ 
ters  in  the  integral  equation  (4.1.17)  follows  by  substituting  (4.1.17)  into  Maxwell’s  equa¬ 
tions.  We  begin  by  computing  the  first  and  second  partial  derivatives  of  Eu  with  respect  to 
z  from  the  integral  equations  and  we  then  use  these  expressions  to  show  that  (4.1.20)  and 
(4.1.21)  are  needed  in  order  that  Maxwell’s  equations  be  satisfied.  We  find,  upon  breaking 
up  the  integral  from  0  to  L  into  the  integral  from  0  to  z  plus  the  integral  from  z  t,o  L  and 
differentiating,  that 
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Hv(L)J  dz 

and  substitute  it  into  our  equation  for  the  difference  between  the  second  partial  deriva¬ 
tives  of  the  stimulated  and  incident  electric  field  vectors.  Rewriting  (2.24)  to  make  this 
substitution  transparent  we  see  that 
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Simplifying  the  above  equation  we  find  that 
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We  next  simplify  this  equation  by  making  use  of  the  fact  that  the  electric  vector,  Et, 
ot  the  incident  radiation  satisfies  the  free  sne.ee  Hehehoita  equation 
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Substituting  this  into  the  orsvioua  eouaticu  we  End  that 
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We  nor?  need  to  select  c  and  b  in  the  above  equation  so  that  the  equation  is  identical 
to  equation  (4.1.11)  where  r  is  given  by 


r  =  uVve.--tt,-/!/f-u3/j  0«o 
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We  3e*  that  tve  need  only  to  require  that 
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In  order  to  define  the  operations  we  note  here  that,  while  it  ia  true  that  we  cannot  in 
general  multiply  distributions,  certain  orders  of  distribution;?  con  act  upon  spaces  larger 
than  the  infinitely  differentiable  functions.  For  example,  order  0  distributions  can  act  on 
the  continuous  functions  with  compart  support,  and  order  one  distributions  can  act  on  the 
differentiable  functions  with  compact  support,  ct  cetera  which  will  enable  us  to  define  the 
product  of  an  order  0  distribution  u  and  a  continuous  function  f  by  the  rule, 


(«/»$  =  («,/£) 


(4.1.32) 


where  ^  is  a  test  function.  However,  the  function  u/  is  not  a  general  distribution,  but  is 
a  contincva  linear  functional  on  the  space  of  coutinous  functions  with  compact  support. 
The  integral  equation  is  then  derived  by  recognizing  that  in  view  of  equation  (4.1.9)  that 
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By  convolving  the  fundamental  solution  of  the  left  side  of  this  equation  with  the  right 
side  we  obtain  the  integral  equation.  Since,  as  we  have  shown  ([7],  [21]),  every  solution 
of  the  integral  equation  is  a  solution  of  Maxwell’s  equations  and  the  solutions  of  the  inte¬ 
gral  equation  satisfy  automatically  the  Silver  Mueller  radiation  conditions  and  tangential 
components  of  the  electric  and  magnetic  vectors  are  automatically  continuous  across  the 
boundaries,  the  solution  of  the  integral  equation  is  necessarily  the  solution  of  Maxwell’s 
equations.  Since  the  solution  to  thi3  electromagnetic  interaction  problem  is  unique,  the 
function  space  under  consideration  i3  the  space  of  functions  which  are  along  with  their 
derivatives  continuous  up  to  the  boundaries.  When  the  slab  is  nonmagnetic,  then  unique¬ 
ness  may  be  proven  in  the  function  space  ([21],  pp  69-130)  consisting  of  all  vector  valued 
functions  cj>  such  that 

/  |  <j)  |2  dv  +  /  |  cur!(<£>)  I3  dv  <  oc  (4.1.34) 
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5  DIS  CRETIZ  ATION 


To  approximate  the  integral  equations  on  a  computer  with  a  finite  memory,  we  divide 
the  slab  with  which  the  radiation  is  interacting  into  thin  wafers  separated  by  planes  whose 
normai3  are  perpendicular  to  the  planes  defining  the  boundaries  of  the  slab. 

5.1  PIECEWISE  LINEAR  APPROXIMATION 


We  consider  approximate  integral  equations  of  the  form 


(5.1.1) 
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wh«rs  we  suppose  that  the  numbers  jr.-  are  defined  by 

0  =  zo  <  Zj_i  <  Zj  <  ...  <  Zjy  =  I  (5.1.2) 

and  that  within  the  subinterval  (z,_i,  z}),  the  electric  vector  i3  apprordaated  by 

E  =  (Aj  +  Ej(z-2;))es,  (5.1.3) 

where  the  constants  Aj  and  Bj  contain  the  c.?p(:ut)  time  dependence.  We  have  a  separate 
equation  for  each  value  of  z.  At  this  stage  there  are  severed  methods  to  obtain  a  matrix 
equation  from  this  continuum  of  approximate  equations.  One  obvious  method  is  point 
matching  by  selecting  two  points  and  (3j-  in  the  subintervsl  \zj-i,  zj],  This  gives  us  a 
system  of  2 N  equations  in  2 N  uni.cn or -ns,  which  have  the  form 

JB(C^+1)-F'(C«-,+i)  = 


At  +  -  z'i)  -  Ei((2t-<l+i)  = 

s 

£  r  {A>  +  B:(v  -  z;)}  K(C2t-q+uy)dy  + 

;=1 

£  /  '  Bjl(Cit-<,+uy)dy  + 
j=i  J’>-' 


Definin; 


(5.1.4) 

►-» 

ii 

(5.1.5) 

%/)  =  <  .  , , 

[d 

function  notation,  to  rewrite  the  previot 

33  equation  to  make  it  loo’s 

lihe  a  matrix  equation.  We  find 


- £ | Aj  jf  _  K((zt-r‘-i,y)A 

Bi  I  ’  ('J  -  zpjZ{(u-i+i,y)dy 
1 
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E%) 

#(&) 

#(C») 


(5.1.7) 


•4jV  I 

\  Bn  /  \  -E’(Citf)  ) 

We  now  describe  the  entries  of  the  matrix  T.  Note  that  if  we  define 


6j-i+p  — 


A'  p  =  o 
Bj  p  =  1 


(5.1.8) 


that  than  the  system  of  equations  may  be  expressed  more  compactly  in  the  form 

N  /  i  \ 

13  13  ^(W-l+J.2i-l+?)6;-l+p  I  = 

J=»  V=o  / 

tf(C*-,+i)) 

where  qn  {0, 1).  If  p  =  0,  than  for  each  qz  {0, 1}  we  have 


1  rf(C2r-g+i)y)£*y 

*j- j 


On  the  other  hand  if  p  —  1,  then  egsin  for  each  55  (0, 1}  we  have 


(5.1.9) 


(5.1.10) 


%x)(C2i-?+i  -  zi)  + 

t*3 

-  /  W(C2<-,+i,y)dy 

f*3 

-  /  i(Cw-i+i,y)rfy 


(5.1.11) 
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Therefore,  the  solution  of  the  matrix  equation  (5.1.7) 


=  E* 


(5.1.12) 


then  give3  parameters  in  an  approximate  representation  of  the  electric  vector  of  the  induced 
electromagnetic  field. 


6  Surface  Integra!  Equation  Methods 


In  this  section  we  shall  show  how  in  the  case  where  the  irradiated  structure  consists  of 
homogneous  regions  which  are  delimited  by  diffeomoiphisms  of  the  interior  of  spheres  in 
three  dimensional  space  tc  represent  the  solution  of  the  scattering  problem  &3  the  solution 
of  two  combined  field  integral  equations  with  integral  operators  formed  from  from  the 
Green’s  functions  defined  on  opposite  sides  of  the  separating  surfaces.  The  surfers  integral 
equation  methods  reduce  the  computational  complexity  in  the  sense  that  they  require 
discretization  electric  and  magnetic  fields  defined  on  a  surface  rather  than  on  a  region  of 
three  dimensional  space. 

6.1  Combined  Field  Integral  Equations 


Consider  a  set  fl  in  R3  with  boundary  surface  dQ.  on  which  are  induced  electric  and 
magnetic  surface  currents  Jj  and  A?,.  If  we  have  a  simple  N  -f  1  region  problem,  where  we 
have  N  inside  and  a  region  outside  .all  N  bounded  homogenous  aerosol  particles  corresponds 
to  the  region  index  j  being  equal  to  1  and  the  region  inside  corresponds  to  j  values  ranging 
from  2  to  then  if  the  propagation  constant  hj  in  region  j  ia  defined  also  by  a  function 

kj,  naturally  defined  on  a  Riernana  surface  as  the  square  root  of, 


(6.1.1) 


For  a  Debye  medium  (Daniel,  [9])  the  branch  cuts  are  along  the  imaginary  w  axis.  For  a 
Lorents  medium  particle  (Erillouin,  [2],  [51])  the  branch  cuts  are  in  the  upper  half  of  the 


complex  w  plena  parallel  to  the  res 
that  assure  causality  and  that  the  r 
in  vacuum.  There  are  two  Halmholt: 


il  a:ds.  where  /j,  e,  and  <7  are  functions  of  frequency 
adirtion  decs  not  travel  faster  than  the  speed  of  light 
s  equations,  one  for  the  interior  of  the  particle  and  the 


other  for  the  exterior,  defined  by 


(A  +  k))Gr  =  4  *8 


(6.1.2) 


where  Gj  is  the  tempaxate,  rotaticneily  invariant,  fundamental  solution  ([18])  of  the 
Helmholtz  operator.  We  let 

Jx  =  J  =  -h  (6.1.3) 

and 

Mi  =  M  =  -  Mj  (6.1.4) 

where  we  assume  that  the  surface  S{ m)  separates  region  1  and  region  2.  We  generalize 
equations  (6.1.3)  and  (6.1.4)  inductively  by  saying  that  for  any  surface  5^-jj  separating 
region  j  from  region  j  where 

j  <  j  (6.1.5) 


we  have 

*nT 

1 

(I 

il 

-T 

and 

Mj  =  M  =  -Mj 

We  define 

J  =  • 

[(j,  j)  :  is  n  separating  suxfa-c 

where  j'  is  less  than  j.  We  g 

st  a  tingle  coupled,  combined  Eel 

describes  the  interaction  of  me 

liaticn  with  the  conglomerate  aero: 

by 

(6.1.6) 

(6.1.7) 

(6.1. S) 


-f 


x  Z  )  (jj)  /  /  •fa)  (/*j  '  G;(r>?)  +  Mj  •  &j(r.  !•'))  *(•') 

—grad  {  f  f(div,-J ) 

4srw  lAc-,  M 


Gifco  ,  + 
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(^r)  “rl  {is.  / (^(r,  f)  +  G;(r,f))*.(r)jj 


1.9) 


In  addition  to  equation  (6.1.9)  we  need  equation  involving  the  mugnei:'  •  rc.rr  of  the 
stimulating  electromagnetic  field  which  h  given  by 

r7x  E  { Qf  )  IS(  .  i‘Gi(r,r)  +  ci-G^rJr r) 


n  x  Hine 


+  (rM  W  {  /  /(*■„,  •  M)  *(?)}  v 

\4rrw/  J  Hi  H]  J 

^cur/  (J  J  J(f)  •  (Ctj(r,  r)  +  <7j(r,f))  rfo(f) )  J  (6.1.10) 

Once  the  coupled  combined  field  system  (6.1.9)  and  (6.1.10)  is  solved  for  J  and  M,  the 
surface  electric  and  magnetic  currents  respectively  and  we  define  the  surface  electric  charge 
density  by  ([10],  p  7) 

p\r)  =  ~  \divt  •  J(r)|  (6.1.11) 

and  the  surface  magnetic  charge  density 


Pm(r)  ~  j  [*»,  •  A/(r)] 


(6.1.12) 


where  div,  is  the  surface  divergence.  Now  for  each  region  index  j  we  define 

JU)  =  {]  ■  (j,J)  €  1}  (6.1.13) 

where  1  is  the  set  of  all  indices  of  separating  surfaces  defined  by  (6.1.8).  We  now  need  to 
be  able  to  express  the  electric  and  magnetic  fields  inside  and  outside  the  scattering  body. 
We  first  define  the  vector  potentials  A,  and  fj  by  the  rules,  ([10]  [23]) 


4  =  E 

j€J(i)  <• 


=  E 

UJU)  l 


£/  /.Mf)-Gy(r,f)*(r) 

JsUJ)  J 

£) j  jm-ww) 


(6.1.14) 


(6.1.15) 


J  Ww/  ) 

The  scalar  potentials  are  denned  in  terms  of  the  electric  charge  density  (6.1.11)  and  mag¬ 
netic  charge  density  (6.1.12)  by  the  rules, 


*;(r> 


Zv 

hJU) 


(6.1.15) 
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*i(?)  =  E  f(zrr)  L  J  f>?(r)G,{r,f)dc 


(6.1.17) 


We  now  can  define  the  electric  and  magnetic  vectors  inside  the  region  j  in  terms  of  these 
potentiaJs.(6.1.1'l),  (5.1.15),  (6.1.16),  and  (6.1.17)  by  the  rules, 


Ej  =  -  :wi;(r)  -  grad(Vj(r)  +  — curl(Fj){r ) 


(6.1.18) 


Hj  =  —  iuFj(r)  -  grad (#,(")  +  —cur!(Aj)(r) 

Pi 


(6.1.19) 


Similar  equations  apply  outside  the  body,  by  there  the  fields  represented  are  the  differences 
E{  and  fl{  between  the  total  electric  and  magnetic  vectors  and  the  electric  vector  E,nc  and 
the  magnetic  vector  H'nc  of  the  incoming  wave  that  is  providing  the  stimulation.  Thus 
([10])  we  see  that  outside  the  body, 


E{  —  -ivA^r)  -  grad(Qi(r)  +  — cur/(^)(r) 


(6.1.20) 


k{  ~  ~iu>Fi(r )  —  grad{^Ji{y '  -f  — curl(A{){r) 

Pi 


(6.1.21) 


These  equations  generalize  the  formulation  of  Glisscn  ([10])  to  a  three  dimensional  struc¬ 
ture  whose  regions  of  homogeneity  of  electromagnetic  properties  are  diifeoraorplusras  of 
the  interior  of  the  sphere  or  a  torus  in  H3.  If  the  scattering  structure  is  not  a  body  of 
revolution,  then  the  region  may  be  as  general  an  a  difreomorph  of  an  N  handled  sphere. 
These  structures  will  be  patched  together  to  represent  the  organs  of  the  body. 


7  Contract  Deliverables 


The  contractor  shall  deliver 

•  A  program  which  uses  EFRIE  on  a  tissue  slab  to  permit  easy  comparison  of  accuracy 
with  the  exact  solution  and  with  a  weak  topology  convergence  or  method  of  moments 
analysis. 

•  A  general  volume  integral  equation  formulation  that  will  permit  modeling  of  tissue 
heterogeneities,  and  an  augmentation  of  the  School  of  Aerospace  Medicine  Biomath¬ 
ematics  Modemg  Branch  computer  model  of  man  with  the  moment  method;  this  will 
just  involve  getting  a  different  linear  equation  by  multiplying  both  sides  of  the  approx¬ 
imate  equation  by  basis  functions  and  integrating  over  the  model  of  man  numerically. 
The  result  will  be  a  linear  equation  whose  unknowns  are  parameters  representing  the 
electric  field  in  each  of  the  subunits  into  which  the  man  was  decomposed. 

9  A  general  surface  integral  equation  formulation  and  computer  implementation  using 
the  larger  organs  of  the  body,  including  the  lung3,  heart,  liver,  spleen,  the  major 
bones,  and  the  stomach. 

•  A  benchmarking  of  the  surface  integral  equation  approach  with  exact  two  layer  sphere 
models  with  different  tissue  regions. 


®  A  benchmarking  of  the  surface  integral  equation  approach  with  a  program  which  de¬ 


scribes  the  interaction  of  radiation  with  a  st: 


cture  delimited  by  N  con 'oca!  spheroids 


The  contractor  shall  deliver  a  best  effort  attempt  to  discover  an  algorithm  for  invert¬ 


ing  N  by  N  matrices  in  N2  1  3teps 


Progress  reports  shall  be  delivered  as  progress  is  made  alon 
created  by  the  contractor  that  are  relevant  to  this  effort  the 
contract  period.  It  is  planned,  because  of  the  present  market’s 
is  suggested  that  we  do  the  work  on  a  436  PC  with  a  coprcccs: 


g  with  all  theory  and  ideas 
•Jt  were  created  during  tire 
greatly  .reduced  PC  cost  it 
3or  chip  and  a  high  density 


drive  and  to  deliver  ths  4Co  PC  with  all  created  coftwnro,  installed  and  ready  to  ran,  to 
tiie  Brooks  AF3  sponsor  at  the  end  of  this  effort;  at  the  sponsor’s  option  this  work  may 
be  done  at  the  Brooks  AFB  site  and  may  be  coordinated  with  activities  of  or  the  scope  of 
the  effort  may  be  augmented  by  the  aid  of  regular  Brooks  AFB  personnel. 

8  Research  Plan 


A  major  portion  of  the  effort  involves  the  task  of  carrying  out  the  details  of  the  surface 
integral  equation  formulation  of  a  detailed  model  of  man  by  defming  surfaces  to  represent 
the  lungs,  heart,  liver,  spleen,  kidneys  and  other  organs  by  assuming  a  tissue  homogeneity 
within  each  separate  organ  or  open  space.  We  thereby  reduce  the  computational  complexity 
from  an  N3  problem  to  an  N 2  problem  by  requiring  that  we  be  able  to  estimate  variations 
in  magnetic  and  electric  surface  current  within  diffeom orphic  images  of  triangular  patches 
on  the  surface  bounding  the  organ.  We  plan  to  use  at  least  a  polynomial  of  degree  two  in 
the  surface  variables,  meaning  that  there  will  be  40  unknowns  per  cell.  If  we  can  use  1000 
cells,  we  shall  have  40  thousand  equations.  Rather  than  inverting  a  matrix,  which  would 
tax  machine  time,  we  shall  simply  use  a  quadratically  converging  iterative  scheme  (e.  g. 
Newton’s  method)  to  solve  the  system  of  equations.  The  solution  complexity  is  then  only 
N7,  where  N  is  the  number  of  equations.  The  ceding  shall  be  carried  out  on  a  PC  and 
chocked  out  for  a  two  layer  sphere,  where  the  layers  have  different  tissue  properties,  and 
the  full  program  will  be  run  on  a  government  mainframe.  The  approximate  solution  Pf 
shall  be  obtained  and  corrected  to  machine  precision  using  SFRIB  techniques  developed 
by  the  PI. 

The  key  to  spheroid  scattering  is  to  get  the  eigenvalues  of  the  angular  spheroidal  har¬ 
monics  and  those  of  the  more  general  spin  weighted  angular  spheroidal  harmonica.  Two 
new  novel  approaches  to  this  problem  are  proposed.  One  is  a  path  following  cr  hemotopy 
method  based  on  a  Rayleigh  Hit  %  functional.  The  second  is  a  homotepy  method  based 
on  a  continued  fraction  expression  involving  ratios  of  the  Cn  which  eliminate?  from  an 
infinite  3et  of  recursion  relations  defining  the  bounded  solution  cf  the  an  gular  spheroidal 


harmonica  ordinary  differential  equation  sverything  except  the  a  priori  unknown  eigenvalue 
which  permits  a  series  representation  of  the  form 

5  =  VS (l  -r)2r/2ECn(l-n‘}h 

k=0 

that  goes  from  an  at  seriated  Legendre  function  representation  to  the  angular  spheroidal 
harmonic  representation,  since  the  the  result  of  separating  variables  in  spheroidal  coordi¬ 
nates  in  the  scalar  Helmholtz  equation  yields  the  relationship 


^S(c,  J?)j  }/S(c,i 


1-r?3 


+  c  rj 


=  -  A,,rt>B)  (8.0.22) 

This  yields  an  ordinary  differential  equation  in  S(c,  tj)  which  h  bounded  at  rj  equal  to  plus 
and  minus  one  only  for  a  discrete  set  of  eigenvalues  A.  If  we  substitute  in  the  power  series, 
we  get  a  seemingly  infinite  set  cf  recursion  relations;  a  closer  examination  reveala  that  we 
can  use  continued  fractions  to  eliminate  the  a  priori  unknown  coefficients  Cjj,  and  get  a 
single  parameterized  continued  fraction  expression  for  A  of  the  form 


where  if 


F(\($),n,m,c(s))  ==  0 


c(0)  =  0 


(8.0.23) 


(8.0.24) 


the  equation  is  that  of  the  associated  Legendre  function  PB‘(r?)  which  means  that 

A(0)  =■  n-(n-fl)  C8.C.25) 

Thus,  the  eigenvalues  can  be  systematically  determined,  since  c(j)  could  be  written  as  3 
times  the  actual  value  proportional  to  the  distance  between  focal  points  of  the  spheroid, 


as  the  solution  to  the  initial  value  profile 


D,F(A,r.,m,cy(.r.) 

L\F(A,n,m,c) 


(8.0,26) 


We  simply  solve  the  ordinary  dixbrsntial  equation  (8.0. So)  to  got  to  the  dgesroJue,  which 
then,  because  cf  the  original  recursion  relationships  gives  us  all  the  values  of  Cj*;  the 
spheroidal  harmonics  are  systematically  determined,  even  when  the  material  properties 
are  complex.  The  spin  weighted  angular  spheroidal  harmonics  cam  be  determined  by  a 
similar  method.  This  will  provide  a  convincing  benchmark  for  the  general  surface  integral 
equation  method. 

Rapid  matrix  inversion  efforts  have  been  funded  at  Harvard  and  other  mathematics 
institutions,  but  no  one  has  been  able  to  third;  of  an  algorithm.  I  propose  to  allow  computer 
algebra  packages  to  assist  my  thinking  by  looking  at  all  possible  sets  of  fi/2  products,  e.g. 
the  set  of  all  products  cf  row3  of  the  first  matrix  times  columns  of  the  second  matrix  with 
both  ordinary  and  alternating  sums;  one  element  cf  the  first  matrix  times  the  sura  of  all 
elements  of  the  the  second  matrix  which  are  not  in  the  same  row  or  column  aa  this  element. 
Continuing  in  this  vein  we  create  a  set  of  products  which  have  a  cardinality  which  is  a 
bounded  multiple  of  jV2.  If  by  a  bounded  set  of  sums  of  these  products,  we  con  create  all 
entries  of  the  product  matrix,  we  shell  have  an  algorithm  for  matrix  multiplication  which  is 
of  order  iV2+<  if  N  is  large  enough.  The  appendix  which  proves  this  statement  is  attached 
to  this  propc  OCIrl. 
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9  Potential  denems 


The  fact  that  the  remits  of  this  effort  will  provide  the  only  machine  precision  internal 
equation  formulation  of  electromagnetic  interaction  problems  mean?,  that  using  carefully 
designed  sources  one  could  develop  a  means  of  focusing  microwaves  on  a  cancer  tumor 
within  the  human  body,  and  destroy  the  turner  by  raising  its  temperature  4  degrees  without 
harming  the  nearby  normal  tissue.  This  would  bring  the  cost  of  Larmiers  cancer  treatment 
down  to  the  level  the  'working  person. 

The  fact  that  this  problem  can  be  solved  for  anisotropic  structures  means  that  we  have 
a  practical  means  cf  optimally  designing  liquid  crystal  television  sets  snd  video  displays, 
thereby  making  the  home  environment  less  heravdons  for  inner  city  children  who  spend  so 


2?S 


much  time  with  television  and  those  who  work  with  video  display  monitors.  The  repro¬ 
gramming  of  these  new  safer  devices  will  stimulate  the  economy  by  providing  many  new 
jobs. 

The  successful  determination  of  an  order  N2Jri  matrix  inversion  algorithm,  will  assist  us 
in  the  development  of  dynamical  system  models  kinetic  type  models  of  world  peace,  which 
will  include  models  that  provide  this  nation  and  other  nations  with  resource  management 
plans  for  economic  and  ecological  stability  and  medical  care  and  food  distribution  as  well 
as  optimal  running  of  coorporations  and  the  design  of  very  large  systems.  Also,  the  key 
part  of  the  globally  convergent  homotopy  method,  with  it3  myriad  of  design  application 
potentials  such  the  design  of  a  magnet  and  irradiation  configuration  that  would  increase 
the  absorption  efficiency  of  a  plasma  in  a  fusion  reactor  by  a  factor  of  a  billion  or  so,  is 
the  inversion  of  matrices. 
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